244V6 









JOURNAL 


OF THE 

DEPARTMENT OF SCIENCE 




^nioersits of Calcutta 


Journal 

of the 

Department of Science 


Vpl. VII 



Or OJ 

CrtLCJ . j'A 

CALCUTTA UNIVERSITY PRESS 
1925 




f^IXTBP flY BHL'PENDKALAL BANKRJKK 
AT TIIK l AUL’TTA UNIVERSITY PRESS, SENATE HOUSE, ( At! UTTA 


No. 75B.-28.2.25-[500. 



CONTENTS 


Mathematics 


Page. 


1. The Investigations of the forced Oscillations set up in 

an Aeroplane by Periodic Gusts of Wind, with 
special reference to the ease of Synchrony with the 
Free Oscillations bv Nalini Kanta Basu 

2. On a Factorable Continuant by Satischandra Chakra- 

barti, M.Sc. 

3. On an Application of Bessel Functions to Probability 

by Abanibhusan Datta ... 

4. On Vortex Rings of Finite Circular Section in Incom- 

pressible Fluids by Nripendranath Sen 

5. Note on the Convergence of Fourier's Series by 

K.C.D. ... 

6. Sur la distance de deux ensembles par Maurice Frechet 

7. Osculating Conics for the Curve f (.f,y) = 0 by Gurudas 

Bhar, M.Sc. 

8. (certain Products involving the Divisors of Numbers 

byE. T. Bell 

9. On Liquid Motion inside Certain Rotating Circular 

Arcs by Suddhodan Ghose 

10. On the Fundamental Theorem of the Integral Calculus 

by Prof, Ganesh Prasad 

11. Tidal Oscillations on a Spheroid by 11. M. Sen 

12. On a Theorm of Lie relating to the Theory of Inter- 

mediate Integrals of Partial Differential Equatiems 
of the Second Order by Harendranath Datta 
d 

13. On an Expression for J, (;r) by Subodlichandra 

I 

Mitra 

14. A Few Interesting Results in connection with the 

Motion of a Heavy Inexteniib'e Chain over a 
Fixed Vertical Pulley by A. C. Banerji 


•26 

46 

53 

61 

65 

78 

85 

91 

111 

123 

133 

187 

141 



vi 


CONTENTS 


Pass. 

15. New Methods of approximatiniif to the Hoots of a 

Numerical Equation by Nripendranath Ghosh ... 149 

16, Weierstrass by Prof. Ganesh Prasad ... ••• 1^5 

Physics 

1. The Electron Theory of Solids and the Rigidity of 

Metals by Durgadas Bauerji, M.Sc. ... 1 

2. On the ^’olours of Colloids in relation to the Size of the 

Dispersed Particles by Bidhubhnsan Ray, D.Se. ... 19 

3. Colours of (^hlorale of Potash by L. A. Ratndas, M.A. 2'^ 

4. On the Colours of Mixed Plates, Part IV, by K. Sesha- 

giri Ran ... ... ... ... 41 

5. The Opalescence of Binary Litpiid Mixtures by J. C. 

Karnesvara Rav, M.Se. ... ... ... 53 

6. On the Modilieation of the Laws of Emission of Ions 

from Hot Metals by the Quantum Tiieory by S. C. 

Roy, M.Sc. ... ... ... 95 

7. On tlie Colours shown by “ Nobili’s Rings by B. N. 

Chnekcrbutti, D.Se. ... .. ... 117 

8. Prevision of Eartlnpiakes by llernehandra Dasgupta, 

M.A., E.G.S. ... ... ... 127 

9. On the Motion generated in a Viscous Liquid by the 

Translation of t’ertain Quariic (!!yliuders by 
Subodhehaudra Mitra, M.A. ... ... 131 

Chemistry 

1. rlic Reduction of Dnsyrnmetrical Dichloracetone by 

Yeast by Hcniendra Kumar Sen ... 1 

2. Ou an Experimental Tc.st of Thermal Ionisation of 

Elements by Meghnad Saha and Nalinikanta Sur 9 

3. The Cojj)nr of (>ompIex Diazoles, Part I, by Gopal 

Chandra Chakra varti ... ... ... 19 

4. T'hiodiazines, Part I, Condensation of Thiosemi- 

earbazide with w-Broraacetophenone by Prafulla 
Kumar Bose 


27 



CONTENTS Vll 

Page. 

5. Varying Valency of Gold with respect to Mercaptanic 

Hadieles, Part I, by Sir Prafulla Chandra Ray ... 

6. Complex Chromium Ammonium Conipouuds by 

Priyadaranjan Rfty and Pulinbehari Sarkar ... 51 

7. The Condensation of Resorcinol and a few other 

Aromatic Hydroxy Compounds with some Acids, 

Esters, Lactones and Lactams by Rajendra Nath 
Sen and Sarbani Sahaya Guha Sircar ... 

8. Electro-Osmotic Experiments on Intensity of Ad- 

sorption of a Constituent Ion by an Insoluble 
Salt, Part I, by Jnanendra Nath Mukherjee and 
Hira Lai Kay ... ... ••• ^3 

9. The Oxidation of Triethylene Tetrasulphide by means 

of Potassium Permanganate by Sir Prafulla 

Chandra R Ay, Part 1 ... ... ... 

10. On Coagulation of Uydrosols by ilixtiire of Electro- 

lytes and Ionic Antagonism by .Jnanendra Nath 
Mukherjee and Bhupendra Nath Ghosh ... 105 

Zoology 

1. On the Nuclear Structure of the Amreba of Liver 

Abscess by G. C. Chatterjee, M.B. ... ... 1 

1. Note on Ttfphlopoae Fnlva, var Emery, 

Dori/Jm Lafjiatm, Shuck by Durgadas Mukherjee, 

M.Sc. ... ... ... ... 1 


Botany 


1. Road Slimes of (Calcutta, by !v. P. Biswas, M.A. 




MATHEMATICS 




1'hB INVBS^riOATIONS OP !tHB FORCED OSCILLATIONS SE't UP 
IN AN AEROPLANE BY PERIODIC GUSTS OF AVIND, 
WITH SPECIAL REFERENCE TO THE CASE OF 
SYNCHRONY WITH THE FREE OSCILLATIONS. 


Bl 

NaLINTKANTA BaSL', 

Calcutta. 

The “ Phugoid theory ” propounded by Lanchester and elaborated 
hy Bryan furnishes us with the patli and the pei'iods of the natural 
oseillations of an aeroplane which has been plunged witli a velocity 
slightly diffei'ent from its natuiml velocity. The etpiation of the path 
given by Tianchestcr for an aerodone is 




a 

'u 


when ^ is the angle of path to horizon, If „ the natural height i.o., the 
height of fall corresponding to tlie acjtuaJ velocity and C a variable 
parameter. For different value of C Lanchester has plotted tliu flight- 
path in his “ Aerial Fliglit " and discussed their various posssibilities, 
From the form of the equation it is evident iliat the path is a periodic 
one and Bryan in his Stability in Aviation proceeding in a more 
mathematical and extended way tinds that the periods of the natural 
oscillations are given by the mots of a bi-quadratic which he has solved 
for particular cases. In general he tinds that the motion consist.^ of 2 
distinct periodic oscillations, the time ])eriod of one is very long and 
another comparatively short. In fact Thompson solving a particular 
case of an aemplane with the natuiul velocity 100 ft. per sc. finds that 
the roots of Bryan’s bi-quadratic are given hy 

X * + 5 • 2\» + 11 • GA ® + 1 • 38X + + 1 • 04 = 0 


so that the roots are 


X=-2G4+214V-i 

“ i 

A=-‘0S9±-297 



NALINIKaNTA BASi; 




It is worth noticing that the first pair of root s arc about seven times 
the second pair, while tl>e damping factor in the former case is about 
70 times that of the second. So that the longer oscillatfoiis arc damped 
out the quicker, a lucky fact indeed for aeronautic. 

The study of these free oscillations of an aeroplane by Lanchester, 
Bryan and a host of others has given sufficient data for aeronautic 
engineers to build stable aeroplane but one point of danger still remains 
wliicli has been the doom of many an aviator. It is well known that 
if a periodic disturbance a(ds on a system which has its own natural 
period of o>scillatio]i and if tlie periods of the disturbance be almost 
equal oi* equal t*) the mitural period, the system may 1)0 t brown in a 
violent state of oscillation which may prove dangerous. It is one 
rcdocming feature in the motion of an acro])laiie that its oscillations are 
damped which iiui}” sometimes check tlic ahovementioned pernicious 
terideiicv. In order to study this ]>rol)l(jm mathematically I have 
undertaken the following work. It has been found that under certain 
qualifying conditions the aeroplane may have a stable motion in the 
face of such a periodic gust of wind. The problem could not be very 
tlioroughly treated as experimental datas and theoretical knowledge of 
air forces is still meagre in spite of the enormous strides the science 
has taken during and since the war in the hands of I Vandtl, KitTcl and 
Bair.stow. 

We start by writing down the general equations of motions of Rigid 
Dynamics. Taking the centre of mass of the aeroplane as the origin 
of co-ordinates and rectangular axe.s fixed relatively to tlie aeroplane 
and moving with it in space and using the foJlowiiig notations 


W, 

weight of tl)o aeroplane. 

A, B, C, 

u.omeiits of inertia about the axes. 


correspiiiuliiig products of inertia. 

tt, V, w 

conipojieuts of translational velocity. 


„ of angular velocity. 

1» ^^3 

of angular momentum. 


wc have the following equations of motion : 


w( ^ + 

V y 9 / 


Acc. force along the .c-^axis 
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atid two similctl^ Equations, also 

^ 2^ — I?!.* =Acc. toi*quc about the axis 
!/df^ HU 

and two similar equations, and 

F(/— Er 
//g =Bg— Dr— Ep 
A,=Cr— Ep— D 7 

In the first place, let the aeroplane be flying steadily in a horizontal 
straight line. fiCt this be the axis of x (the line parallel to the line 
of flight and passing through the C. (r.) and a line drown vertically 
downwanls through the C-G, the axis anil a horizontal line pcr- 
pendicnlar to these the axis of .r. 

If the aeroplane be turned in an}' other directions the following 
angular co-ovdiuates will specify them ; 

Starting from an initial position, let us rotate the aeroplane about 
the y— axis through an angle if/ and then about the new position of the 
axis of z through an angle and lastly about the final position of the 
;{ — axis througli an angle </». The cosines of the angles between the 
old axis I given by 

Vi 

cos 6 cos ijif sin 1 ^ sin i/r— cos 0 cos ij/ sin 0 , 

^iii 0, cos 6 cos fp, 

—cos 6 sin 1 ^, sin (p cos \p + cos <p sin \p sin 

r, 

cos (p sill yj/ -f-sin fp cos yp sin 0. 

—cos 6 sin fp. 

cos yp cos i/f— sin (P sin yp sin 0. 

and the aiij^iilar velocities p, q, r are given in terms of ij/ 

p=<l>+'l' sin 0 
fy=S sir *p + ^ cos 6 cos tp 
rzz6 cos tP’—ip cos $ sin <P 

The imposed forces and couples are due to (i) gravity (/*) the 
propeller thrust Uu) air resistances (/r) the periodic disturbances due 
to the gusts of wind. 
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The oompononts of gravity aloDg the axes are W slntf, W cosfl cos^, 
— W cos 0 sin ^ and and the corresponding moments all vanishing. 

The propeller thrust is assumed to act along a line'pai'ftHel to the 
.u— axis and at a point on the y— axis distant ‘ h * from the origin, then 
the components of thrusts are 

Point of application, O, A, 0 

Force, H, 0, 0 

Torque, 0, 0,-IIA 

For the components of air resistances we assume that they reduce 
to X Y Z and L M N and these are taken positive when tliey tend to 
retard the corresponding motions of translation and I'otations. The 
components of periodic gusts are Pc*', Qc*', R'c"', P'c"', Re*' 

where ‘ m * is an imaginary quantity. Hence the equations of motion 
are in the case of symmetrical aeroplane (in which Ds=K=0) 


(dn, ^ \ 

.. )= 

W/*. \ 

yf { lU . \ 


Wsint+II-X-P.-' 


W cos 0 cos fji — Y — Qe*' 


—W cos 0 sin Z— R'e 




A . 'b + (C-B) a -Ij-PV" ' 

g lU y dl ' ' g g 

‘^^+(A-C)£^-Fr=-M-Q'«* 
gdt gdt g g 

+ = -HA-N-Re»' 

g at g ,j 

t 

Siow suppose that tho aeroplane was descending with iinifoim 
velocity U in the direction of the *— axis and let the axis make a 
constant angle do ^'>th the horizon, before the pei-iodic gust began to 
operate j then initially «=U, i>, w, p, j, r zero, and the components of 
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the ^sts absent and let the components of air resistances in this case 
be denoted by X„Y,)Zo, [j^MqNo. The equations of steady motion are 

OrrWsinflo+H-Xo 

o=w cos -Y, 

0 = 

0= -L, 

0= -M, 

0= 

Tf now the periodic- gust begins tn operate wo assume that the 
velocity components become U+?f, r, w, jp, r when n, r, ic, p, q, r are 
all small. In the theory of small oscillatiens of dynamics we suppose 
that the squares and products of these velocities are negligible. The 
resistances X, Y, Z, L, M, N are functions of the velocity components 
U+M, r, 1 C, p, 9 , r and the further assumption in dealing with small 
oscillations is that to a first approximation these resistances are 
expressible in the form 

X =X„ + nX , + rX , + fcX ^ +pX + jX , + rX , (Bryan) 

This assumption is common in treatise on theoretical mechanics as 
a first appix)ximation when small oscillations are concerned. In our case 
since we have assumed the aeroplane as symmetrical 

X=Xo + 7eX.+vXr+/'X.. 

Xrt., Xp, X, being zero fiDm considerations of symmetry. In small 
oscillations moreover 6 will differ from 0^ by a small quantity c and 
will bo small, then 

sin Czrsin 0n+€ cos 0 , cos fi=cos c sin 0^^ 

sin <^os ^=1 

Hence the modified equations of motion become 

^ 'iL‘=W(8in tfo+« cos tf„)+H-Xo-i<X.-t-X,-rX,-Pc*‘ 

g dt 

I 

( t +rU )=W(co8 0o-€ am 0„)~Y„-nY,-vY,-rY,-qe^' 
g \di / 


~ ( ‘i® =- c-os 

g \ dt 
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tj tit g at 


y . = -H/a-No -? eN, -vN.. -rN, -Rc* ^ 
f/ 

We substitute from tlie ecjuations of equilibrium and rearrange tlie 
equations in two groups, ilio first group containing those involving 
H, r, j’j and the second group involving p, 7 , w. We thus get 


w cos 0„-«X.-t-X,-)X,-Pe"' 

ff <11 


''1 ('*+rU sill 0„-nY.-vY,-rY,-qo-' 

ij \<it } 

W^ cos — u’Z„ — pZ^, — qZ^ — 

A i|,_P -PV" ' 

g at gdi 

2 ‘^9-2 -Q'c“ ' 

g ill g at 

The complementary functions of the first gi’oup of equations will 
give the longitudinal or symmetrical oscilhiticns of the aei‘oplaiie and 
the second gi-oup give the lateral or ti-ansversc oscillations. 

tj/rowp /. 

To solve this gnnip of ecpiations we assume /f, v and c each propor- 
tional to (as is the convention in the case of forced 

f 

o8cilktions'sotliat^=>nnoe“',^”=»i»o«“'>||* =»»«,(«“' and since 





■r. 
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]I«iico 8nl>Hlitulitig these valuofi' ill the tirst gmup and eliminating 
e” ‘ we get 

^ i«+X«y„+Xi--c„+(i;iX,-AVi:os6»)t+l'=0 

y.-»,„+ ^ ,u+yry„+ +y, )m+w sin e | *..+g=o 

N , • »o + N • »o + ^ m* + N , • M j*„ + It =0 

Solving these equations for «(,, r„, we get 


X,, viX^ — W cofi 0. 


W 


+ Y, sin 0, q | 


if 


R 


W 


??i+X.,. ?/?X^— W cos 0, 




Y.,^ i:+y, ^,„+W siiit^. Q 


m'-* + Nr - m 
if 


,a+X., X, , P 

•J 

t 

Y., m+y„ Q 

N„ N„ R 



8 


NAttNIKANTA ISASi) 


-1 


w 




Y., -^m+y. 


K„ 


W cos ^ 


(wUy.) 


»i+W sin fi 


N,, ? wi*+N, 'm 

y 


-L 

V(m 


wliere F(i/i)=:A„m* + lJ„m''*+C„m*+l)oW+K„ uml these values of 
A„, B„, Co, T)„ and Ko fT'®'' ''*y Ihyan 

A„=CW' 

n„/^=OW(X.X, + Y.)+AV -K , 
C„/(/‘=C(X.Y.-X„Y.)+W[(Y,N,-Y,N,)+(X.N,-X,N.)] 

9 

Do/(/«=:X,(Y,N,-Y,N,) + X..(y,N,«.Y,N,) + iY,N,-Y„N.)X, 

+W— X«N,) + (N* cos N,. sin 0) 

U if 

w 

K/y*= - [-cosflcY.Iy\-Y,N.)-siiifl(X.N,-X,N.)] 

y 


Ileiico 


X„, ?/iX,— Wcos® , P 

^ + Y.i> ^ w< + Wsiii Q 




X,., 

y 

Ajw * + B„m» + +1 ) 0^7+ hi 


^(wi) 
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n 


similarly Vq^ !>■—-! !«o= complete values arc 

/e'ssf/j^'" i ' 4- <**<''"** ^ ^ +‘^4'*"** ^ +'<0'*'" ' 

r ' +6,r-. ' + 6.r% ' + 

€ = ^ +^4'’"'* ^ +«n^*^ 

where n^i wt, w#^ aiti the I’ootsof F()/i)=0 

Tiie motion of ilic aero])1aiie is almost exactly the same in the aliove 
case ns it was when tlie ^ust did not act, only n periodic oscillation has 
been supemdded on the other oscilhitioiis of tlie system, Hence its 
conditions of stability in the •'eneiul case can he found fiom Bryan. 
But if m=^m^ or or i.e. if the period of the gust becomes 

identically equal to one (d* the jieriods of natural oscillatioiiKof the 
system tlien rV///)=0 and n,, r„ and c„ would beeome inhlely great 
unless fjiOm), and bee<»me /tnu at the same time i.e. unless 

^(m) and K(a/), and K(in'; x ' hare common roeds. 

X o w F( ?a ) = A 0 » H ^ + B III ^ + 1 ai * + I ) p nt + K „ 

0(ih)=: Am* + Bill® + Cm + 1 > (say ) 

If K(m)aiid ^(w) have a common factor to find u relation between 
the coeffieients of the two equations we follow Sylvester's Dialytie 
metbod of elimination. Now .suppose certain value of m make both 
V(m) and <^(m) zero i.e. 

A„w/’ +H„m'+(\.w/* + J)„m + E.,=0 ... (1) 

Am" d-Bm* -fCm + i)=:0 ... (2j 

Let us considei the diffci*eiit powers of m as so many distinct 
unknowns. We liave then 2 non-huiiiogenou.s linear equations in the 
four unknowns m, ul*, mi*, m*. Multiplying (1) by m and then by in* 


and (2) by ?/i, w*, in turn we have 

Ao?ii • +Bom" + 

, k 

AoWi" +Bj,iii ' +CQm" + L)om* + 3=0 

A „ III * -h Bo m ■' + C„ iM* + Do III + Eo =t t 

A in'* + Bill* + Cm + D • =0 

A iiiA 4' B«r' + C m * + Dm =0 

Aiii' + Biii*+Cm" + Diii* =0 

isO 


Am* + B»i* + C /11 ^ + Dm" 
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a system of seven non-lioina^eiioits, linear equations in six nnknowns. 

If m satisfy (1) and (2) it will evidently satisfy Jill the above 
eifuations. These equations are ihereforc ruiisisient. lienee eliminat- 
ing /a®, m*. v/i®, ///, >ve get as a necessary condition for (1 ) and 

(2 ) to have a coiiinion i*oot 

Ac 11„ \K l\. 0 0 

0 A„ B,. , i\ I).. , Kc 0 

0 0 A, \\ 0.. V„ K 

(I U 0 A U (’ I) =0 

0 0 A B I’ I) 0 

0 A B C I) U 0 

A ■ B (■ I) II I) 0 

111 order lo avoi#/ algebraic complications at the oidset. wo first 
consider a single lifting piano propelled horizontally by a central thrust. 
Two surfaces W., of which the front surface Bj supports tlio wlioh* 
weight of the aeroplane being inclineil to tl»<‘ line of Higbt at aii angle «. 
while tiu! rear surface Sjj acts as a tail (»r rudde]' or auxiliary phnio, 
bcMiig placed in a neutral direction (so that e„=l)). Distance, between 
the centres of pressure of the two planes is /, the line t»f action of the 
jn’opellor thus ]»asscs through the centre id gravity of the ntachine : 
the direction of the thrust being along the line of flight, is liorizonfal. 
The values of the nine derivations arc given by Bryan in fbi.s 

ease as follows ; 

siu*u. = sin Cl cos a, X,.=0 

Yy=2KSjl.i sill u cos u, Y^ = K»S^L cos ‘■'a KB, 1^, = — KS,U/ 

N.=t' , N.=-KS,M/ , N, = Kg!,UC 

wliure K is the eueificieiil of a^-sistaiice of thu 

IJeiico we obtuiii in tlie case when thu niacliino is desuoiiding with 
velocity U at an angle with the hun'zontal 

A„=CW» 

t 

B,/ylJ=:CWK[S.(l+siii»a)+S, | + W*K.S,/» 


C,/j«U«=«;K>S,S.sh,‘«+WK»S.S,/‘(l+am*a) + '''’'KS./« 
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(l\*S,Sj/ sill a con «• 2 tan w + tan 0 ) 
sin a cos (a-O) 


and ft>r 


OW 

A = V 
?/• 


B=[rKR,U cos*a+C’KS,U 4 - WKS JTZ* ) ** -CKS.F sin a cos a- 


C=j^ KS,ir*/J r-K‘*S,S,i;*/* sin « 

cos Cl • (^ 

+ 1 ^ KS,ir sin « ...s .< -KS,U/ )+ 'y (*nse Jr 

|) = KS,i;/ W sin (9 P+KSJ.7 ^\' fos 6 Q. 

+ [K‘^il- sin a Cos <1 W sin \V cos 0 (KS^F cos*aH- KR^F )JR 

and fcM'’ flic iM|u:ition (»f ci|nilil>i*iiiDi \V cos ^Z=:KR,F*^ sin « ros a 

The qiuiiititius I*, R tlnit >vc hnvc assumed for the resolved parts 
oT the mai^nihidc of the gust will liave a ndalion .iniong fheinscives 
like' /f AtJrrcR wh«M*f <r. A. r in the gcin»a*al ease* are fane! ions of lime. 


(’am: 1 . 

In lliis case, wc' shall assume tliat rf=Ar=c=l. 6 l=f# i.e. the inneliine 
is Haying I j or. '/on tall V ami u a small (jiianh’ty .so that sin-a arnlhigher 
powers of sin « arc* negleelcd. Then 

A.,=(’\V3 

R.,VF = CWKrS,+S,) + WKS./« 

. ■ r,;^r»,/»=\Vh's,s,p + ^’'’KSj , 

. • ,J 

, o\V' 



li 


NAUXIKAXTA RASU 


nml for tho (‘qtmtion of eqm'lihi'inm W=Kf',U* m'li a cor n 
Hiid 


A = 


OWp 


B= [CS, (1-ms o sin a)+S,(C+Wi*)] 


Sin o nos a 


r=pj^ K«S,S,r‘/*(l-ms <1 sin a)+ V*S,S;iT */ 1 


|)=P\YKr(S,/ + S,+S,) 


Then eApandiiifi: the Sylveshir's Determinant aiiii remem beririj? that 
WrrKSiU’ sin a (?os a for the coudition of eqnvUhrium nml neglecting 
sin*a and liigher powers of sin a, we find that the determinant rednoes 
to zeixi i.e. and F(iJi) have a common factor between them. 


Xow * and even if 


i» = w? , 


i.(‘. if a ])eiiod of the gust 


coincide with a period of tlie natural oscillaiion of tliu system, will 
not lend to become infinitely great i.e. llie forced oscillalion would not 
make the .«yst(;iu unstable for that particular period of the gu.st. 

We have arrived at this particular result by assuming a small i.e. by 
neglecting sin* a and higher powers of sin a. Bryan has shown that 
the iiatui*al oscillation of the systmu that result fnnn the above assump- 
tion gives the short o.scillatii)ns of the aeroplane. Hence if the period 
of the gust of wind eoinoidc with the pen’od of the small oscillations 
of the aeroplane it will have no effev.t in violently disturbing the 
.stability of the sy.steni so far as the velocity a is concerned. Hence 
I ' -f ‘ +a,c"'3 * 4-a.^c"** ' +Woe’” ' gives the natural and force 
oscillations of the system in the direction of its motion so far as the 
short oscillation are concerned. The case when the penod of the gust 
coincides with •the periods of the long oi* slow oscillations we can no 
longer neglect sin ‘a only and we shall take it up afterwards first 
finishing the examination of tlie effect on r„ and c^. The case of 
is quite similar to that of but c,, l)oth because it is an angle whose 
great v’ariation may very well h«?como dangerous to the aeroplane and 
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i:i 

it presents quite a diJVerent t.vpe of equations for x(wO» "’*11 J?*ve soma 
ititerestin" results. Wc liavo 




t 

whett! 





F(m) 



NV 

«1 + X,, 

X,. 

1 

X(nO = P 

it 

Y.. 

.V 

«i+ 1 .. 

1 = A//1 * + Bai-fO 



a 




X,. 

X.. 

1 


A = p'-?L’. H=-f’ (X.+X,),C=P[(Y.N%-\.Y,) 

if if 

-(X.X.-X,X.)-X.Y.] 


lleiK'e 


.\.,=(’W 




H„';,\:=CWK(S, +S,'n-W’KS,P 


(’„/,/’r’=\VKS,S,/+ KH,I 


1>„=0 


K,. </'r^ 


2\v 




K®SjS^/ sill a cos f( 


Ulul 


A=:P , fl — F’ KS^r/. (•=:--2I*K*S^S2 I'*/ sin a cos a 
if' it 

If ii pciM of tlie'..£riist of wiiiil be ecjiial to the natural period of 
osciljAtioii of the aeiYiplane tben ni^m^ and to tind the condition that 
F(wi) and.x^'w) may have .1 common factor. Tlie equations are 

A»a* + Bw + C=0 
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\aunikanta nASU 


The (ioiulition these t wo eqnations have a common i-oot is jari veil by 
Hunchei* as follows : 

f 

The resultant R the two equations must l)e zero i.e. 


Jt- 


! 

0 

0 

0 

0 


K 

Ao 

0 

n 

A 


0, IK K 

Ho (K n., 

0 A H 

A H C 

W C 0 


0 

c 

0 

f) 


A 


W C 0 0 


(I 


Kxpaiulin^ H ami rememheniijLr that \V = KS,ir* sin a ens n ami 
]ie<^le<^ling terms (Mmlainintr sin^a ami liijLjher powers of sin a we see 
that 11=0 i.e., and x(»^0 have a eomnmn Fae<oi* between them. 


Thus 


€ 




repre.sents oseillalory motions in all eases o.vcept when m eoineides 
with those valm's of the roots «>f V(in =rt) that J 4 :ive slow oseillalions (d‘ 
the system. Now sinee F( /a ) ami 1 have a eomiiion l’ae(ot‘ rorre.s- 
poiulin^ to that value of a/ = JH, whicli vivfs the short, oscillations tlio 
system, the decree of that eonnnon factor i> two, licncr* it is proportiorml 


’ *n = ,, - : those two values of m 

r / 7// ) 


that make ¥^( 111 )=^) will make €„ intinitely irrcat i.e.. make the motion 
of the aeroplane iinslahle. Hene(; those values of ut «*orre.spondinir to 
the lon*^ oscillations of the .system will ^n've f he aei’oplane a pitehin^^ 
tendeiiey which may j)rove dan^eron.s. 


In the ease of a,, and r„ when .sin’a does not vanish we see that 
the Sylvester’s Determinant does not vanish i.e. and 0(?7i\ 

have not a comon rof)t. 'J’herefore when the jieriod of the ifij.st eoinhides 
with tliat of the slow oscillations of the system ?f,ynnd r„ heodme vei v 
^reat but. this fact by itself could not have given the machine any 
instability. It is j)nly wlieii we have Cfnisidered the value of c„ in this 
ea.so juid liiid as above that it also is very great we comdud© tVvd Dio 
forced oscillations in this case a.«sume dangerous pi-opoition. 
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llencq. in the case when the inaciiiiie is flying iiovizontally the effect 
(J a periodic gust of wind will be only to superimpose anotlier oseillav 
tion on the system (pitivided the machine has inherent stability) for 
all periods of its gust ex(!ept when it synchronises with the long oscilla- 
tions of the aeniplane: 

Gam: II. 

In tliis (?ase we still assume n=7>=f=l but 0^-i) i.e. ilie rnachine is 
descending at an angle $ to the lioi’ixunial and foj* purposes of appin^xi- 
mation and algebraic simplifications we s1)aU suppo.Ke 0 and » both 
small so that cos (6— a) may be taken e<jual to unity, then 

A..=G\V^ 

l.h,;fyU=GWK[S,n4-sin^i)4-S,| + W“KS,/^ 


( \ , /</ * U * = 2 G K I S 2 s i n (I + \V K * iS I R ^ ® f 1 -f s i n ® «) -f K S , ^ 

f/ 


and for j)„ and we must go to the equal ions for r„ and €„ in 
which substituting (lie values of X, X^.-.N,. wc get 


(W^.- + 2KS,i; + a r^ — W cos6l'f„ + P=0 

9 


2KSi r sin a cos a* -f ^ W -f KS, T cos^t-p KS, V )i\, 

+ [(^W ^^^-KS,U/. )).I+W sill e J«„ + P=0 

m« + KS,L"«*mf jc., +Vz=( 


Hence 


1) 'ri>U’= K'S,S,/ .sm*a+ KS,7 An $ 

• a f/b* 


K*SiS,/[siii tt COS u cos ^+sin*tt sin 0] 



ifAL NlKANTi bASt) 


1<5 


Fi*om tlie equations of equilibrium W cos sin a cos a 

these reduce to 


J)„'<;‘'U*= ^ K'‘*S,Sjj/ sin a cos a (‘J tan a4 taut!) 

liu 'v*U*=45- sill o eo8 {»-a) 

If now we iioglect siii’u and lii^liei’ p<>vvt>rs of sin u 

A„=CW« 

H„ /;/i:=CWK(S, +S, ) + KS,/’ 

c:„,vu»=\vK‘S,s,;* + ks,i 




— K’S>.S.,I sin tt cos ii’tftii 6 
!f 


K„yiT<=~K».S,S,/ sill u 

We sec that A,, C„ and K„ are the same in this case as in Case I 
and in x('wO» ® ^oes not enter, hence c,, finite for those values of tu that 
do not coincide with a ix)ot of F(9a)3E0 «(ivin&( tlic slow oscillation of 
the system . 

But in the case of ttf, 

A=C P 

9 * 


C=P 


[ 


PKTT 

il= ~ [CS,(l-cosasiii a)+S,(C+Wf;] 
K*S,S,L'S*(l-»i« ocosaH ^ Kr*(S,I-S, Bin a cos «) 
-K'SjSjU'f 8inacosa+ 'J KS,i:* sin a cos a J 
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K*S,S,l'*/»(l-Rin 


ft cos « 1 — K*S,R,TT*/ sin 


n cos n+ 


W 


KR,T'*/ j 

I)=rl*Kr[(S37 + S^ sill a cos «) W sin f^+CS^Z+Sj +S2) W cos 6 \ 

ninl ih(i equation of (iqiiililivimn W cos ^=KS,U® sin o cos u. We find 
on expanding R I liaf if does not vanish oven when sin*a and liifjhei* 
])o\vpj*s of sin a arc ncirlcctcd. Hence in this case t.lie machine is 
ilistinctly unstable foi* the forced oscillations cfiirespondinir to either 
periods of natural oscillations. 


fJrnHp II. 

At the outset in this "roiip wo start with the assumption that 
1 *'=Q'—R'=ra constant ({nantity wlnVh is conveniently taken as unity. 

To .solve this i>i*oup of equations we assume «*. p, 7. each pnipor- 
tioual to iCflO'"', po''" ^ 


f/./ 

•// 


=7„7»c’"'. 


Hence .siihstitntinfir these in this jjroup and eliniinat- 


inj? c "' ' we pfet 


^ }n-^Z,r 


+( _ ''y. sinfl + /., \;„ + R’=0 

V 0 m / 


^70 + 1'* 

AI.*«’n+( - V+( V+Q' 


-0 


=0 


on the following; identity t*os 0 =p cos ^—7 sin 0 . 
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NAUNISANTA DABU 


• Solving tliese, equations for Pa, q„ ami putting F =Q'=:B' 

«'o 


cos «+Z„-wH- sin 1 


_i_ I 

A +1 j,, 


9 


9 


-F-+h,. 


f/ 

-Po 


1 : 




W- + Z.,-W^'- - sin«+Z,. I 
„ .'/ »' 


T,., -F’'i+T. 




W +Z„ 

9 


B’? +M„ 
9 

So 


^ cos e+z,, 1 

m 


.liy, 




9 


-F''' +M,, 1 

9 


-1 


+Z„ ^ cosfl+Z,,— W-— sin 0 +Z, 

9 ’» ‘ 9 II' \ 


Iv, A”*+Ti„ -F"‘+h, 
'/ 9 


B”L+U, 

9 9 



iNVESTlOATrONS OF KOHCKD USCILLATIOXS 


A«i* + Bwi*+Cm+ B 
A j m * + B 1 Ml * + C j ■ + D j wt + E , 


A,=W(AB-.F») 

Ci,y=7i4AM,+BL^+K(L,+M,)]+WUi,M,-L,M,) 

-Z,(FJ1,+Bh«)-(Z,-W|')(FL,+All,) 

D,V=Z,(L,M,-L,M,)+Z,(L,M,-M,M 


+ ^ Z,-W ^(kil,-L,M.) 


tl 


w 

E,.^*= [(L,M^ — Al,L^) iros — Mw.Ii|,) ni’h ' 


a^ab-f* 

•J' 

B=^ r A{if,-/,) + BO-,-Z,)+K(L,-/i,) + F(M,-/, 
f/ L 

+ wV(A+F)'] 

<J J 

0=(l.,iM,-L,M,)+(Z,B,-Z,lv)+(JI,Z,-AI,Z,) 


+W^(L,-M,)+ ^ l/A.+F)8iu(!»-(B+F>.o8^j 


D=W «us e (li,-W,)+W sill 0 (I, 


A'»«»+B'm*+U'w»+JL>’ 

A I HI* + B , HI * + 0 , w* + Oi m + K ‘ 



.NAtl.NlKAXTA HAHt' 


io 

where 


A'={B + F) 


Also 


13'= + 
'/ 


+ \V‘^(M,-Iv) ■ 

;/ 

l)'=(iJ,-I,,) W sm6». 


A"=(A+l-’)'y 


.'/ 

l)"=(^M,-li,) \V cos 0 


U1J(1 


7n = 


A"/!/’’ + B%t* + C wi+ B 
A I 4* I ’* 4" ^ I 4" 1 ^ 1 4“ 1*‘ 1 


Cask 1.— j^TUAHiirr ruM>. 

By tliis wo inoiiii pianos porpondioiilui* !u tlio piano of witli 

no vertioiil Ihis. lu this' caso wo ,ii:ot fnmi Bryan Art. 77 /,,, Z,. 

Ii„., ^1,,.. o!ic*li=zoro. Tims wo find that Oj =0, =0 and for straiglit 

planes C,=0 (but; in this oaso the original motion is uiist4hle so wo 
neglect it). I f there are 2 planes whoso angles of attack are a, and 
a, and the moments, of inertia about the plane i—j/ bo Ij and 1, wo 
find 


,K.u'.,.= 2VVI, I,. 


L 



INVESTUJA’nONS Ol' I'OliCED 0S( ILLATIONS 


Blit even ill tills ease 2 roots of ilie biquudralir are /.ero whieh 
indicates lack of jiiliereiit stability, so we neglect this ease altogotliur. 


Cask IT. 

Now at once let ns to the system that is most slahle and wliuso 
i-aiige of stability is gimt. This is tlie system with 2 raised tins at file 
same height. In this case? we take 2 fins and T^ (of total area T) 
one iif fixmt and other in the rear of the C. (I. of the system and hotli 
al)i)ve the j;— a.vis in the .<;—// plane wilh tlie tj of the C. I\ tMjual and 
their joint C. V. in a line thioiigh the C. (J. of the system perpend irnhu- 
to the main planes. In this case, Bryan lias shown. Art. t?J-, that the 
machine has inheient stability. Xow to find the eifeef of the periodic 
giLst on such a system. 

IjcI (r, y) ho the co-ordinates of the centre {)f mean position (or 
centre of pre.ssnre) of the 2 fins, and P the moments and the 

products of inertia of the areas of the tins with respect to a.xes parallel 
to the co-ordinate axes through ( <•. y) we get from Bryan since 
M j = P=(), in this case for the tins 

Z, = K»TU. = /i, = -K^TU.f 

lv = K»TlT;v, = h, = -.K‘Ti:.i;/ 

.M . = - K ‘Ti: r. M, = - K ‘TU iy. M , =K» i:(T.r‘^ -f- M , ) 

T 'J’ 

and by Lanche.stcr s ‘Pin Resolution M X (distance 


heiween Hns)“. ■ 

For siinplilicatnjii of algebra let ns assume that K.*=:K i.e. the 
coelliciants of resisLance of the lin.< and the main planes are e«iual. 

Al.so let us sissume a small, so that .r=0 and also F—0 i.e. the ,»>axis 
is a principal axis. Then 

Z^^KTC. Z, = KUT//. /^=0 

’ ■ ‘ |,,..=:KTU2/, lv = KUiy. h,=0 

AI...=0, M, = KL'AI., 

Alsu let us Ih ot cunsiiltr the case when 0=0 i.e. the niaeliine is 
Hying hurizoiJ tally 



NAlaNik..tXTii BAak; 


ikA 

•V M 


The above are the resietaiice derivatives due to the 2 Hus only, the 
resistance derivatives for a main plane at an angle a and a rudder 
plane are 

Z,=0, Z^=0. Z,=0 

L^=0, L^ = KU1 cos*tt, Ij,=— 2KtIl sin a cos a 

M^.=:0, M^, = — KUl sin a cos a. M,=2KU1 sin®a 

so that the whole resistance derivatives are, neglecting sin’a and higher 
powers of sin a 

Z,=KTU, Z, = KUTy, /,=0 
L, = Kiny L,=KUTy», L,=:2KUI tan « 


aM , =0, M = - KUl sin a cos a. M, = K V aM . 

and 

A^=ABW 

/ 

ll,/.7KU=VViAA\l, + BTy*) 


C,/r/*K*U*=TM,(A-f\V7*) 
l),,yK''U‘= j [L y T tana-JM’-Y/K»L:*l 


and for /i^, 


K,/</‘K‘U* = - ■Y T-.M,/K»L'» 
•J 

<r 


H'/Ki;=J i.BT(l-y) + W(M, + 2l fan,.)] 


(r/K«U*«:TM,(l-y)+a 1 T tail 



U'=0 

Usiuj< these finaiitities iu t lie Sylvester’s Dutui minant and l•elllember- 
iug thatVV=KS,U‘ sin a uus a we find on ilevelupin;; and ueglcctin;r 

terms containing sin*o and higher powers of sin that the determinant 
vanishes i.e. the two equations 

A , ‘ f B . + C , »a‘ + U , «i + 1<; , =0 

A’»t’ +B'w* +C’»i+ D'=0 



INVESTIGATIONS uF HWICKI) OSI^LI.ATIOXS 




}<ave a inoiinnon loat between tliemselves. Now siiioe n'=:0 tlie last 
equal ion rediioes to AW* + B'm+ 0'=0 and will have two imaginary 
«Y>ots if y be ^negative, wbic^b is one of Ibe conditions of the inherent 
stability of the machine. Also we know that there is only one type 
of lateral oscillation of the system i.e. Aim* + BiW* + C'w*+IliW 
-f Ki =0 has only a pair of imaginary roots and since a period of the 
gust is to coincide with a period of the oscil lation of the aeroplane it 
must coincide with this pai‘ticnlar root. Thus we see that the forced 
lateral oscillation is never unstable in the case of when the machine 
is Hying horizontally and w'e can neglect sin ‘a and higher powers of 
sin n. The same conclusion holds good in the case of and 7 ,,. 

Jltmce we conclude that when the plane is flying horizontally and 
a is sucli that sin*a and higher powers of sin a are negligible the 
etfecl of a periodic gust of wind on lateral motion is only to 
superimpose another oscillation which never becomes dangerous. 

Cask HI. 

In this we assume but we neglect sin*a and higher powers of 
sin a then 

Aj=ABW 

B,/KU 7 =W(AM,+BTy») 

(^,/K*UV=TM,(A+Wy*) 

0,/KMT»(/*= J fi/lT tan a-BTy cos fl/K'U*] 

K,/K‘UV=- 'I _f^.,-TM,eo.s^ 

Tims we see that 0 comes only in the form of cosine and that only 
in T), and K,. 

Tf we consider the case of Pq, A\ B\ G' )*emain the same as before 
only 1)'=— KUTy W sin tf; so also in 7 ,, only change is in D'' which 
becomes !)"= — KITTyW cos tf and in jc„, A and B remain the same 
C and D change so that 

0=K*U*M,iyj(-l)-2KMJ«Tj,l tai.o+ 'J KU‘Ty* 


+ — (A ain fi—B cos S) 
9 

T)=KU(iysin fl-W, cos B) W. 
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Now substituting tlioso values in the Sylvester's Determinant for 
ami remembering tlmt W cos S=KS,U* sin a cos o we 
find on expanding that the deierraiiiant does not vanish* in any of tlie 
rases: Hence when the pei'iod of the gust coincides with the peHod 
of the system the forced oscillations become very great. 



On a Factorable Continuant 


By 

JSATI^HClIANmiA (^HAKRABAirn, M.Sc., 

Profemr of MnfhemoficH, Remjnl Tfyhtiraf IuHlhih*, Culontla. 

Soiiio fsiolorahltt contiiinants have l>eoi» dist*ovortMl l)y >>viv\\ tMiiiiieut 
maihematinans as Painviu,' Sylvester,* Mct/.ler,* Muir ^ and Datta.^ 
The present paper contains a continuant of tlic same class wliicli has 
been derived from a linlte series with tin* help of Keilorniann’s 
Theorem. This coniiniiant has been evaluated dotorminantally and 
•some algebraic relations ri:.^ theorems (1), (*2). (S), (9;. (U). (12), 
(111), (14), (15; and (24; have been deduced. In convertimr the finite 
series to a continued fraction, we have come to a kind of dot ei'in inants 
whose numerators aiul denominators arc both resolvable into a inmibcr 
of binomial factors. * 


* Puiiivin, (1858). “ Siir iinrertnin systome iCquatioTis Journ. th 

Math. (2) III, pp. U-tn; or Tho Theory of Deh*rminanls in the Historical 
Order of Developmont liy Muir T., Vo!. 2, pp. 422-4S4. 

* Sylvostor J. J. (1854) “ Theorome sur les determin.mts do M. Sylve>»!(»r." \ouv 
Anmlesi de Math., xiii, p. 305, or ,Tlio Theory of I/otcriniasnits in the Historical 
Order of Dcvelopiiiciit by Muir 'I’., Vol. 2, p. 425. 

* W. H. Motzler. “ Some factorable CDiitiiiiiauts,” f!din. Pmc. Hoif. Sue., 3t, 1914 
(223-229). 

* Muir T. “ Coiitinnants resolvable into linear f:ic tors ” Trans, E Jin. Uoy, Soc., 
41, 1905 (343-358). Mnir T, “ Fnctorizablo contimianta” Tntns. S. Afric. Philo};, 
8oc., 15 pt. 1, 1904 (29-33). 

* Uaripada Datta, *• On the Failure of IIoilermanir.s Theorem.” Proc. Edin, 

Math, Soe. Vol. 35. "On the Theory of Continued Fraclion.s ” Prjc. EJin. Math. Soc,, 
Vol. 34. • 

“ Journal fur Math. 33 (1846), p. 174. 

’ Ganchy, (1841) "Memoiro sur lea fonctions altorneos et anr les sommea 
altern^ea," Bxarcicoa d’analyae et do Fhya. Math., IT, pp. 15M50, or The Theory 
of determinaiita in the Historical Order of Developments by Muir T., Vol. I, 
pp. 342-345, 
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1 .* 

= {(y-s)(<»y-8)('‘*y-8)-(«'"'y-S)} 

+ 'S,(l+8){(y-8)(ay-8)...(a'-*y-8)} 

+ 'S,(J +8)(l+8){y-8)(a./-8)...(a'->j/-8)} + ... 

+'«rJ(„!.-,+8)(J.,+0...(i+8)} ... a) 

wlierft ^S,, denotes the snni nf the produets of r taetors 1, ti, 
taken p of them at a time. 

Proof, I jet ns take the series 

0/.+«)(a« +8)(^,» +8), (l+8)(u+S)(«* +8), 

and obtain from it A a etc*., tlic successive orders of differences by 
using 1, w, «*••• as multipliers (see Art 5, Paper 

Then we shall find that in this particular case where there are three 
factors in each term of the original soi'ies, caeli term of A* and higher 
orders of differences vanishes. So ])y Art 5 (/), Paper 3 we have 

(a+8)(r7.*+8)(a»+5)“ *8^(1 + + +8) 

+ *S,(|L .V8)(i+8)(«+8)-... 

+ (-!)* ‘St(^jiri+ 8 j(^^/-j+8 j=0, where A:= or>4. 

Thus generally we have 

{(tt+8)(a*+8)...,a'->+8;}-*S,{(l+8)(« + 8)...(a'-+8)} 

+ *S.{(^ +8)(l+8;...(«'-»+8)j-... 

+ (-!)* %{(^^. t ,+ 8 )(^^ j + 8 )...(«-*->+ 8)|==0 ... ( 2 ) 

where A'=or >r. 

\ cf, “Oii the Evaluation of Some Factorable Continuants,” Part II, Art 2. 
Bui. Cal. Math. Soc., Vol. XIV, pp, 91-106. In snbsecjuent referGuces, this paper if ill 
be called Paper 3. 



ON i. VilCTORABLU CONTINUANT 


a7 

If the origintil iienes be 1, 1, 1, then each term of An Aa"> i* 
zero. Heuco we have 

.l-*S. + *S.-... + (-lj* *S*=0 

where k=ov >1. 

Let us now take the particular case of the theorem (1) wlien r=3 vis., 

(l+y)(l+rty)(l+tt’y) =(j^— 8)(«y— 8)(«’y— 8) 

+ »S,(l+8)(y-8Xay-8) + »S,( + 8 )(l+8)(y-8) 

If we substitute 8, —1, — ^ or — ^ fur // in f t), wo ran show by 
rt a* * ‘ 

(2) and (if) tliat. for each substitution tin* eciuation (4) is satisfied, 
lienee it is an identity. Tlie general case may be similarly treated. 

1. 

[ i J-“(i+y)[ 2 J+'‘’(i+y)(i+"y'[ 3 ] 

+ (-!)'■ (t'’(l+y, l + «'"'y) H(-I)'!'l+(;2/){,l + (('i/)...(l+f('’y)] (5) 
whei’c (1+y. l+a^y) ilciiotcs tlic piuiluct {(l+y K l + ((y)...(l + «'y)} 
ami ^ J denotes ^ — Ij}. 

This ideiilitv inav Ik! provcfl by subslit lit in^' »// for ;/ and — « for 8 

in (1). 

Ex. 2.' 

= • 'S, r{(l+y)(l + «*;/)(! +rt''/)— (I + "*"*'/)] 

+ ... (( 5 ) 

‘ i/. “On the Evaluation of Some Foctorablo Continnanls,” Arts, Bui. CnI. 
Math, Soc., Vol. XUI. In subsequent rofwencos this imper will bo called Paper 2. 
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Proof. Tlio fc+ltli term in the right-hand-side expression of (1) is 




{(a'-* -IKo’'-*-' -l);..(a-i)} 


X {fy— S)(«y— 8)}, by Art G, Paper 3. 

Put 

and 8=— 6*'"* and let "B, denote the sum of 

tho products of u fautoi's 1, b, tiiken r of them at a time. Then 

the fc-l-lth term becomes 


X * 'U, s j {( 1 -f :)(1 by Art G. Paper 3. 

ileiicc tlie identity is proved. 

A’.’. 3.' 

(l-H 

+ (-lri 

X {(1 -ha* ‘y){l+o ^ * ’ +«• + ... 

... < 7 ) 

This may be i^i-ovcd in tJie same manner as Nr. it by putting 
«=jV y=l*'~*z and 8=--8>'-> u, (1), 


’ cf. Art 3, Paper Z 
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j. ‘ .l+xy 

[?] [=T‘]tT] ["Till] 

=0„..<-V)* , !(«^)(..--ii -(.--i)l 

[ 1 J{il+y)(l+«*y).-(l+a'‘"’y)} 

accoi'diiig as » is odd or oven ; iLe last term of the series is 

(l+e-yXl + «*+*?/). 

acooixliiig Us «■ is odd or oven. 

Pi'im/. Let "fir denote the scries 

*S, _"S,+, -Sr,, ■+»s. _ 




r + AO 

r4 * 


Since it can bo sliuwn, by Art 0. Paper .S. tliai 


"S MAC «C 

Or .«-•■}< 


vre Inivc 


= + iS..,}=0, l.y(:{) 


7i.,-"/*i = - = “i8...,=0.1mt7i. = 4-; =1.* ... (9) 


‘ cf. Art 4, Paper 2. 

* cf. TLeorom (8), Paper 2. 
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Now lei ns take the particular case of (8) wlieu»=:7, an odd number, 
tbei) the aeiies is 

f ^ 

1 1 1 ^+“1/ * 


1_ l+<^y J (l +ft’y)(l+ a»y) 


^ 1 (l +u"i/ )(l+nN/) 

[~1 ][ 1 ]' 


1 ][ 1 ] 


+ 



( 1 + ir’y )| 1 + «'// H 1+ (t'y ) 
(l+y)(l+tt*y)(l + ii*y) 


_1 (l + a'l/Kl+a’i/li^+d'^y) 

r “7 -] ■ a+y)(l + ««y)(l+fl*y) 

If wc take the ileiiominatoi* of the hist teni) as the comiiiuii deouuiiiiator, 
then tlie nuiiicrator becomes 


(l+y)(l+«‘y)(l+a*y)— (l+y)<;l+f(*y)(l+n*y) 


+ (l+«y)(l + «*y)(l+«*?/)— ... 


® n 


'K, 


{l + <i'y){l + ii'‘y){l + (0 'y). 


If »/,=:(l+y)(l+«*yj(l+u+y), «, =(l+«*y)(l + «'y), and «j=l+(i‘y 

then applying (0) to odd tei-in.s and ( 7 ) to even terms, we can show that 
the numeratoi' • 


-»/?.(a*-l)(o»-l)(rt-l)=0, by (9). 


Thus the series vanishes. 



If n=6 an even number, vre can similarly show that the numei*ator is 


on A PJICTOBABI-B COXTIKPANT 


■31 




32 


SATI8H ORAMDRA CHAKUABARTt 


Proof. In evalnatin" this continuant we are to apply two algebraic 
relations n:., 


(o’+'-l) , (o’ + Da" 

(o» '+» -1 )(1 +f?) 0’+ a''TG +«'+’ ) 


(o*'+*-l)(l+(r'+>') = 


(111 




'Ta*-'-lXl+«'Kl+fr+‘) 


(aji- . - « + * -l)(o^- ' * -1){«* ■* '+' -1 )«* 

("a* l)(r+c’'+')(<»‘"’-l) 


_i)= 


+»_1) 

“ («*->-!) 


(li») 


In the case of (12), if (l i-«')(l+«'"^‘)(«’‘ '•'-1)(«*‘’ -1) he taken 
as the common denominator of the left-hand-side expression and the 
factors in each term of the numerator he multiplied together, the 
numerator will contain eighty terms of which sixty will he cancelled 
and the I'emaining I wenty are : — 

_„»»+r-» + s + + » +<,«-- ^„«» + Sr-» + , 

^„.. + lr-A+* + + _a. + .r + , 

_ft»+4r + . +„«+r + l + ^„S.S» ^^4r + t+l 

— rt‘“* 

f 

=o*-*(l+''')(l+«"^’)(ffl*'+‘-l)(a''-'-*+>-l)(a‘+'-‘+«-l). 

Hence the theorem is proved. If we multiply Iwth sides of (12) by 
a*"*— 1 and then put i=l, we get the theorem (11). 



Now let us consider the particnlar case of the continuant w’hen n=4 rir.. 
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Then we shall find that, all the elements, except the first, of the last 
column, vanish and hence the continuant is evaluated. Further when 
the elements of the List column, that result from ajiy of these opera- 
tions, /ith for instance, are obtained in the simplest forms by the use of 
(11) and (12), they will contain a?— as a common factor while the 
other factors will be the multipliers themselves, the multiplier of rth 
column occuiTiii" in 7 th element. As an exception to this rule the 
last element of the last column is always zero except in tlie case of 
tlie fii'st operation. 

In the general »;a.se it! niy denote the nmltiplier of rth column 
and I that of the last column, we have 

In the tirst operation 


where 








and I is governed by the same rule. 
Ill the second operation 


771,. =:A,. 

and so on. 

In the Ath operation 


— 1 




and 




x—a 


*-a 


4. (.). 




•I 0 


... (13) 
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Proof, Let ub take tlie series 


w-1 O r«-2“| r n-3 

J’ L 



0 , 0 , 0 ,... 


and obtain from it 


Ai) A|i<>*Ar-li Af» A r-i 1 A m A 11+ 1 "■ A 11 + I- -I) Aii + r-i 

tlie successive orclei*s of dilTcrences by using 1, a, etc., us ilie multi- 
pliers (see Art 5, Paper 3). Then the first term of ^*1 + , -i is 


(-1 )— ^ j, 

Hence tlie identity is proved by Art 5(i), Paper it. 


,(’-i 


_ < 1 * — 1 

" a— 1 


(M) 


and 




"-I).! 


i-T 


(a*+lj(a"+'-"+'-l),'rt— ”-'-1) 

' t, 1 + n ■■ )Tl +fi ' + '7(n ' - 1 ) 




(15) 


These two theorems may be pi-ovod in tlic same mannei' as the Dicorem 
(12). Fixiin (15) it is clear that if in the Iclft-hnnd-side cxpi’es.sion of 
(12), (—1) be substitnted for a' in the second term, o’'+* for in 

the thii-d term and the fourth term be multiplied by a""’ the 
expression vanishes. 



S&TISU CHANDRA CHAKBABABTI 
5, The operationR given in AH 3, maj' be stated thus 




( 1 ) 


ool. J — (.e— l)col, + ... =col, ; 


(n-»-) 

col, +0col,_,+0col,_, + ...+0col,+, 




(n-r + 1) 
+ ...=cnl, 

(n— r + l) (n— r + 2) 

ooU +0col».i + ...+0 coU+, +0 col, + ...=col, ; 


Wo may substitute for tlie above operations, a single operation in 
which vif the multiplier of the rth column will be ' 

t 


I 8$0 Paper 2, Art 6, p. 78, 
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87 


Thus in w, the highest power of .v is 7i— r and the co-efficient of " 

-[ ”ZjrIp . 

+ (_!)—, j" '--I 


=X, 




S[ 


w — ??— 1 
7i — >•— p-|-l 



/i— p— 2 
n—V'^p 




r -I. g _ 

+ (_l).-r-, j-ryl 


■+r-iC 

=x, 


[ 


?/— jJ— 1 
7i— p— r-|-l 


] 4(n-p-r)(ii-j7 + r-l) 

a by (13; 


Substituting the value of we have the co-efficient of .i ^ 




r ji+r— 1 

Lw+y— y 



] 


|_»— y— r+1 J** 


^ (a+l!{((.-l)(«»-l)...(a-»-l)} 

{(«» ’■-•-1 - 1 , !...(«• -l)(tt-l)} 


— V ■»/ »r-*V' 

«r-i 




Since n is the order of the continnant, wo may divide each multiplier by 



88 


SATISH CUANDHA CHAKllABAKTI 


and take the coefficient of in m,. as 




(-1)' — ^ 


0 ( 71 - 1 ) 




I r •-*« ■+‘’->i3 i>» — 

+ 2(n-l) **• 




+ f-l)-'_(„_,)(„-i) ... (16) 

The multiplier of the last colnnin 

Thus tills muliiyilier may also be obtained by (lb). 

(/) Now if the .single operation obtained by ineau.'< of the formula 
(Ifi) be pei't'orinecl ofi tJio eontinuant of tlie atli oi’dei*, then fiviii the 
lirst row we have 

/ 1 \ 

. ■^•-1 

in \Yhich the coeftlciont of ,i ’’ 

=(-ir-‘ ,7^:11- -As— 

b,(H) 


= yn(7i-0 
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«•+>-! 

\ 

0*-l 

IWj— 1 

1 


^i«(n-l) 

a— 1 

L 


' i) 

a— 1 


1)(.. .(ui-rt-V)} (18) 


wliiclj is llic Ki'st elomoiit of lliu lust coluiui: 
Fivm the r+ltli row, we j'ot 

(a"+ - 1)^/ " - 

(tt* -l“)(a» ' - 1 jil+a' )> ’ 




ill whioli the coefficient of .t'' is 


-l-O' r 2r lfi»-n l-(N-l) 

[r+l JL 1 J « 


{ 


(tt’ l)(tt" + '"'-l) 

'(a”+‘-lj(l+o')itt'’-i)“' 




(tt" + l)(tt’+’--'-^J-l)l«"-'-’— 1) 




I =0, by (15) 


Thus (r+l)th element of the last coliiiiiii is zero. Similarly all the 
elements, except the first, of the last column vaiiish. 

The product of the elements t)f the lower minor duigonal 




J’— 's.-TlS’-i) 


... (19) 



Hence the value of the continuant follows readily from (17), (18) and (19). 

(it) To illustrate the application of the formula (16), let us consider the continuant of the 5th order, then the single 

operation i«: 


iO 
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Here the elenienta of the hist eolumn may be obtained by the 
theorems (14) and (ir)), takinj' r c([nal to 1 less than the nnmbev of tlie 
row which is ooniydcred. 

Ex. 1. Since 

+ + + ; if« = l 

e"— -I 1 + « + <»* + p 

as a particular riiso of iho continuant of Ai*t 3 when 1, we have 

' .. ^^+1 --1 
j V ’ 

I (M + Dfw-l) . 1 1 

()i+2)(»-2) ^_1 ^ 


(2»-l)(2,r-:{y2‘ ‘ ’’ 2 

= ^— 1)V 

t). In the lanjifiia^o of Af?*. Datta ’ the Hoilornmnn’s Theonun is ; — 
If the scries 


is converted into a contiiinod fraction of the form 

then the elements of (he continued fraction are ‘j:iven by 

‘■= t:' ~'1‘ 


where + , = | a,. 

; «r+i. 


( 20 ) 


(21) 


a... 


I n r , 




and n, is oldainoil finni by ileletiii!,' tlio fobmni ami the 

last TOW. Moreover if //jfl and 0, are resiiectively the 

‘ tlaripada Datta. “On the Paiinre of Ileilermann's Thcorora." Proc. Kiin. 
:Vath. Sor., Vol. 36. 1910-1917. 
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denominator and tlie nnmci’ator of the rlli convergent then 

(r) (.) (r) (r) 

and + c+yo 


M 


whore y; -'f'. a ,..,- ... nj 

A |. A j- A 

W 12. r- 9 j. 

7i =a,_2- / + + a^, 

/. , A , 


(r) 

yr-2=^l- 




(r) 

7r-i=tto 


The successive coiivcrgents to the coniiniiccl fraction (21) have the 
property that it* the ??th convopfroi it is expanded as a power-series in 

V ttie hrst 2u terms of this expansion will ho, term for term, the same 


as the first 2» terms of the series (20) " ^ 

Ff, hy the above ilicorem, the series 

hQ nu nQ nU 


(23) 


be converted into a continued fraction of the form (21), then the 
elements of the continued fraction will be f^ivun hy 
a* — 1 


l—tt 


ft, = — a 

' l-a* 


«= (a"+l)fr-‘ 

' (l-a»’-i)(l-a*^“*‘)(l+a^“M* ‘ ' (1 + a^""^) (l + a'O 


Proof, If we expand by division the first, converj^ent 


•c+^i 


as a 


power scries in ^ and ecpiate the first two terms of this expansion Avith 

the first two terms of the series (23 j, we can readily get and 
For other elements we are to find out Jc^ and 
If s, = {^l)p *S, then 


C=! 




^*4 

5. 


S. 


» For tho other part of this theorem, see Datta’s paper “ On the Theory of 
Continne^ Fractions ’* Proc. Edin, Math, 8oc., Vol. 35, 1916-1917. 
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' It is to be remembered that the product {(a" — 1 — 1 — 1)} is to ba t«ikon as unity if d is positive but r ia less than is 

if d is negative but r is greater than n. 



On AN Application of Bessel Functions to 
P nOBABILlTT 


By 

Amanthhusan Dasta 

1. Some remaikjiblt* defiiiilo into^mls iuvolviiig Bessel Functions 
Iiave been evuliirileci by Soiiine in bis ebiborutu iiiemuir * in tlie Math. 
Annalvu, Nieliolson ® in Uk? Qtntrftrly JnttnniJ frenoraliscd some of 
Soni lie’s resuUs. 

‘‘ A very reinarkuble Jidvancc in the theory of J•imdolll variations and 
of flights in two dimensions is due to J. (’. Klnyver ■* who has 
discovered an expression for the probability of various resnliants in the 
form of a delinite intogi*al involving Bessel Functions. His o\po.sition 
is rather concise." His paper has been reproduced with slight changes 
of notation by Ijord Uayleigh ' who has studied various aspects of the 
problem ami also given tlio most general re.snlf of one of tlie particular 
(rases. 

Ill a previous paper, ' 1 have altempteil to evaluate more general 
forms of .some of the integi*als given hy Sonine. In tlie lii-.sl part of the 
present, papei*. I have employ e«l the method used in my jiriivioiis paper 
to extend tJie results obtained therein and Iiave given a very general 
ease of the integral involving the product of a number of Bessel 
Fiinction.s. In tlie second jiart, I Iiave applied tin's general foriii to the 
ju'obleni .studied by Kluy voi* and have obtained by a camiih'bthj tJifffi.ront 
mrthod the re.siilt obtained therein. 

[ am indebted to Dr. K. Bauer ji for directing my attention to 
Kluyver's result and also to Rai A, C. Bose Bahadur lor his valuable 
fluggestiuns. 

‘ tSonino, AfaPi. JJaml 10, 1. 

* Nicholyoii, Qnn,'. .lounuO, Vt»l. 18 , part IV !'■ • 

“ J. C. Kluy via-, Koninklijhc Ahidtmie Vnn Wch'ui^chnppcn ir Auisterdnm, Versing 
ynn dc gvKoiic rertj tilinifi'tt des .Ij' f'h//;/, Dci’l XI^ , Isl 

GodeoUe, .30 Sept, 1JX)5, pp. 30.J.24. 

* Lord Uayleigh, Sricntijic Pa}H'rs, Vol. VI, page (3l0. 

* Datta, Hull. Cal, Math. Son., Vol. XI, No. 4, p. 221. 
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2. Soniiie has given the elegant formula 


( 


-h*' 


_ p”7’ 1 r 

~ s'lr ‘2“r(«l+.i') J 


1 — 


Ah 


C 

-1 


Ul — - } 

dt 


... ( 1 ) 


It has been .shown by nu* in my ]U‘evions On an Extension 

of fcsonlno'.s liiiegi’iil in Hessel Functions ’* tlijil. b}" substitiiting, in the 

above, rui> /#, /'+ ! uiul nmltinlving both .shies b\’} r - and 

’ Lb/ 1-0 . 27r 

integrating Avlth respect b> r bi't weon the limits — oo and +cx>. wo have 






= I (I -/»)'" 

Vir 2 ,/jr {r()ii+-J)i* J ^ (2//;“+' 


] 


r* + /;* — -rr:: 

4h »i~S 

a-.’) 

-1 


(iii> -• i) (2) 

where r* is equal to + ’—2pqf, nml i.s a positive quantity. 

1’ he analogy l)el\v eon the two equations (1) and (2) suggests that 
we can employ the method indicated above to obtain the integral of the 
product of four Beb.sel Functions. 
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Thus, siihstitutiiig for A, 



and repeating the same process, 


Wii 


can write 


p oo 

1 J-Ow)’ 






d.‘. 






tn — i (If 


-1 



-1 


wh(3re oj* r=:r* + r* ^2,crz aiul )» > J-. 

Using the same method to obtain the inlogrnl of the product of any 
number of Itcssel Functions, wo can write as a general form (number of 
Hessel Functions being u) 


[■ 


hK( q t )^K(s •' )-K(h,r.)...n) ^{h )i 


— flK . f l I ] 






.1 


(I-/*)’"-*.// 


-] 


1 1 -I A* +n®— 2i<^a 

. I , I - _ 

c (1— a*) ^da 


r (' 1 

-1 -I -1 


[»«>—*•]• 


Now substituting for A, A=i , 

2n 


and multiplving l»)th sides by 


lu ^ ly^ 

1 2n 

2^" ««+' 
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and intejBfvating with regard to r between the limits — oo and +®o, we 
have 




_ i n-zo”- 

« 2’“'" 


j' - 

-1 


x| ( 1 — a’)*** A-’— «*+ 2 H/i-a) 

P 

X I, \^Z*— A*-H*'+2i(ii)*-"-'y"-’+‘do. 

where p=l, for l’<(A— ?«)* > 


/8=*‘’ for(i.-i.)><Z*<a + H)* ; 


)8=-l, forZ*>(,A+tt)‘. 
For 7=0, we obtain 


i 


J J -(«•;••• ^T-TTiT-^T) ' 


= (i-z*r~* 


dt 


-1 


/•I •/•! 


^ ...| (1— a*) — A* — «’ +2»Ao)*"*~*(Za. 


-1 p 


W>Bl>— 
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Now if w=wi + l 



J « (7 » 0 . . . J« ( A\e:) 


♦n® + m 
X 


dx 





-1 is 


Now if VI =0, 


1' 

-1 


J « J 0 (S') — J I (* '• 


- j (1-/=)“',//...^ (l-a 


' ) ^ da. 


-1 


If in this intejjfrnl, we pnt 

/=cos^i,...a=cosS,.i, 


we jfet (the miniber of Bessel Functions being « + l) 


0 
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It would appear from the alK)ve that there are certain relations 
between yi, 7, r- ••/»*,/ ; r, and a. These may be interpreted 
geometrically thus ^ 

Since i\=zp^ +q*—2pqt where /=eo.stf, 

w* =:c* +u*— 2rr2 „ i=cOB^, 


,, a=COsfl»_,, 

it is clear that f is the cosine (d angle of the triangle having /?, v and q 
for its sides included between the sides p and 7 ; is the cosine of the 
angle of the triangle having r, r and h for its sides inclujied between the 
sides c and r and so on. Hence it is ohvious that p^ 7, I form a 
polygon having r, w.../# as the snccessive diagonals joining one of 
the ajigular points to all others in suocossion. Hence it is evident 
from the above geoiiietritad interpretation that the integral on the left 
hand side is equal to the mnltiplc integral on tluM'ight hand side or zero 
according as 

/>* ^qt^2pqt or not 

0)* -f r* — 2rr: or not 

rzfc* + 2/fA*a or not 

/.c., acGoi'ding as we can form a triungle having p. 7, and r fox; its sides 
or not, because only in iln* former ease r is a real positive quantity ; 
aecoiding a.s ne can fonii a ti'iangle liaving r, r and w as its side.s or r.at, 
because the integral is not equal to zmo when w is u real positive 
quantity and that is only possible when m is the third side of the 
triangle having r,o», and r for its side.s : and so on; and hence (combining 
the above conditions) we see that accoitling as we can form a polygon 
having 7, c.../*. / ss its sides, e, w,...// being the siicce.s.sive diagonals 
joining one of tlie vertices to all other.<;. 

4. “We are now in a position lri investigate the probability 
that after// stretches/,. /,.../„ taken in directions at 
random, the distance from the .stretching point 0 shall l)e loss tlian 
an assigned magnitude /'. The direction of the first stretch / is 
plainly a matter, of indifference. On the other hand, the probability 
that the angles /9 lie within the limits S, and Sj+dfl,, and 0^+d9^ 

and is — which is now to be 

fir)" * ‘ 

integrated under the conditions that the »tli ludius vector shall be leas 
than r,” 
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We have ehown in the previuiis articles that 


1 




=(;) j ^ j“.«. 


or zero 


aocordiiig as we can form u polygon havinp; p. for its sides and 
r, (It... as its successive rliagoiials or not. Hence the probability that 
the (n-f IHh radius vector after (a + 1) sli-etchcs shall be less than an 
assigned magnitude is 






[number of Bessel functions being ii + l]* 




On Vortkx lliNos or Tinite Ciiictjlau Section 
IN Incompressible Fluids 


By 

Nkipknukanath SKN' 

! ut t'nil IH’llint , 

1. ill i) rooonf issiui * of the linJIrfiH t>f tho CalniItU MafJiPViatical 
<sV»r/r///, it hjis lioen sliowii that, wlion llio vorticity sit any point of a 
moving cMr(.*iiUi.r vortox i*in^ i»F tinito section vsivies sis tlie li'* power of 
the ilislsincoof Hie point fivnn tluMixis of lln* rin'r. its rross-section 
dors not l•*•lnain oircnlar Init trots eionL*’sitoc] in the direction of its 
motion of f ninshilion. Altlioinrli tin* siendy motion of vortex rin^s 
has attrsicfed considernhie attention i»f many ^•m^nont insithematic*ian.s 
inelnding Kelvin Hicks CMiroe ’ . Hsisset Dyson", ThoniROii ^ 
svnd others, no previous writer has ailempted the problem of the 
motion of vortex rings of finite circular section. 

In the prc.sent paper, 1 have shown that for a certain law of 
vort.icity, it is possi])lc foj- a ring to move witJi invaluable circulap 
section. Tlio law of vori icily and Die velocity of tran.slation have been 
calculated for fairly tliick rings. It has been found that to a certain 
approximation the velocity of Traiislnti»>n is identical with that of 
a ring with constant vorticify, ibis being due to the fa(?t that correct 
to that oitler of approximati«ni tho vorticify may ho supposed to be 
constant over the emss section of the. ring. 

'■ Nripemlranal.li Fen On Circular Vortex Kind's of Finite S ccf ion in Tneom. 
pressible Fluids” Bnli. CuL Mnih. fJoc., Vul.m, p. 117, 1922. 

* iCelviri — ” CoUpnted i^cienlific pc/vrx,*’ Vol. 4, p. 67. 

* Hicks — **Phil, Trans Aj Vol. l7o, ldH4 j also Vol. 176,1885. 

* Chreo— ” Proc. Edin. Math. 8oc./* Vol. 6, 1888. 

* Basset— Hydrodynamics, part. II. • 

* Dyson—” Foteutial of Anchor King,” parts f and II. Phil, Trans A, Vol. 184, 
1893. 

' Thomson—” Motion of V%)rtex Rings.” 

Also Gray — “ Notes on Hydrodynamics,'* Phil. Mag. (6), Vol. 28, p. 13, 1914. 

Lamb — “Hydrodynamics,*' F.d,. IV, 1916. 
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2< Let 2<i>=Torticity, Xf=Hti'eugth of the vortex 
(;=radius of the circular axis '' 

p, r=cylindrical co-oi’dinates of any point referred to the 
centre of tlie circular axi8 us origin and the axis of 
the ring as “—axis. 

rzidistaTice of any point from the circular axis 

0=incliriation of this distance to the plane of the circular 
axis,” so thatp=c— r cos B, 


V=velocity of translation of the ring parallel to «— axis 


K 

j r c cos ^ 

1 [ + r* — 2fp'cus +p *] 

** |-k 


a=radius of the cross-section. 


/=log^-2, *=.J, 


% 1 .1 

Xsrlog— — 2, ^^7" 


V’= f, +/i » 7=Vcosa. 
dc* d:'* (h 


i^=Stokes’ stream function. 


— , =V8ino 
fh 


Then, it can be proved that at any point (p', »') outside the 

vortex filament' 



<i)p cos ^ d ^ dpd * 
s'— s)* +p'*— 2pp'co8^+p* 



did: J 


}* 


( 1 ) 


> Bull. Oal. Kath. Boe., Vol. 18, ]i. 120. 



ON VOttTPA JdNOS OP VINITE CIRCULAR SECTION aO 

where the integral is to be taken over any circular section of the 


Now, let 

w=A«[l+A,rco8tf+A,7* co82^+A47* cos:10+>** ...] 


4{, 


= 11 2iardrd$=:2mi^An 


... (3) 


FiYim (1) and (2), we have 


f r I' / V cos (6^ a) 

^= - 1 I tf Art^ l + cos 6+A,r*cos2^+...\-t/rrfW. 


a £7 


{r«('/ V)-2I,(/ V)cos(tf-a) + 2I,(r V)<‘ns 2(e-a) + ...} 


X {l+A,/ eos6+A^/* eos2fl+ ]rdrdOJ. 


whei‘ 1 * is Hesscl Fnnirtion of tlie //* order with ima.i?iTiaiy inodnlus. 


= r l,(«V) + A,('os2tt'i!l,f(iV)-etc.lj 

iro* L 7 V V -I 


n I 

j^v f I. I.+, ('»v)] 

*' r\ 


- ¥ r 1 + V,’ . «‘ V/ + 

“ 27r L 8 ^ 192 ^ m2 


A-cos«Va* ( 1+“-^+“^ + ) 


* WhittaRer “ Mod. Anal.,’* p. 3(Ui, 17.7. 
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A, a* 


1+ 

«»v* 

+'* 

*v* 

24 

\ 

Ifi 


040 

# 

A,a''’ 

V’^ •>« / 

' 1+ 

a»V* 

+ . 


r92 

\ 

2(i 



_ V r 1 J. / -1. 

-2,rL "^V.^ ‘-’-t /'• '/'• 

l}i2 48 ^ " Vl-» .•!84 / 

:5A,,rt'V ) / 1 

(i-j. ) \ r hi- ' ( :’.n72 ir):w; 

)K ! *■ ]■' w 

Jow, 

=>-'f >’ 

/ m+11 12/ + 17 _ l.)/-8 \ (5)9 

2048 ^ 7(iS ;!072 ,/ 

8Y .1. .‘M.I= I ^-....s«+f V. / 

c \ c ^ ^ J’ !■ ' 


4/ + 1 /) , 0()si56^ \ o I / l-Z + T , I/ + 1 o/j 

+ ■■»««+ :,o )•’ + ( - w + f4 


, iM)S w \ , , i. ) /a;\ 

+ 12R >+'"■■) - *'’> 


‘ For Hiniplifiratioii, sno Rm?/. CnL Mnlh. Soc.^ Vol. 1.'*, p. 124. 

» Dyson-" P/ii7. Trnn^t.” Ibidj pnrt I, p. 54; jwrt 11, pp. 1080-87. 
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I <I )'j= .1 5 

: \ c dc J c*s* ( 


cos 0+ cos liO 


-( -I-” ! 

r'(ll >+-i 


'U *)■'=.•!• ■■• I 


... id) 


Hence on the sin-facc of the vortex ring, we have, after substitution 
and simplification, 

+7 1 +4,i-^'ir' VI .>»2« 

192 ^ IS 12 01 / ) 

f m-1) _1( 1_ AjC \ 

” 1 ~T9‘2' 22\ 8 1 4 / 

/ 1 , A,(? _A,r’ , 3Aj«*c \1 

Vi92 48 T2 /4 • 

+( J:, ')+etc. I cr* cos3tf+ ... 1 (10) 

1636^ 768 96 24 / ) J 
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Further, let us .suppose that the “ centroid ’’ of the vortex hlament 
lies on the “circular axis” of the rinj». Tn that case we must have 


27 r a 



wrco.s6lr dr dfl=0 


0 0 


Hence from (2), we have Aj=0 ... (11) 

Also, from the boundary condition for a velocity of translation 
V parallel to axis, we have 




V/i* 


*f constant on Hie surface of the ring 

f 



con.staut— Vncco.s 


V(/> 

1 


cos 26 


Hence, from this and (10), by equating co-efIicic*nts of cos 6 , etc. 
(always neglecting quantities of the order (r‘ and higher powers of 
we have 


k C A+1 ilA+o I I 1 , A-rt* 
^ l 2 " W " +8+ 24 




(4A+1.J 



1 

1.92 



... ( 12 )« 


I + ^ 7 J.V 

2ne I 16 32 192 12 ) 4 


... (13) 


' In obtaining resulls (12) to (14), A,a‘, A,o> have boon Biippoaod (it will 
be proved, afterwards, see results (16) and (17) ) to be of tho order o’, o* 
reppectivcly. 
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5'J 


i - A. + + ^ + ^•‘=‘ - =0 

192 256 .7(58^ 48 ^IKW^ 9(J 


24 


.. (14) 


Solving for 
we obtain 


V, A„ Aj, 


V— ^ r ^•X+S (iOX+ll 

^-2«L 8-+ -768-" J - 


A f'=-^‘5X+25 60X+n 

*' 16 ^ “256 


... (16) 


A ,„_:j:jx+15 1.S0X+:);! 

“ 16 + r024“ " 


(17) 


Since, we neglect terms containing a’ in A^r* anti in writing 
down equations (III) and (14), it will l)o moi'c correct to reject terms 
coidaining or® in (IG) and (17). 

From (2), we have, at any point (r,6) of the vortex filament, 




Here, we have I'onnd verilcity correct to o-V The above method 
tresitmcnt may be extended to find w I'orrect to higher powers of (r. 

4. From (15) the velocity to a lirst approximat ion is given by 


V= 


A- 

IGttc 


(4X + 5) 


<l>rc\ 




8,-_ 8 \ 

„ 4 / 


This is identical with the velocity of translation ' of a ring of 
variable section whoso vorticity is constant. The result, might have 


J See result (27) J9 m//. Cul, Math, Soc.f p. 127, Yol. 13. 
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been expected, iiiasmuchas if we neglect cr* and higher powers, the 
vorticity is found from (18) to be 

» 

k 

(orr ^ - =constant over the cross section. 
zva^ 

Hence, the velocity of translation must be same as that of a ring 
with constant vorticity at least to this order of approximation. 



Note on tub Convbroence of Fourier’s Series. 


The criteria of coiivei’gence of Fourier’s series have been studied 
amoii^ otliers, by Dini, Jordan and I)e la Vallee Poussin ; and certain 
isolated conditions (which are snfficient but not necessary) have been 
suj^gested by them. The condition pi*oposed by the last is the most 
general of all ; the pT*oof of its greater generality, however, is not given 
in his “ Course d’ Analyse” (Kd. 1922, Tome II). The following pix>of 
was obtained by the writer while preparing for the Tripos. The proof 
becomes so sliort by the use of <he pi\>perty that an indefinite integral 
is of bounded variation according to botli Riemann and Lebesgue. 

It is assumed that /(.c) and its absolute value are integrable, either 
in ilie sense of Riemann or Lebesgue. We have, 

«^(^)=r/(^i»4-^)-f/(,r— ^)— 2,v, where ft is pi*operly chosen. 

I. Dnn^ft condition. 

If J is the integrable in tlio neighbourhood of ‘O’, the 

Fourier’s series <jf /(.♦*) converge towards /(•»). Here 

II . Jordan^' cnndif iun . 

The Fourier’s series of f{,.v) converge to ^[/(.»*+0)+/(dj— 0)] at every 
point in the neighbourhood of which /(.r) is of bounded variation. 

Hero, s=y[/(j’+ 0) +/(.(!—())] at all points of di.scontinuity of the first 
kind, /(.^•+0),/(.c--0) being equal to /(*.) at all points of regularity. 

HI. Do la Vallee Poussin's condition. 

The Fourier’s series of /(.»■) converge to .% 

where 



iK0)de 

0 


is of bounded variation in the neighbourhood of ‘ 0 ’ ; s being so chosen 
that ^i{a ) — >0 as a — >0. 



02 


K. C. D. 


A. By Dini’s condition 


PnHif, 


a a 

since f I dO exists, a being small ; X(a) = f ^~pd0 does, 


and 

a 

Now 




1 

u 



u 

6\\d)dB is of bounded variation by the 
0 


* 


property of an indtfuiite integral provided ^^(0)=0. 


4^,(o)= ^ [aA(a)-j\(^>/^]<Xrtt)~A(a,) 

w’here A(aJ is max X(a) in 0<o,<a. 

But the expression on tlie right hand side — ^ 0 with a. by Dini’s 
condition 


^,( 0 )= 0 . 

Thus if Dini's condition is satisfied, Do la Vallce Poussin’s is also 
satisOod. 

B. By Joiihin’s condition 4>(a) — ^ 0 with a and is continuous 
near a. 

by the property of an integral is of bounded 


variation and consequently ^i(a). 



kotk 


The only step to prove is that 4»,(a) — > 0 with a. 
Now, 


(S.1 


^(e)d0 

0 

=$(0)=^(0), l»y Jordan’s condition, 
if Jordaii'.s condition is satisfied so is JDe la Vallee Ponssin's. 


lim V,f«)=: 


« — >0 


- - ^ , 


where <J>(a) = 
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Stir la distance DE deux ENSEMBIiES 


PAR 

MAIIKICE FIIECHKT 

( Universiir de Sira-djoun/) 

TfUrodnciiou. — Dans iiiio note “Siii* Ics ensomblcs niCRuraUeR ** 
pnblieo dans l(?s Coniptos Kendiis dc rAfadeniie des Sciences, 1923, page 
b9, M. Tade Wazewski obiieni mi certain nondne de proprietes deft 
suites d’enscinblcs mesui-ables en appliquant nno definition de la distance 
dc deux ensembles niesumblcs qu’il altribue a M. Nikodym. 

Je me propose de inontrcr iei comment les result at do Wazewski 
ct do M. Xikodyni peiivent ctre considcrcs eoniino cas partienliers de 
propositions quo j’ai obtenu pr^cedeminent coiicernaiit les suites de 
fonctioiis mesurables. II sudira pour cela do supposer qn’on limitc 
ces propositions au eaa ou les fonctions (|u on considere no peuvent 
prendre quo les valours zero ci uii. Alors oliacuno de ces fonctions 
pouria etre considerce conime la “foiiction caractcristique” d’nn 
ensemble — mesurable on niemc temps qne la fonction — a savoir la 
fonction egale a iin snr cet ensemble ot nulle eii dehors. 

IHsfancr df dfu^c msamhlr'i, — Dans certaiiies theories, rinfluencG d‘un 
ensemble eat pour ainsi dire nuvssique ; il iinporte peu qu’on enleve ou 
qu’on ajoute un ])oint a cet ensemble ; il importc memo peu qu’on Ini 
culevo ou qii on lui ajoute uiie intiiiite dc points jmurvii quo tons ceiix-ci 
restent compris dans un ensemble do mesnre nulle. C’est on viie 
de I’utilisation de nos resultats dans ces tluku’ics qne nous allons 
nous placer. 

Nous avions coiivcnu de considerer deux fonctions comiue non 
distinctes lorscpi’eUcs lu* different (jue dans un eiisemhle de niesure 
nulle. Si ces deux functions sent les fonctions caracteri.stiques de 
deux ensembles liiieaires K, F, cela revieiit a diie que I’eiisemble des 
points de K qui ii appartiennent pas a et des pbints de F qui 
n’appartieiinent pas k E est de mesnre nulh». 

Ainsi on no consiilerera pas coniine distincts deii.x ensembles K, b 
tels que 

mesuve de [(E— F) + (b'— E)J=0. 
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II Nous avions cletini' la distauce <le deux foiictions /(.r), ^(.v) 
coiimie la borne inferieure (/, 4^) de la suiiiiue 

qiiand w varie oji losiaiit positif, on dosiprnaiit par la incsiire 
^.ifcrirure ail sens de M. lifbes^iu* de rcnsembit* dcs poinis uu )/(.r) 
— >/r. sont les functions cai’acteristiques ile deux ensenibles 

E, P on voit quo si 51, done resto siiperieur uu 

egal a un ct si l>/r>0, w/,. est la inesurc cxleviciire /x de renseniblo 
(E— I'i) de surte que /r-|- w„. = ?r + /i. est aiissi voisin quo Ton 
veut de fi en prenant ic assez petit. Si I'oii suppose * (pie rintervalle 
de definition des functions est rintervalle 1 0,1). on voif ipie la borne 
inferieure do + est ciral a i*- Einnhunent si on conviont d’ajqielcr 
(lislanrr lie E a K cl de represenier par { K. F) la disiaiiee do b'urs 
foiictions caractevistiqiies, on aura 

( M. F) =nK‘Mire exterieurc; de | ( K — K) + ( F — E ) ] 

II resiilte alors des proprietes deiiioidrees* jxmr la dislance (Z *^) 
tpie la distance de deux ensenibles jouit des proprii'tes siiivants. 

I Fa ('011(1111011 necessaire et sullisanle pour que deux (*nsonible5 
lineaires K, F ne different ebaeun de leur ensemble coniuiun que par an 
ensemble de mesure iiulle est (pie leurdistamre (E, F) suit imlle. 

II On a (F, F) = (F. E). Kt si Fun siibstitiic a E. F deux ensembles 
Ej, Fi ^(|uiYalents au sens precedent a F. F, on a 

(F^, Fj=(F, F) 

III Quels (pie soieiit les enseuddes liju'foires F. F. 0. on a 

(F, F)<(F, (3) + (0, F) 

yeiilciTicnt on reniaiquei-a que si noti-e deliiiitiun coincide avc(^ 
relic dc M. Kikodym dans le cas, vise par celiii-ci, oii les ensembles 
lineaires eonsideres sont mcsurablesj elle subsist e et verific encore les 
conditions 1, II, HI pour des ensembles lineaires (pielcotiqiies. 

Element -I imi tv , — Dans le inernoire cite plus baut, nous etablissions 
que la classe des fonetions quelconques d'une variable numerique x est 
une cla.sse (D), e’est a dire qiroii pent y dcfinir une distance compatible 
ftvec la definition dc la convergence des suites dc foiictions si Ton a 
choisi pour cene-ei la convergence *:n mesure de F. Biesz — gencralisee au 
cas des fonetions quulconques. 

1 Knll, Calcutta Math, Soc., Vol. XI, 1921. 

* Dans le cas coiiiraiie, on prendrait pour fonotiuii caractcriiliquc d'un ensemble 
use fonctioD egale sur Vcnsemblo & la longueur de riutervallr. 
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Xoiis avoiis (loiK* oji soiiiTiie pronvr nrie proprietr* iiiiportaiite cViiiie 
dptiiiitioii lie la uonverj^onrc iiitrodiiite pieced erament et qui a rendu 
des services eirAiialyso. 

Si au contraire, on introdnii a pnori comnie !M. Nikodyni une 
delinition de la distance diMleux fond ions mesuraldes, on no prouve 
pas par la qii'iino tello definition est possible ; cola esfc possible dans 
toute classe et d’nnc infinite de nianid*es ; ce qni nVst j)as toujour® 
possible c'ost de dcfinii* une distance compatible avoc inio definition de 
la limite doniiec. Mais inversemont on introduit par la mcme une 
definition de la convergence iViine suite et il est utile do voir en ([iii 
consiste col to converfi’cnce, on ceqiii sont ses propriotes. 

n apres la fa(;on doiit nous avons opere on voit quo si Ton convient 
ijiruno suite d’enseiiibles lincaires K,, K^,...conver"e vers iin ensemble 
M lorsque la distance (K. KJ tend vers zero, on rotombo siir iin cas 
parliculiei- de la convcrj^cnce eii mesure de V. Hies/. Comment se 
traduit-il lorsque los fonctioiis considerees par K. Riesz sont des foiic- 
tions caracteristiques d’ensemble ? 

La. condition necessairo el sullisante pour quo la distance (K, EJ 
des deux ensembles lineaircs E et converj^o vers zero uvee I, est qiie 
les points de E et de E« qui m sont ]»as eommuns a ccs deux ensembles 
puisseiit efre enfenne.s dans un ens>‘mble denombrable I „ d'intorvalle* 
doni iii lono-ueiir totale teiul ver.s zero avec ]. 

Ilya lieu lie faire reinarquiT quo rcnscuible U d’intervalles est 
variabli* avee u el cn i.mre qiie si la mesure. de T„ tend vers zero, 
ronscmble eommun au\ l.nVsIpas necessaiivment de mesure nulle. 
Entin li*s eiisembb-s limite complet et ri*streint, V ct 11. des ensembles 
M„, peiivent aussi ililTerer sur un ensenilde de mesure non iiulle. 
liVxample donne dans le imnnoire pieVedemrnent ril^ relalif au eas des 
fonetions s'adtiple iiuiiiediatement au eas des eiisc*ml>les, Tlivisons 
I'intervalle tixe .) oil sont situes les ensembles eonsideVes en ‘J intcrvalles 
egaux d,, puis en t infeivalles eufaux d^. d,, d,. d^. puis on 

I’liiit, et. 

Prenons alors ])ou]* en.semble E„ Tiiitervalle d„ ; il est manilcste qiie 
la suite des distances desd, a IVnsemble E vide de tout point tend vers 
zero. Pourtoul rensemide limite complet lies d„ csr coiistitue par 
rintervalle fondame.ntal d tout entier, alors que Icur^ ensemble limite 
restreint est vide comine E. 

11 est par contre foiijoiirs possible d’i'xtrairo d'lme suite dVnsenililes 
Ej, qui convei'fifent eti mesure yius un ensemble E une suite paiticuli^re 
E«ij En"' pour laipielle non souloment les ensembles luuites complet 
et rosteinlde cette suite particuliero coincident il un ensemble de 
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mesure nulle pres, mais encore telle quo les ensembles (1‘exelusioii 
l*a....soieiit cliacuTi conqiris c’aiis lo precedent. 

Mn d\autres lei'iiios il est possible de elioisir paniii les E*, une suite 
particuliero telle quo quel qiie soit E il existe une ensemble 

d'intervalles do longueur lolale infm’ieure a E et en dehors desqiiels les 

E, ,, sont ideiiti(|iies (et Identiques a E) a pnrtir d’un certain ran«;. 

Cette pi'oposition s’obtient inimcdiatonient en appliqiiant au cas 
des fonctions (■{iracteristifjnes iin tlieortmie conccrnant les suites de 
fonctions convori'eant en mesure, theoroine demontie crahord par 

F. Uiesz pour les fonctions luesniables et efcndii dans nion nieiuoire aux 
fonctions (|Uclconqnes d'uiic variable. 

11 resuUe en particiilier de co qiii precede qiie les ensembles limites 
coniplct ct 1 ‘estreint C' et R' de la suite des E,^, sont identiques a un 
ensemble pres de mesui'e iiiille re qui eonstituo hi proposition JV de 
M. W azewski. ^lais la ])roposition aetiiellc ost plus precise. 

Enfin la proposition 1 1 do Wazewski s’obtient imnicdiutoment 
si Ton ap])lique aux fonctions caracteri.stiquos d’cnscniblos, lo r^sultat 
d^monti'e dans nion inemoiie conccrnant la condition de conver«:ence 
on mesure d’une suite do fonctions. On pent aloi's dire qne : 

Pour qii'uno suite d’ensemblo, Ej, E 2 ,...converj?e en inosnro il 
faut et il suffit quo quel que soit E la (list iinec (E«, E^.| ^,) de Tun E, 
de ces ensembles a Tun (piclconquo E„+p des suivants, soit infericure a 
E quel que soit p, pour h asscz gmnd. 

Aulremeiit (lit, (piand on dofinit la convergence (rune suite d*on- 
sembles 'par la cnnrerijoicf^ rn mi'mre. la rhts.sv i/rM riisrmhlrs lincaircs oat 
une chi/iae (D) annpRlf. 

. IVaulro pait, j’ai moiitre aillenrs (|nollo importance out pour 

une classc (0) certaines [iroprietes generalos qui pormettent d’^tciidre 
a cette chisse un grand iiombro do tlieoivnies de la th&i’ic des ensembles 
lineaircs. Etablissons ici certaines dc co.s proprietes pour la classe des 
ensembles linfoires. 

IFabord cette elasse est evidennnent parfaite. Autrement dit 
quel (pie soit I’ensemblc lineairc E il existe un ciLsemble F distinct do 
E au sens adopte plus haul et dont la distance a E ost aussi petite que 
Ton veut. Il surtit pour former F d’ ajouter a K ou de supprimer do 
E. snivant le cas, un intorvalle do longueur aus.si petite qu’on voudra. 

• On pent aussi joindre deux Elements d*un meme spMroide par 

un arc do Jordan contenii dans ce spheroide. 

Autrement dit si Ton considere deux ensembles linfoii'cs E, F dont les 
distances & un ensemble C sont au plusegales il e,st possible de definir 
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un ensemble linfoire G, depeiulani d’lin parametre / de sorte que 0^ =E. 
(ti=F, que (C, Cl,) g ppoiu* 0 ^ / ^ 1 et eiifiii tel qne ((i ,, G/) tonde 
vers zero quand (/'--/) tend vors zero. 

II suffit evidemment de montrer que cela esi possible quand run des 
tdemoiits K, F ; — F par example— e.st an eentre dn spberoide. Car alors 
il siiHira dans le eas g;enei‘al de joindre K C of 0 a F. 

Or considerons reiisemlde 

et reiiseinble L',de.s points de K—C' qiii sont sitnes dans rintervalle 
o, i, et do (?— K qiii sont sitnes dans rintervalle (/, 1). On a : 

l',)=C— K et C'=F— C ; done on posant G,=C/. K + T, on aura 
G..rxCet Gj=:K 

D’aiitre part I’ensemble (C^— (rJ + ((J , — C^) so oomposo do la partie 
de ((3 — K) conqn'ise <lans (o, /) ct de la partie de K — comprise de 
o k L Done la distance (C\G,) croit constamment ou dii iiioins 
ne dec.roit pas quand / emit; ses valeurs extremes .sont o et ((\ G,) 
= ,CJ, E) ^ p. Finaleniont (i, reste bien eompris dans le spberoide de 
eoiitro C. Enlin, ((< / — G /') + (G G e.st nn ensemble eompris dans 
riniervallo (/, /'), par consequent 

(G„G, )<(/'-/) 

ot relement G , depend oontinuement de I. 

, Done ce (|ui iirecedo s’appliqiie a des ensembles lineaires quel- 

conqiiGs. Nons voyons aiiisi que lorsqii’on adopte pour definition de 
la converj»ence d’uno suite dVlement la couvorj^ciice eii uiosui*e, la 
classe des ensembles lineaires est lino classe (D) parfaite, complete et 
ou deux elements quelcoiiques d'liu S])beix>ide penvent etre joints par 
nu arc do Joi*dan appartenant ?i ee .spberoide. CV'tte classe po.ssede 
done toiitea les ])mprietes que j'ai enoncee.s eoiicernant les cla.s.ses de 
cotte cspece dans mon memoire K.squisse iFune tbeorie des oiisemliles 
abstraits, University of Cbile.iitta, 11122.” 

. Can des t^nst^inhlca mesunthU .^, — U on cst de memo dans le caa 

oil on resireint la classe aiix ensembles lineaires mc.surablcs. II suflit 
en elTet de remarquor (|ue dans le.s demonstrations premlontes, si on 
suppose que les ensembles donees sont me.‘«urables, les ensembles 
constriiits ii partir de ceux-ci et utili.s'es dans i*ea demonstrations sont 
aiissi mesurables. 

Alais on pout enoiicei eii outre ime propriete speciale k la classe des 
ensembles liii6iircs mesiirtables, k savoir que cetfv classe osf sej>amhle, 
Nous avons indiqne cn oiTet dans le second memoire cit^ (page 389) 



70 


MAUT^TCF. FUKCTTET 


quo la olasse ilos foiictioiis wesnj*al)les pent oire c’onsid^ree t;oiiime 
rcnsemble derive d'nn de ses tMisomblea denoinbrablus, a savoir rensemble 
lies Fonctioiis qni sonf eonstaides el dc valours rationnelles dans 
eliaiMiiio des sub-divisions de Tintervalle fondamental limiUes par nn 
noinbre Hiii variable de points d'abseisscs rationnelles. Dans le eas 
oil on prond coniine foiiction tics functions caracteristiques d’ensemblos, 
on voit ((lie la elasse dos onseiubles incsurables pciH etre conskleree 
coniine ronsemblo dei ive de rensenible denombrablc N clont cliaqiie 
element est ronseinble liiieaire iii(?surablc coii.stitne par la reunion d'mi 
nonibre lini d^'iiU*rvalles a extremites rationnelles. CVst en utili.sant 
egaleinent. rensenible denombrablc N t|nc la nienie pio])ositi<ni a ele 
etablie par M. AVazewski. 

. II est alors loisible <rappliquei* ii la elasse des ensembles 

niesurables le iiienie tlieoreine tpie j’ai dernonh'c )>oni* l(*s fonction.s 
mesurables. Tout ensemble (dVnsciubles lineaires niesurables) est 
condense. Kn etVet nous savons quc cela est vrai ponr tout ensemble 
tire d’uno elasse (D) separable. 

Jo rappello la signifieaiioii du tli^ircme obtenn. Ktant donne un 
ensemble queleontjuo F d'en.sembles lineain‘s niesurables. tout soiis- 
enseiiible non deiionibrable ij <le V tlomio lien a an innins nn element de 
condensation K. CVst ii dire qu’ il evisle nn ensemble line'aire mesnral)l(» 
K qni est element limito d*nne suite convcrgeant en inesnre treiisemldt'S 
tii^s de (i et anssi d'line suite convergeant. en mesiire d'tmsiMnble tires 
tje (i — N quel t[ue soit le sous-ensenibU* denombrablc N dt^ (i. 

. 11 (‘11 resultecn particiilier ce cnrtdiain* qiic : de lout ensemble 

non denoiiibrable dVnsemlile lineaiics me.siii'ables on pent (irer une 
suite convergeant en me.snre ; et eomim* de eelle-ei rni peuf extraire nne 
suite d'enseinliles satisfaisant, a la eondillm; plus i»reeis<; indiqnee plus 
baut, on peut dire en resume. 

I)(! tout eii.seinblij non deiioinbrabb* K d'enseinbles lineaires mesiir- 
ables. mi jient tirei* unt^ suite (ren.seiiilde.s Kj, ...l\ ...qui coineident 
eritrt! enx a partir de eliaqiie rangn en deliors d'un ensemble 1^ eoiiipose' 
d une suite denonibrabb* d'intervnlles dont la longueur lolale tend vers 
zero avee, I,., j, etant eompris dans l„. 

11 en resulte en pai ticnlitn’ qiie rensenible liinite conqilot rt ren- 
semble limit e rt*str(.'iMt des eoineideiit en d(?liors d'un ensemlde de 
mesure nullc (llmsemble eommiin anx 1^)— ee tpii doiino la proposition 
I de M. AVazewski moins prtk'ise quc la preeedente. 

. Exam u d/tv'/wv thjhiitinn.'t tlr In rYnz/v'/v/e/cr. -Dans ce qiii 

precede nous avons adiuis qu'on prenait coiume definition de la conver- 
gence d’line suite d'elements, la convergence en mesure, rensenible 
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lin^aire K* coiiverguiint uii mosaro vava K si M, et K coincidfiit eii delinrs 
d’liii oiisoiiihlu deiioiiibrable I„ irintcrvallus doiit la lonj^ueur iolalu tend 
vers zero aveu [, Nous avous vii t|uc dans ces condiliuns, on pent 
deliiiir la coiivei\u:eiiee par rinterniediairo d’lino distance. 

D'autres deiinilions ili? la convernfence paraiiriiient plus naturellcs 
et il esfc iiiipui'tant. do montrur quVdles ont rincuiiveniciit de ne pas 
ropreter a riiitciTiiediairo d‘uno disfan * 0 , on nionu* d'nn ecart. 

Par oxemplB on pourrail dire (pie converi^e si ses ensembles 
limi^es <;omple( et restreint coincident. Mais si Ton adoplait line telle 
dolinition et si olio pourrail se tiadiiire par rinloriiiediaire d'line distance 
tout ensoiiililo derive d'un oiisenilde d enseniblos lin^iii'es serait feruie- 
Or nous savons (pi'il n'on est pas ainsi ; car on pari ant par cxemple 
do I’eiiseirible M dcs oiiscnibles lineaires formes ( 1*1111 nombn* tini d'iiitor- 
vallos, on troiivo I'ommc oiismiiblos doi’ive K'. un onsoniljle d onscmbles 
lineaires qiii n'ost pas r('riiie ! 

On nc pourrail nuMue pas t)‘aduiro la delinit ion actiudlo do la convor- 
par rinlcnuediaire d un “ecart.** Autreiiicnt dit, (picl ipir soit 
la Fa(;on don I on ferait correspond re a lout couple d ’ensembles lineaires 
10, F nil iiombre [K, K] qu*on appellerait ecart de K. P, il serait impos- 
sible de satisfaire aux eunditioiis suivantes : 

I [H, F]=:0 est hi condition iiecessairo et sullisante puui* que K, F 

(Coincident. 

I I (^uels (pie soiciit H. F, on a lK. Fl=r;^F, 10 1> U. 

Ill ha condition iiecessaii'e et sullisante pour i|ue i K. Fn) tendu vers 
zero est (pie les ensembles limites complet el restreint de 
co'iicideiit avec Iv 

Fn elTet, desii^nious par V, Feiisenible de point communs a tons les 
ciisembles F tels (jiie ( F, F) <i. I’ai-mi ces ensembli^s F tignre F lui 
meme, done V, est compris dans F, (juelqiie soit q. Ainsi F comprend 
Y j -p V.^ -f ces deii.v ensembles sont iiu'nue ideiiticpics : car si nn 
point X de F irapparton.iit pas a V , -f- Vy -f ...il n'appaitiendrait pas par 
cxemple a V,. Si done on coiusidere tine suite F,, Fy,...c()iiver('eant 
vers K, comme \ F, F„j tend vers zero 011 aurait | F, F„]<J pimr a assez 
I'l'iind par exeiuple 7 (>p Done les F^ coiuprendrait V , a pavlir du 
raiij^ et par suite .»■ n'etaiit compris dans auciiii des ensembles 

F^+i, poiirrait etre com]>ris dans leiir ensemble-liniite K, 

contrairemcni a I’liypotliiise. .Viiisi. 

F=V\ + V, + ... 

Ceci etaut prenous pour R uu ensemble non vl4nouibrable. xVlors V 
poLUTuiit no coutenir cliacun qu’iin uouibre diii de points. On 
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pnurra done choisir unc infinite do points distincts .dans 

I’un ail moiiis de ces ensembles par cxemple dans V^. 

Considerons alors los ensembles b\=E— .r, ; ils out evideniment 
E pour onsemblo limifce pomplet ct rostreint. Done ]iour n assez grand, 
par exeraple pour n > m, on aura [E, E„] < J, alors V, sera (iompris 
dans E,„, E,„+i,...(!t on arrive a iiiic contradiction puisqiie cst 
compris dans sans I’etro dans E,^. 

Ainsi riiypothesc de Texistence d’un ecai-t doit etre foii’t^e : 

Convergent prrsgnr nniformc . — Nous avons suivi ici pour le cas des 
ensembles la m^tliodc qui nous a renssi dans notre premier niemoirc 
de Calcutta concornant la convergence ordinaire des fonctions. Operous 
de memo pour la convergence pvesque nniforme. 

Celle-ci semble plus naturelle ct plus utile que la convergence on 
nicsure ct pourtant on la rencontre plus except ion ncllement . Kile consiste 
en ccci : une suite d’cnsembles lineaires Kj, Ej,.,. (converge vers E si 
quel quo soit K, on pout assignor un ensondde d^iiombrablc d’intcrvalles 
do longueur totale inferieure a E tel qu'en dehors de cet ensemble 
d’intervalles les ensembles E^ coincident avtn.! E a parlir d’un certain 
mng. 

Montrons qu’on arrive a une contradiction si Ton essaic de definir 
cette convergence presque uniforme an nioj’on d’un ^cart. 

Divisons conime pi^cddomment rintervalle fondarnental (0, 1) en 
2 puis t puis 8, ...puis 2*" parties egales, et appelons T,/, l,/,...l,/,...ccs 
2” parties. 

11 est manifesto comme nous Tavons fait deja remaiT[uer quo la 
suite 1,S Ijj*, 1**, Ij*. lie converge iiniforme- 

ment vers aucun ensemble. En paiticnliei' idle ne conveige pas 
uniforinernent vers uii ensemble vide et par suite Tecart [1,/, 0] ne tend 
pas vers zero. Si Ton appelle /.,„ le jdus grand de ces ecarts pour m 
rixe, /c« ne tend done pas vers zero. Autremeiit dit, il existe nn nombre 
\>0 tel quuiie inlinite des A:«,. soil restent sup^rieiirs 
a\. Soit alors J^, celui des intervalles l^^" dont lecart avec z6w est 
et son centre. On pout extraire de la suite des une suite 
coiivergento, C\, C',,...C\...; soit C son point limite ; appelons 
J',,,..les intervalles correspond ant a C\, Qutd que soit le 

nombre c>0, on pout toujours prendre p assez grand (p>r) pour que 
C p et memo J p soient situes dans uii intervallcde centre C de longueur 
c Par consequisnt la suite des J'p converge presq^o uiiiform^ment 
vers un ensemble nul. Done [J'^, 0] devait tondre vers zeiv. Or nous 
savons quo 0] > X >0. 
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Oi RiHAs Rhar, M.Sr. 

An exhanstive Irealmenf i)f o((uut;ioiii; of osciilatiii" fonics of an 
algebraic curve i«=F(f) and y=G{f) lias boeu givt-n bv Prof. fi. 
Mukhopadliyaya. * T liaro iicrc attempted to uxt end the results tor an 
algebraic curve given in (he foriu/(j.y')=0. 


1 

liet /(•'’.y)=0 be the etination of an algelxtiir curve wlicrc /( ’-.y) may 
be supposed to be a rational integral function in .e and y. Also lei I he 
suffixes 1 and 2 denote partial defferenliation with respect to v and y 
respectively. let stand respectively for 


Qf df 8v' 0V a*/ 

*’ a'y’ 0.-‘' 0*0’/ 0?/'’ 


If as usual /I. (/. r, s denote fin* sin-ccssivc differential co-efficients of y 
with respect t*» c. we have 


r 


,'u 


.y, 


_ — 
~d-'» /.» 




fxt 

fit 

h 



t 


‘ S. Mukliopodhyaya-A Oeuenil Theory of tuciilatiii'.' 
ProcecdiMjs, Mintk Soeitlv «f (ScWSeiieet. Vol, )V, 


UonicS' ./•'•o’rtiii «7 mJ 

>'o. 4. inos ; Vot. IV. 


No. 10, lOOS. 





(il'KODAS UltAU 





1 /,. 



t\ii©re 


•*-j /»1 /•! 

A 

? 



i /a /. 

0 




; .1, J, 3J 



y • « /il /»f J 

f 

i= 

! 

K 

■ A^’ 



' A /. 

0 ; 



; J, 

J, i 



wliove K 

• j‘J^ 

1 

/j, j /a ; ai«l 


BJ 

dr’ 

.r,= 


■ /, 

/. 0 ! 



aTi\l 

1 

j 

K, k', r>K ; 



,= ''.Vr= 

r/f* 

•'*' 1 

/ll /t j* ■"• 

Iioro K J - 

-.a*' 

8.C 


1 

/t A " ! 



Let. us fuilhtr wriu* 
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'l‘lie general c^iuatioii in o1»Ih|uo L*ri.ori]inati*i oi a eoiiii* paMsinu 
tlironglv two i^iven puints ( <•.»/') and is i»f tlio form 

+p(X— .r,)(Y— y)=:0. 


If it he a ivflan^iil.ir hypevhnla wo must* haw 
\ + /t — (vd- 
A . y 

f,=.Z f , — 

OOs ti> I'fkSui 

where «» is llie anf»:lo liefweon tlio axes t*f refeionoe. Tlie 
hyerhola. tlu’oiifyh (^\y) and ^ of tho form 

A [(X-y, ){oos<..(,X- -) + V-y) 


+ .'^-f(y-j/){co!»«)'V-y,)+X-r,}j 

l?OS o> ' 

+i.[(X-^)(V-y,) + (X-,i-,)(Y-y>]=0. 
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Tlour; tliu lij ijerhdla thmairli (.r.y). (■*•,.^1). (••'i.yj)? 

is 

{i;os<ii(X— y}(X— {co.s<«( Y’—yi)+X— y), 
{coh«)0p, - j) + y, -y }(■<•, --fi ), {«;oswfy a -y 1 1 (y, -y), 
-a) +y, -y|(.f, {TOs^ry, -y, )+a-,-j-. }(y, -y), 


,X-^)(Y-y,)-(X-..’,)(Y-y) 
(•'•,--')(ys-y, -.t,)fy,-y) 



If (.*•.//'), (‘'‘n’/i)* cons(‘(‘\itive points, we huve 

+ //a 

Sul).sHtatin^ lliese values of JUhI simplifyijig. 

we get, neglecting liiglior cn’tlnra of dilTerentials 

2(r/ (i »•. 

cos«i»( Y — 7/)* -t-fX— .f ^( Y — ?/) ;=i0, 

2(*oso)' r/y) - + 2dy(h 

<>COS«fK/l/f/*^/ -f •ithjir* ,f 4" •*(/ 1 (Py ■ 

as the equation of ilio (».sculat.iT]g equilateral hypei'l)ola at the point 
If X be tbe inclepeiuleiit variabb* ri\i‘=0.... and the 

above reduces to 

i (X_ J.)» -fY-y)». Y-y-^f X TO.so,( y-y)« + (X-.«)(Y-y )!s:0, 

i 

*2(1—/#*), 2 , 2;i*cos 01+2/j 

; — b/3/jr, I , r t5pjCf>8 



osiri^Tix*! 


or 


{(X-..)*-(Y-y)»iCV-;53')--J(X-.r.)(y-y){(l-p’)i+3/..y»} 

+ 0 {(Y'— y)— 2j(X— .ij}g(l+p*)+ 2 cos(»[(X— ,.)*j 4 pc— :{5») 

— KY-yj’ +%{ Y— y-p(X— .p)} ]=0. 


Puttin'^: tlie Yiihies of /i, 7 , i\ ti from § 1 and simplifying; we for the 
equation of tJm osoiilatinj^ equilateiul liyperbola 


I 


•1. 

/i. 

J a 1 


/i 


/.a /i 

J ‘i ‘2 J % 


0 

/l 


*2/,cas 

0 


; 

• 1 . 

:hl 

0 

: /ii 

A. 

/i 

li/jOOS W— /j 

J\ . 

2 9 

J 9 

J 9 

/i 

j\ 


0 

• 

•1. 

• 1 , 

8.1 0 ‘ 


1 1 

J 1 * 

J\ J\ 

+ i2(X— .r)(Y — //). 

j 


J %9 

J a J\ 



h 

0 0 . 

Y-y 

-ti.i : 

J. — 

X 

1 roR (1) 

IN i.N Oi 1 

/> 



/’ *’ 


or with tlio notations (»f § 1 

I’f* +Q’/’ 


( 1 ) 


where ^:=X— / uiul ?/— Y— y. 

For (•enti'e we have 


l’f+R7y-:US/,=0. 



T8 

nr lien pe 


nuitrms dhav 




Xnw PQ-R‘ = -ST: 


. i 3.I(;.Q-J.R) 

.. *- - vj-. - 


:WMS 






V . .ilMS ' 

X=.+ ,,, . I 


V SJXS 

^=y- -nr- • 


TliP tjjonoval nf^nutinTi 4»f the ^♦sriila.tiiig «'oi»io is ' 

V -?/ -ywX r -//),•-( X •-v.0( Z-^- :*<2 


Now 


r i K, K, .‘.K i .1, ;{Jj' 


■ >J« — Jti .1 i •* /ii /a* fi 

• * I i j 

'. i/t /a •' l/i 


J » 


/a 1 Ji 

/a /. 


i-SK’ 




nde-^A Ocncml Theory of Osciilatiiip: Cofiirs, he, cit. 



fW{;rt.ATI!{(> C0in(;s 


*9 


+ ftftt) 1 I "i"/! »J 1 

{(/../. . +/./, 

I — /»3 1 1 lAi^a 

+ ( ftf 1 < —j'Jt t • {3-' ( j\j\ t — / 1/. 1 ) — /J J j +/,/,•!,} 

. -/./a +/J J ! +/f/.M5-3/,yl.i ,.i, 

— fr»y Jj.l I j/i 5, i/a a jl ,1 ^ ^ ~*J \J ? a)} ^ 

• 3 1 1 » .7 1 ] 


Jr- 3 , .1 j ' 

= i --Vi ‘ • ~-^JV J, 

•'* /. /. : ) 


. 1 , 


/n fi% 
+ 12/JJ /.. J„ 


J\ /, f' 

.^11 .* I * T 

+27/{.r= . I 

/.a -' 


I'uttiiii; 

.1, .1, 

N :: 

■’ /l /. 

we have 
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'.Jii Jii J» ' 
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^ 1 2 



. .. j* 


'. /i. .It 


0 



80 




SnbstiliiHnj' tlicse in (3), the equation triuuifurias into 


I J, J, OJ 0 

I 

I ./ 1 1 J 

j/»i /«. J\ X 
^ /. /, 0 0 . 


.. t\ y-y V- 




.i’~x * y-y .r-x 

’+r8j»i 

A ./i /* i 


whidi is thert'fore tlic i*quation lo tlic osculMtiii[r conic at the point (.»•.?/). 
The co-ordinates of tl»e centre arc 


X=. 


o(y.<— or* 


y=i/- 






which roadilv (raust'ovin into 


1^ ' Jt\ Jtt 


i /. 

•* I 


J 




J, 

J, 


''=//+';/ /n 


/, 


3J ; 

f 9 ; ~ f — 

0 

3,1 

fi =// + 
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.TM 

ii 


JX 

I- 


(4) 


•t 

The axes of the conic acc determined as follows. 

Putting t‘=X—,« and >/=V—y. (he general equation of (lie osculat- 
ing conic way he wriKen as 

(3q»~-n-*Xv-i^y + (f'— ( f«— o7*)f } 


where 




— 18 g '' i; + ^ = 0 , 
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The axes of tlie conic 

ax* +2hvy+hy* +2fj.c+2fy+c=^0 


are f'ivLMi by 


A*)*' — + oo)/-® + A* =0 


whci*e 


A = 


rf. // 

k h 

H f 



r bcinjj a semi-axis of ilio conic. 

Now . ,=|/^+/y+c, (;c,2/) being the ccntio. 

Hence in onr case 


^ =-0»o' +%» 'M . 


and /A* = { 2 i*A-{-(^n‘ -35r*)®}(X+>*®)— 
Hence if t\ and r, l)c the semi-axes of the conic 
.,1 4. ,.I _ A(£+'>-2/<cos m) 


= — {X(l+/)-+‘2^«.'asto) + (^r— .‘}</’)* + 2/(i>;— 35r*)cos<.)} 
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The e(|ualion tu the osculating parabola is* 

which transfonus into 


.1, 3J 0 

/., A y-y I y-y 

/ai -/as /a .♦■—X l/i /, 

1 A /, 0 0 


In rectaiij'ular co-urdiiiatcs, the scmi-latus rectiuu I is ‘^ivcri by 


{(pr— 


27 



27.1 ‘ 



;j. j. 

.‘5J * .1, 

J, 

:}.r • 

./»! 

A ^ +'a. 

, 1 

A. 

i 

./a j 

- /i 7 a 

0 i ; 

h 

0 ■ 


The directrix of the oserlating parabola is 

KX- .0 + ( )( Y-y) ^ 2^(1 + p* ) =0, 

or j I 'A ^ 

A I /it ii X— .« 

+ ?J(A*+A*)=0. 

Ai 7 St /a ^ y 

/i A 0 0 


0 

The circle of curvature in rectangular co-ordinates is 
(X-aj' + (Y-y)‘=^<l^{Y_y-^,(X-,r)}, 


' Vide — A Gcuoral Theory of Osciilatiug Conics. 
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which traoaformecl is 

(X-,r)*+(Y-3/)’= 

^ I A A 


The co-ordinates of the centre of enrvatnrc are 


? j 


y=y+ =j^+AOi’+A’) . 

q 


and tlie radius of curvature p is «:ivon by 


' V - J 


The nsculaiin<< conic will be an ellipse, hyperbola or paralwda 
acoordin*^ as 5/-* is positive, negative or zero. But we liave seen 

tliat 5/ ® = — , ITence the oscnlatiiij^; conic will be an ellipse, 

fi ' 

hyperbola or parabola according us b is negative, positive or zero. 
Hence the condition ' foi* a parabolic point is rj=0, /.c., 

i \t J } \ • fll f IV I 

*^3 ’ ' ! ! \fll Jli 

^^33 AMJ/.i hv d, -9j*| =0. 




/, .^3 


y 2 1 j i 


/i fv J\ h 

The condition that the osculating conic may lx* an ef|uilaferal hyperbola 


\(l + />*) + r* + (p/-:h/*)*=0, 


' This condition and tlio condition for a sextsctlc point given lafer were 
communicated to me, without ]u*oof by Prof. Ifarold Hilton to wlioni I wish to 
express my gratitude. 
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wlucli ti'aiisforins into 
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/. 

/. 
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or 3L(/,«+//)=M«+N». 

8 

The condition that the osculating conic may have a six-pointic 
contact at (df, 2 /) is ' 

40yS --45(7/i?+9ry*/=0, 

(*»C li.C 

or (L)-8L'/(J)=0, 

ttv (tX 

or 3j( L,-f^ L, )-8l( )=0, 

whoi’O ^ ^ ; 

‘a* ay 

1 Ti| Tig til *lg 

or 3il| — SL =0. 

* /i J n > f I /a 

My best thanks are due to Prof. S. Mukhopadhyaya for suggestions 
and encouragement and for the help received from In’s published works. 


' Viilc—A General Theory of Oscniatirif,; Conics. 



Certain products involving the divisors op numbers 


By 

E. T. Bem, 

[^Univemly of Washingion] 

(Commiiniealed by Dr. B. Datta) 

Tho prodiicts of ill is nofo, in a ‘^oneralizeil Lambert 

series, are snilieiently ourioiis^to deserve ji passinj^ notice. By expandiiij; 
these pixalnets for special choices of the arbitrary numerical function 
f{n) occiirj'in<^ in the exponents of tbe several factoi'S, it is possible to 
o])tain mimemus theorems on partitions of intej<ers. I'lie most of these 
appear to be too complicated to be of mncli interest, altliouj^h some of 
them have already been obtained otherwise by vai’ious writers and have 
appeared in the literature. A few, liowever, miglit prove worth 
developing, 

§ 1 . Let at, n denote integers > 0 , of wliicli m is odd and n arbitrary. 
If either of w or n o(!curs undm’ S or II, tbe sum or product is with 
respect to all volucs of tlio m or a as dehiied. The huwAiow f(y) is 
mimeri(?al ; that i.s, for each iuterger value >0 of yjXg) takes a single 
tinite value. We shall write 

/(. » ) = A 1 ) +/('^ ) +/('^ , ) + — + A" ) > 

wliei-o 1, </,, 1/3,...,'' ilivisors of «, and it is asHumed tliaf for 

some [ .1! I >U tlie series 




1 -*" 


(A) 


is absolutely (ionvcrj^eut. When for a specific f the convei'gence 
condition is | .c | <lc, and tho variable t is replaced byg{y),it is further 
assumed that the condition is ti'ansformed, in iicconlance with the 
substitution, into | y j < 1 c'. 
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§2. Dividing (A) llirongliont by .r and integrating ])etween the 
limits 0, r, we get, on taking exponentials of both sides, 


§;k Let fi{H) as usual denote the function of Miibius ; /ii(w)=0 if n 
is divisible by any square >1, and otherwiso/x(?i) = + l or —1 according 
as ?i is the product of an oven or an odd number of distinct primes. By 
fonvention fL[l)= 2 l, The relation between /, f can be reversed, 
giving 


where the refers to all jiairs (f/, 8) of divisors such that dS=/i. 

Tf now wo define r'(w) by 

it follows from (1) by a change in notation Unit 

... ( 2 ) 

The formulas (1), (2) are merely different expressions »)f one fact ; 
when the function ocemTing in the exponents under 11 is given, we use 
(1), otherwise (2). 

§4, When only plus signs occur in the products we need a theorem 
stated by Liouville, 

/,(m) = -/'(«0, /.(2»)=2/(«)-r(2H), 

w'here the definition of f^in) is 




the S extending as befm-o to all pairs (J, 8) of conjugate divisors of n. 
To prove this, assume that for some s the Diriclilet series 




mDUCTS 1NV0LV1X(S TUJi DlVtSOllS 01- NCMIJEttS 

arc botli absolutely convergent. On multiplying these together and 
using the identity 



we note that the coettiuieiit of which evidently is is as slated 

by the theoreni. 

Proceeding as in §2 we get 

§5. Wlion only odd integers in oecriir in the product we require 
/,(?/.), deHiicd by 

the 2 extending to all odd divisors I of m. Then 


s /(t/0 

" I-”*;-' 




and as before we infer 


••• (t) 

§1). Obviously (o) can be obtained from (1) by changing .t into x* 
and dividing the resulting identity member by member by (1). 

Tile result of changing .c into — x in (1) is 


Heuco by division we get fi'om (1), (5), 


... ( 5 ) 


... («) 


V 

§7. As the simplest illiish-atious of (l)-(lj) wc may take /(»()=)i 
for all integers k. Tlieii/'(M)=<r(/0. tl'O sam of llie divisors of ii, and 
(1) becomes 




( 11 ) 
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wliicli is merely a restatement, in its simplest reiidin*^, of a well-known 
relation between partitions and divisors. For this choice of / the rest 
can be interpreted in similar ways 

For the elioice /(><)=! or 0 according as a is or is not the inte*,^*!' 
>•>0, (2) gives 

... ( 2 - 1 ) 

and hence, for /=.)., 

( 2 - 12 ) 

In all sucli examples coiivergoiice comlitioiis upon r can be readily 
determined from the corresponding series as indicated in §2, 

If .f(.a) = or —1 m^coixling as the /oAa/ immhcr of prime 

divisors of u is oven or odd, we have /(/0 = ^ according as n is or is 
not a square. Hence (1) gives 


... ( 1 - 2 ) 

For the choice /(a) =1, we get identities involving the number v(}i) 
of divisors of n \ f'(n) lu this case reduces to 1 for »=l, to zero for 
H>1, providing a check. 

Identities concerning partitions into primes e.vcliisively (or into any 
other class of uumhers, by the appmpriate choice of /), can he obtaiiicd 
by expanding the exponential function and developing the jjroduct, as in 

ji', ^ (“)*"/» (1.3) 

whore w(h) is the sum of the distinct ])rime divisors ^1 of and 11' 
i-efcrs to all primes 

As a last example tako/\w)=<^^(>/), where Jordan’s totient 

of order r; <Ar(^0 number of sets of r equal or distinct integers 
equal to or less than a and coprime with n. Then Euler’s 

function. It is well-known that Let 0 denote the operation 

.t*? , IV*:., the Jtj-derivative of the operand is to he multiplied by ;r, and 

(Ic 9 

9" means 0 eperating upon the result of S'-L Then if 9” = 1, 

J=F, »), 



IMIODICTS INVOLVfN(i THK lilVKSOHS OK NIIMBKRS 


S 9 


suid from (1) we *(et 




For exjimplo tukiii^ r=:l, 


iH.) 


</»(«)/// 


for /•= 2 , .i'=i 


11 



u 



for ■< = i, 


(r^l). ... ( 1 - 4 ) 


... (l-tl) 


( 14 - 2 ) 


/ 1 
i'-i-) 


1 


Mild so oil. 

\ ’)iu:enUji of Waah 'uujion^ 
Ifi •/nututfy, 11)2*1. 




On liquid motion inside certain rotating 

CIRCULAR ARCS 
By 

SUDDIIODAN GhOSE. 

In the present paper, I have ttiscnssed the piY)blera of liquid motion 
in rotating vessels when the boundary consists of (1) four orthogonal 
circles, (2) three circles, one cutting the other two orthogonally (3) two 
ortliogonal (urclos. I liave also deduced some particular cases of 
1)011 ndaricH consisting of arcs of circles and straight lines. 

1. Let .f+/i/=c tan 

so that const and const represent two systems of co-axial circles 
cutting orthogonally. 

If i/r be the stream function, and w the angular velocity of the 
cylinder, then we have 

at all points in the liquid and 

= Jw(.<j*+y*) -f const 

at all points on the boundary. 

Kviilently, 

00 

i/=f+2c 2 ( — 1)"<* ”’^coswi, 


.r=2c 2 ( — 
n=l 

On the boundary frrconst, 

^=— rwfcotf +conat 
oo __ 

=2c*wcot^ 5(— 1)"^ ^’^sin wf-f- const. 

1 
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On the boniulaiy T^=const, 

\j/ = cfiiy coth i; + const. 


=2r^u) eolh 1)''^ »f+cnnst. 


Bfitfunf/le fjoHvded hjf fom circular arcR 
2. Let; the sec^iion of tlie cylinder be bniindod liy the circles 
frra^, ^ = a,, > 7 =^, and 

Assume 

0==2c»<«lf-i)» 'i-*— 

X ITS ni 

+ 2r* wa,cota 2 siiwi(^—a, )-hRin cotuj sin nOt,— i) 

2 sin '//(ttg — tt| ) 

+ § j P„ sinh 

w=0^ 

+(i„sinh (!-«,)]- ,.os (,_«) 


+ i jR.sinl. 

m=zO ^ 


+S.»mh 


whoj-e 


2t,=a,— a, 2y=o,+a, 

2‘,=^,-/3„ 28=j3,+j3, 


... (2) 



When and have 


ON LTQUIl) MOTION 



Putting ^=a2 and proceeding in the same way as above we have 
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,».h (,_^.)+S.™l. SS=tl>' (,-^,)| (i-y). 



ON LIQUID MOTION 
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A„ = (e cothi3„ +'■“ ' * coth )(c*os ,/tt, — cos ) 
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ON' I.IQIMI) MOTION 


!)7 
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^Subtracting (11) from (10) inul l>y 


OX Llt^lUl) MOTION' 


99 




Anothev exprossicm ioi* ca.ii be (»btaiiiod !■> 

- , .-oth a 'siul> 

.1 1 I " .— - ■ ._■ .1, ,,//J \ 
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sill /I a 1 c*ot a 



ox 1.1(^110 MOTION 
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Trituifj/e hijn,n(ol hjf fh't:e virc/es 

•{. Lot Mio oyliinlor he hy , ir = <t., and y}’=.fi. 

At till) point where ^=fi| an<l ^ = ' 1 .^ intci’seet, wc* liavi* ?y=:oo. 
Assinne 

oc 

i/r = 2r ■'* w § ( — 1 ) " e( ) t h /?<' ens ni- 
;/ = l 


,y = l f'i'l 


(2/h » 1 )7r 


IS I> - i2/»?d-l)7r .. 

+ (;^o > 1’,., cos 1^— y)'' 


r ^ i 


sinh fi- ;• 


•/A sin — 


+ S,1 fl\\ ^ sin (//\ sin I/.' ^ 1) 


whonj *Jy=a., +f«i» — (I , ; ... (2) 

and the i’orm of (t is such find "(>;— /^) is a Tmillij)lo id' tt wlien i/=:oc 
wluni 7y=:oo we have* 

when 

oo _ ^ __ J 

2r*w (;()tli/i>( — 1; "c ens )/f= 2c- fi» enfh /:?^( — l , cos z/i: 


+ 2f* >/a.jeot rigsin a, )-f sin /ni^enl sin ■— ^) -«/i 

sinafdj— a^) 

+ ,-„. 1 p..<..;s (,^-y). 

m=0 


Mnltiplviiiir hnlli sales hv 


iw + l ,4 


$-• y)ffi 
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and integrating between the limits a, and a, wo have 
P »= S (- l )”+"+> (sinwa.cota.+siiuw 

( 3 ) 

when ^=ai and >; lies between ft and oo 


2c*a) cot ttj — sinaa, 


= 2g* C l) cot a , ^ — 1 ) ” t' ^ .sill na ^ 


4-2c*(i)^ (“”!) p eo.s ua^ 

1 


2 .S. ( 

«=1 J 


(fX\ silw/Asin «(>; — j3)c/a. 


But for positive values of i;— /i 


• oo . <JU 

— mA I V . / .jv , TT — 3) 

« (/At si4i<iA.siiw/(>/— /))(m= e 


.*, we have ^ « = ( — 1 ) “ <^oth /i cos na , . 

IT 

Similarly we liave, from condition on tlie boundary 


R ^ = ( — 1 ) " + ' ^ Coth P cos na , 

TT 


To evaluate the integrals 


fi dk i j ^-.._^i‘-^sin a\ sin a(rj--P)d(i 

I sinh 2fu 


P 00 

M {cos«(X-1J+/J)-cosrt{X+1;-/3)}^/«t 



ON LIQUID MOTION 


lOa 


But we have ^ 




. rm 
sin*- 


cos , if ^« <«« 

snih qx Iq uoa??. 4. {^oah — 

7 q 


/• ^ 

‘>=n '■■“4^ 


taC 

4 oosj (I— aj)+C()sl\ -^ (\— T;+/j) 


TT 


siii;7(^-a,) 

l€ 


(?os^^ (^— tti )+ (^+>;— /i; 


7-/i) ] 




sill 6^, 


where 


DsJ^ (f— ) + t'osli J (A+>/— /i; <?o.s +cosh . 


6>, = J (f-a J and .r = y f A + 


Since A lies between 0 and 00 and q—ft is positive tliereforo x is positivi 
Now', 

where 

A« = (-l) [r +i' +f +...] 

= (--l)*2[cos u9^ +COS (n^2)0^ + ...] 

A^sin flj =( — 1) " 2.^01 ^i( cos +ros (n—2 6^ + ...] 

= (-l)-sinOi + l)6l, 


•’• 2 sin mO, 

cos^i+cosh.r 


Ricrcns do Haaii, Tables of Def. Iiit. (7) SCO. 
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cos*- (f— a,)+ cosh 


-HA 

<! «A 


=2 5 (-1)"+' I 

OT = 1 ./ 


-/\.r ' sill (f-a.) 


OO ,, iSC 

=2 5 (-1)“+' 

H ! = l 


- r 


^ iHir ii * 

"+ 27 


I' 


-WA 


//A 


ros^.+cosli ^ A — 

0 


J cos + cosli ( A— 7/+^) 


./ cos 0, +(!<)sll *- (A. 


d\ 




In the lirst into^'l•lll on tiic ri-'ht ham! side X-rj+li is positivo ami in 
the second A — r/+^ is nec'iitivo. 


I'lit 




when . 1 ' is positive 


- , =2 2! (—1)'"^*'^ * sin 

cos +COsll t: 7/1 = 1 


when j) is negative 


OO 

=2 S sinmtf, ; 

cosfl,+cosh.ii j 



OS TJQtTID MOTIOS 
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ain dk 


cos $i +cosh -- (k~ri+fi) 


oo 

sin 1 

v-P 

=2 s (-I)*-"' 

7n=l 

oo 


=2 2 

- — sin /iitf, ; 

?a=l 

, niTT ^ 


T )X 


dk 


i 


v—P 


cosfl, +cosli (k—rj+fi) 


= 2 S (-1)“ 
m=l 


- 5^ i'l-H) 






00 0 M 

=2 5 ( — D-'+i - 

?^i=l ~?/+ — 


'itlTT . 

- a (•,-» 


sin //i6^ I . 


( 


(i\ 


cos ^ , + cosli (X— >; +/^ ; 

aC 


^ / 1 inM -i/nTTC . « 

-2^ S (-lir ’ ^ - Siin/i6>, 

m=l wi*7r*— 47 ([*c* 


00 


- 0^ 


-4€ 5 (-l)'«+‘ -• - sinme,. 

m=l mw^2m 

JJnt we have, when f lies between •l^ and a.^ 

si n a| ) g ^ 

«in2w€ »i=l — 


//iTT mir , i V 

2-; 


dA 
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(f— Oj ) +COsh ^ (k—ri+P) 


-n(i|-E) . 

4ce sin M(f — ) 

sin 2n€ 


_4t 2 {_l)-+t ^ 

,„_1 »Mr— a»K 


sin 


TT r sin a 

‘■TL 

sin 2nc 

00 


- S ( 


»l=l 

Til 


^ 00 

00 ( 

( — nA 

2 iR. 

1 ® 

1=1 ^ 

J 


2 mv . mir 


WTP , nv 

- ^ (i-« 


f-ajf? 


• 00 


+ S 



oo 

sitih a(f— -g^ ) 
sinh 2 ae 


sin aA. sin 


a(v—P)da I 


00 

=2 2 (_i)'+ir"^ 
w=l 


y nnt.li /? COS fw, sin »(|— o, )— cos nojsin »(^— o,) -«(s-E) 
sin'2»« 


+2 2 (-!)’+■ e'^^coth/? 5 

n=l m.=l w*ir*-4»*€* 


Xe 




cosna, sin ^ (f— a, )— co8»a,sin ^ (#— o, 
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„_1 sin2H€ 




+4 2 {A„sin '"’^(f-„,) + B.sin ’ 

TO=1 « « 


( 6 ) 


whero 


- <’) 

H«= 5 ( — !)”•<*.■ fi ooth j3cos na,. 


But cosMttj sin tt,)— cosim, 8in»i(f— a^) 

=cos ??fsiri tt, ) ; 


therefore 

M = 1 siiiM(aj-aj) 


/IITT 

+ 4<-*» 2 {A„sin '^‘ (i-a,) + B„sin '1" ’ 

. «=1 * 

+4c*w 2 C„ ros (^— y)»’ 

m=0 


where 


p . 5 / i,w+ii + i (2^1-4* 1) ^ 

(2m + l)*‘n**— 4?i*c* 


X (sin Ha^cotoi, +8inwaiC0ta J 


-n-jB 

e 


. (9) 
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tlicreforo 


<^=:2c*0) § (-1)' 
/2=1 


sin na , co t a ^ cos >i — a J — si n )m ^ cot a ^ cos n(f — a, 
sin 


+ 4(?*(o 2 cos U— a*)}c 


MTT f Ok 

- or 


(2»»+l)7r 




-k^o) ^ C™ sill -L ^ (t— y) ••• 


•1. The following pfirUcjubii* nan be ilodnccMl from the rase of 
three circles. 

( 1) Two orthogunal circles 
Put Uj =a and a, = — (tt— o) 

.-. >Te f<et an area bountleil by two orthogonal circles. 

2€=7r and 2y=2 «— tt 


then after a little simplification we have 


j/r=2fl*oi (fot rt 5 ( — 1 1" .sin rf( 
w=l 


oo 

4-4/;*o) cot sinw(f— a) 


+4c'^o) N sin (2m + l)(f— a) s 
w=l 




where * 


= - ^ n* ^^coth/3eo.swttj^ (— !)•■*■' +(—1)* J 
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and 


N=- 


g cot a sin 2fa • e' 


•tPS 


The expression for ^ can bo written down. 

{2) Semi-lunv 

If we put j8=0, we get an area bounded by two circles and a 
straight line cntting tliem at right angles. 

The boundary condition for /3=0 is 

Iti) '**" 2 / n 


c + 2e^ ( — 1 ) " c cos 


= JU 

1, = 0 


tanh 71 


2r2(— ^’^cos?if 

Lt ro) 1 

sech 


=2f*<o^(— cos /?f. 
The boundary condiiion when 7;=j8 is 


i/^=2(’*w^(--l)"c *^^coth )3cos 


Replacing v coth j3 by — n we have 

\l/—2r^(i} § / iisinMttgCota,sin »(f— aj+sin ?ia,cota,sin»(a,— nii 
■" "^^2^ sin>?(a,-aj 


+4r^ 


§ {A.Bin (f-a.)+B„ sin (f-a,)} 


1 = 1 


2e 


wwr 

2e^ 


00 

+4c*a) 2 cos 
7)1=0 


(27)1+ l)7r 
2e 




(27)1+ l)7r 

-27“’ 
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where 

A. = 

B, = 


00 


S (-I)"-*-* r”^ r« 

4w*€* 


s: 

^ m*7r*— 4w*c 

n=i 


COR no. 


I 


C«= 2 (-1)“+"+^ 

TO=1 


(2w-f l)y 

(2wt+i)*w*— 4w*c* 


(sin 72a,cot a, +RinnaiCota, ) 


(3) ilrca bminded by a circle and two chords at light angles. 

Put /8=0, ai=0, a,=a 

2y.-a, 2<=a 




Bin 92a 


-M12 

e 


oc 

+4c*w 2 
m=l 



WlTTjy 

a 


^ _ (2m+l)7ny 

+4c*o. § 

«i=0 « 

where 


L.= 1 (-!)• 

n=l 


inUTT 

W*ir*— ?2*a* 


f(— l)*'C0S?2a— 1] 


D.= I (-1) 

H = 1 


• + l 


(2m + l)7r 
(2in+l)*ir*-n»a* 


i^sinnacota+n). 



On thb fundamental theokkm of the 
Integral Calculus 

By 

Ganesii Prasad 

Accordini' to the fiindiiuieiital theorem of the rnte^ral Calculus, the 
integral fuiictiun 

has a differential coefficient /(.t;) at any point of continuity of /(.c). 
But the usual proof to be found in books on the theory of functions 
of a real variable fails altogether when we considei* the question of the 
existence of the differential coefficient of F(.(’) at a point where f{x) 
hfis a discontinuity of the second kind. 

The object of the present paper is to investigate the conditions, 
which must be satistied by f(x) or the types of functions to which /(«) 
must belong, in order that V(x) should have a differential coefficient 
at a point of discontinuity of the second kind of c). The results 
obtained by me are believed to J)e all new. 

For the sake of simplicity and fixity of ideas, I take the point of 
discontinuity to be ic=0 and represent the integral function as 

Thronghoat the paper denotes a fnuction wliioh is monotone in the 
neighbourhood of .e=0 and which tends to intinity as se tends to 0. 


§ 1. Let 

Then, at .(=0, P(.f) lias a difEereutial coellicicnt equal to zeiw when 

log ). 
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and T(x) has no differential coefficient when 


log 


Proof'.— 


(«) Case ; >>• log ^ \ ^ 




integrating both the sides of the above equality, we have 


tC tC 

|,sin,^=J cos<p<ls-j 8i 


sin i/f dx^ 


cos ^ dxi 


X 

. sill ier I 

' '¥ J Wr 


Hmijfdt'. 


Now consider 


Lim F(.v) 

«=+0 .t! 


This equals 


Lim sin^ , Lim 1 1 , 

. =+0 if +.=+0 i ) ffp 


But, since 


ijf N log - 
X 


f >i. 


... (i: 


also 


r , 
(fy 
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and consequently 


(>')• 


sin^ 


is continuous at .6=0. Therefore both the limits in (1) exist and 
equal zero. Therefore 

Lim F(iij) 
r =+0 — 

exists and equals zero. 

Similarly it can be prayed that 


Lim P(.ij) 
.6=— 0 


exists and equals zero. 

Hence F'(0) exists and equals zera. 

(6) Case : log ^ i 

Integrating by parts, 

.6 « 
cosi/^(/.r=:.X’COS I ai^'sin^dar. 


1 

0 


0 


Now, 


i.r., 1. 


Therefore xij/' sin f i.s continuous at .i’=0 and, consequently, 


0 

has a differential coefficient zero at .6=0. Therefore, at .i‘=0, F(.6) has 
no differential coefficient, for n cos ifr has no differential coefficient there. 

(c) Cage : *)•-. log ^ 

l/r(.B)=o+l0gi, 


Let 
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where a is a constant, and x is positive. Then, 


Of 11/ 

P(.f) =co.s a. I cos log i sin a \ sin log-^d r 

J J 


cos log i —sin log ^ 


cos log -- + sin log - 
.e .r 


=.r cos a. 


2 


— .f sm a. 


2 


^ , 1 cos a— am tt . , 1 cosa + sma 

=ajcoslog -r .rsinlog 

.6’ 2 ,t‘ 2 

= i eo, j,+l„g‘+' j 

Therefore, whatever a may be, F'(0) is non-existent. 

Generally, let 

H<')= g I cr(.e) + l I log 1 , 

where (r(.«)^ 1. 

Then, proceeding as in (h), we have 

./■ .r 

J cos ij/dx^ .c cos ^ -1- 1 si n^ f7 / 

0 b 

.r 

=»cosi^4-| I .7o-'log- — (l + cr) I ain^dr 

• 0 

=.»!COS^— I Hiinl/th + 0(.I!), 

b 
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ivhere G, being the integral function of a continuous integrand which 
tends to 0 with has a differential coefficient zero at .i;=0. 

Therefore in the limit we may take 


^ cosi^d.c=.icos 1 ^— ^ smij/dt', 
0 0 


Similarly 


1 


j 


I sin ij/ d.r = r sin | t^os i/r d.t‘ , 
0 0 
Therefore, as .c tends to :^er(), 


behaves as 


^.e., as 


.e 



cos^— sin if/ 

.f. , 



Hence F'(0) is non-existent. 


II. Aac ) =x(jK)coa'l>ix),xbcin{f monotone and limited 


§2. If /(..)=x(..) cosi/r(<;), whore x- j ) is monotone and of the 
form A+Xi( *0» being a constant, different from zei-o, and Xi*^ 1> 
then F'(0) exists or not according as 


Kjample, 



has a differential coefficient zero at ar=0. 
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TIL =Y(ael cos iKael. \he>hi^ limited but not 
monotone 

§ 3. lict /(iB)=:x(j)oos^(ie), where x(«) is monotone but is of 
the form A+XiCx), A being a constant different from zero and Xi being 
equal to B cos i/f, (x), where B is a constant different from zero and 
if', f-1. 

Then F'(0) exists or not according as 


^f'log or ^ log , 

.!?■ .i:" 


noi being 
Proof:— 
at 

F(.0= (A+B cos^Jcos ^(l.e 

0 


t|5 ii 

= aJ OOSifr(lr+ ? J*c09 + ^ J 


COS(i/r— i/rjr/i'.... (2) 


Now, when i/t log - , 

X 


’A+’Ai and also ^'log—. 

■ ,r;* a;* 


Therefore by § 1, each of the three integral functions in the ecjua- 
tion (2) to whoso sum BX») is equal has a differential coefficient zero at 
.f;=0; consequently exists and is zero. 

When ifrJi,logi, 

.r. 

then two cases arise ; either 

p-logi, or|/r,i,bgi. 

In the first case the second and the third integral functions in (2) 
have each zero as their differential coefficients at iBsO, and the first 
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integral function has no differential coefficient. Hence F'(0) is non- 
existent. In the second case there are three possibilities according as 


(0 ^ log^ and logl, 

(u) and 

.»■* c* 

or 

(iti) \ and log—. 

iC iU* 


For (/), it follow.'i from (6) of § 1, that behaves as 

.c 

11 11 

Acos^+^ coa (^+^,)+g-cos(^-^,), 
and therefore F'(.0) ia non-existent. 

tji/ \ 

For (n), it follows from (h) and (o) of § 1 that behaves as 

X 

Aco8f^'+ cos(^il>+<l^,+ C08^.^-l^,+ 5 

and therefore F'(0) is non-existent. 

Ff I') 

For (ill), it follows from (c) of § 1 that behaves as 

.t* 

4 “»( ♦+■!-)+ 2*2 “’( ■''+'^■+1) 

+ 2*2 “«( *-♦■+!) 

and therefore F'(0) is non-existent. 


(1) 



cos -(7.r 


has a differential coefficient zero at x =0. 
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(2) ^ cos'^ log I'*’’ 

0 

has 110 differential coefficient at .* =0. 

§ 4. Consider now the case of and let \l/^=:\l/(A+<r) where 

A is a constant different from zero and o*^ 1. A number of cases arise. 

(^) If ^ ?^log-- , the first two integral functions of equation (2) of 

X* 

the previous article have each zero as their differential coefficients at 
.*3=0; consequently F'(0) exists or not according as 

V log oi- (l/»-l/',);S.log 


which latter case can be possible only if A=:l ; provided that it is 
understood that F'(0) always exists if (i/r— i/rj 1. 

{it) If log--, then logi and either 

Therefore in this case it is easily proved by proceeding as in tlu 
preceding article that F'(0) is non-existent. 

(m) If j/'*-»Iogii, then (‘^+i^^i)'-*log-? and either 


Tlierefore in this case it is easily proved by proceeding as in the 
preceding article that F'(0) is non-^istent. 

Ejramples, 



has a differential coefficient at ui=:0 and is equal to 
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( 2 ) 


^ ^ 1 + cos tog ^ cos log i rfji 

0 


bos no difFereutial coefficient at 2 = 0 . 

( 3 ) 


0 


has no diffei’ential coefficient at .c=0. 


^ 1 1+cos ^ ^tog coslog^da; 


(4) 


^ cos* tog sintog-^d.e 


bas no differential coefficient at .rs=0. 


IV. /<ac) =x(ag) cos Hue), x (.oe) *'1 

§5, Let f(x)=x(!r)co!np: v), 

« 

where x(*) monotone in the neighlwiirhood of a!=0 and tends to 
infinity as x tends to zero. Then assnming that Ihe improper integral 


exists and P(.p) becomes 


iC 



xU)>le 


t 


coa{il>il)]iU, 


D 


^(f) standing for ^(«)i the criteria of § 1 are applicable. 


Examples, 


(1) 




dx 


has a differential coeifioient at x^O, 
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(2) 


1 1 I 

— COB -r«.e 


has a differential coellicient at «=0, ja being any positive proper fraction 
and i being any constant^ greater than zero. 

(3) cos ( legist.. 

b 

has 210 diffei'eiitial coeflicieiit at u;=0. 


X 



has a differential coefficient zero at ;i=:0. 


Ve tX^) =x(^') COS xCjcJ hehuj neither limited 
nor monotone 


§ 6. If /(»)=x(») coa f), where x(a?) ia wot monotone but makea 
an infinite number of fluctuations with indefinitely increasing amplitudes 
as X tends to zero, the procedui^es of tlie preceding ai^ticles cease to be 
applicable and in each case a special procedure is necessary. 

ExampUst 


(1; Let hx)s | tan^e' cos^e* 


I /(i»)d.i=:arcos^ e' 


Then 
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Therefore P'(0) ie non-existent. 


(2) Let 


/(.)={ i+lto(i )}«»(>-). 


Then 


iV 


.i 


f(.c)dc=ix cos 


L 



Therefore F'(0) is non-existent. 

(3) Let /(«)= [ a + k-p) tan ( i, )] cos ( ), 


where k and j) are botli gi'eater than zero. Then 




I 




COS 


X 



Therefore F'(0) is existent or non-existent according as hyp or not. 

§ 7. If /(j ) makes an infinite number of fluctuations, not only in the 
neighbourhood of ri'=:0 but also in the neighbourhood of any point 
{ci).} being an enumerable and everywdiere dense aggregate with 
0 as a limiting point, then the procedures of the preceding articles 
cease to be applicable. 

Example. 


a) 


Let /(»:)=S.jr cos 


-L_ , where {w,} is the aggregate of 

.r— Cl), 


rational numbers with 0 as a limiting point. 
Now 




"l 2" 


a— ctf. 



1^2 
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term-by-term differentiation bein^y permissible, as all the series 
concerned are uniformly convergent. Hence, iiitegi*ating, we have 



[-f Jz. 3 


+2 




=l 

But obviously 
equation has a 

each of the two teems on the left side in the above 
differential coefficient for ,r=0. Therefore F'(0) exists, 



Tidal Oscillations on a Spheroid 


By 

B. M. Sen 

The problem of tides on a ia;lobe was initiated by r<aplaee* and was 
farther developed by Kelvin, Darwin, Airy and Hough. In liis treat- 
ment of the tides on rotating {?lobe, fiaplaee found the dynamical 
e^uaiiioiis of tidal oscillations on a spheroiil but passed off at once 
to the globe neglecting the eccentricity of the meridian section. 
The asauniptions on which his treatment was based were the 
following : 

(1) Tlie motion is siipim&ed small, so that tlie product and squares 
of the velocity are neglected. 

(2) The pressure is the same as the hydi'ostatic pressure. 

These are the usual assumptions of tidal oscillations. 

(3) Tho free .surface is an equi2)t)tontial surface and the depth 
// of the liquid is supposed suiall. hut arbifrary. 

This implies that the surface of the spheroid is an equipotential 
surface or only slightly diffoienl. from an equipotential surface. 

(4) The ratio of tho centrifugal force at the equator to the gravity, 
(D^a/gy is supposed small. 

(5) The eccentricity is neglected in the subsequent treatment. 

(6) The attraction of the layer of liquid is neglected ; this ha.s 
been taken into account by subsequent writers. 

In the following pages the problem of tidal oscillations on a 
spheroid rotating as well as non-rotating is dealt with. The eccentricity 
of the meridian section is not assumed small ; the problem, moreover, 
differs from that of motion on a globe by the fact that h is prescribed 
by the necessary condition that the surface of the spheroid and also 
the free surface must be equipotential surfaces. 


* Full rofereuces aro given in Lamb’s Hydrodynamics, Art. 213 ct acy. 



124 B. M. SEN 

§ 1. Let the equation of the planetary spheroid be 


a* , 3(l+£*—l 


Introducing tlio spheroidal co-ordinates, 
iv=zc((, (a=C's/l—{* X 

the spheroid is given by the equation 

^=:a, a constant. 


Then 




8« being an element of length in space where 

I -irw* y A =1^+1!- Y“ 


( 1 ) 


... ( 2 ) 


( 3 ) 




( 4 ) 


§ 2. Consider first the case of no rotation. Let the depth of the 
liquid be h which is taken to be small. Neglecting the mutual 
attraction of the liquid particles, for equilibrium it is necessary that 
the surface of the spheroid be an equipoiential. Now the potential of a 
solid homogeneous ellipsoid is given by the equation * 

V=— v pa6c{x — )8y*— yc*}, ... (5) 

oo oo 

’h™ 

X X 

and ^ Q*=(a*+w)(6*-f-70(c* + M)- 

In no case except that of the sphere, can the surface of the ellipsoid 
be an equipotential, We, therefore, make the assumption that the 


* Bouth, Analytical Statics, Vol. II, Art. 223, the sign of V having been reversed. 
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sphei'oid is heterogeneous and its equipotential surfaces are confocal 
splieraids. These are given by the relation i=(Jonst., and V is a function 
of f only. 

§ J5. The equation of tho meridian seotion is 


•x* , cu* 

? 14T» 




... ( 6 ) 


As tlie thin layer of liquid is encased between two confocal 
spheroids, the depth h is given by the relation. 





... 17 ) 


whore k is a constant. If x height of the liquid above the 

undisturbed sui’face, the pressure at a height H above the surface of the 
spheroid is given by 


=c+<j(h+x-n), ... (8) 

P 

with tlie usual assuiiiptions that the pressure is the same as the 
hydro.static pressure and tlie variation of gravity along h is neglected. 


Kow 




As V is a function of J only, is a constant on the surface of the 

• 0M 


spheroid. Putting 




we have 


fj = +h^f, wherej^ is a constant. 


We have, therefore, 


= Const 


+//*.( +x). 


=Coiist.+/A,x- 


... ( 10 ) 


... ( 11 ) 
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§4. Denoting by n and w the velocities in the direction of f and 
^ respectively, the hydi'otlynainical equations are 



where J) is the potential o£ tlie disturbing forces. 
The equation of conlinuity is 


8 

dl 



A 

Hi 




or 


{// 



V.-P. 

\h,lij di> 



... (14) 


Differential.iii^ (li) witli res[)ect to / and sii))stitiitin" fi^om (12) 
and (13), we have the equation satisfied hy h^X. 

*i;*. >•>'>=/' [9® {/.I 

+ 8* 1.?.. 




._d f f'+{* 0 

0« l(W*)(T+T*‘) 






( 16 ) 
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Assuming the motion Ih simple harmonic with time-factor the 
equation (16) becomes 

{(!-«•) 8 (».x+?)j 


i being a constant equal to a. 

§ 5. Considering the case of free oscillations, we have putting 

0 = 0 , 


+»•)(*, x)+ {(1-f) 


8 (^^tx) 

“0T 


1 


^(i-r)(i+a’) dr 


(18) 


Wo may further take equation reducing <o 

the form 





+ a* 






(19) 


This is a linear differential equation with constant coefficients. 
The singularities are ± I . These points are however regular. 

For a globe of radius o, 

a = 00 , c=0, while ra=u, 

this equation reduces to equation (1) of Art 199 of Ijamb s Hydro- 
dynamics. 

§ 6. Taking the particular case of osiMlUitions syin/uetrical about 
the axis we have putting n =0, 


I 4.(f*+a*) ®^(A,x)=0. 


( 20 ) 
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Putting A= — and assuming as a solution 

we have as the Indicial equation 

r(r~l)=0. ... (21) 

The successive coefficients are given by the relation 

tt. = ,whoii«>4... (22) 


„_'^{,(n-l)(n-2+Aa«}a._. ^en n<4. ... (23) 

M(n — 1) 

We may therefore write the solution in the form 

+ + - (5J4) 

§ 7. Consider the disturbing body moving in the plane of the 
equator at a distance 11 from the centre. If y be the gravitational 
constant, M the mass, R the radius vector, ({>' the angle between the 
radius vector and the y-axis, the potential O at a point on the sui’face is 
given by the equation 

0 =-- . .. 

{.< * + (R cos 2 /)* + (R8iii 

— _ 1 1 j- ycos0'-Hv’sin^' _ 1 

■“ R R 2 R* 

^ j ... ( 26 ) 

neglecting terms of higher order in ( ^ 


The second term represents the potential of a uniform foi-ce in 

K* 

the direction of the disturbing body. The potential of the relative 
attraction is, therefore, 

I (yco8^'+?8in^')‘}- 

Substituting this value in equation (17), we get the height of the 
tidal wave, though the equation becomes unmanageable. 
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§ 8. If the spheriod has an angular velocity (o about the or-axis 
which is taken into account, the problem becomes more complicated. 
The sui’face of the spheroid is, as before, an equipotential surface under 
the gravitational force and the centrifugal force. In fact, if the 
spheroid is taken to be homogeneous the surface is that of a solidified 
^lacLauriu's spheroid. Making this assumption and taking the 
equation (1) as the equation of the sui-face, the gravitational potential 
at the sui'face can be written in the form 


where 


0=jrp{a„ . > » } 


OO I oo 


(26) 


Xo 


r 

=a6cl 


du 


,and A* = (a* + f0(6* + ?0*- ... (27) 


0 


The condition that the surface of the spheroid is an equipotential 
gives the familiar condition 




... (28) 


Neglecting the variation of gravity for a small depth A, we may take 
the potential at the free surface 


V=V,+j/A, 


(29) 


whero 


.7= 


ay 
a w 


If /, ni, }i. be the direction-cosines of the normal at <*, //, z 





P being che perpendicular from the centre on the tangent surface. 
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Since the fi'ee earftLce mast be an equipotential, we must have 


But 


(//t=C 


lg=z'‘ivpa„a 



( 30 ) 


«i,=2.p(/j„- )z=xr, 


by virtue of equation (28), A being a constant. 

Wo have, therefore, 

pa=K 

and h=kp, (31) 

where is a constant. 

§ 9. The equation of the uioridian section being 


,0* , (u’* 


=1 


-2 ^4^* «“>(l+t*) 


and 


cos6^= 


JS =<<i±i’>'* 


The dynamical equations become (writing n for velocity in the direc- 
tion of f and u for velocity in the direction of <^) 

|.J-2«.bcosO=-/., |^(Z-Z)j, 


0t- 

8/ 


+ 2(om C0Hfl=:— A j 


8^(Z-zv 


(32) 


Si being tiic equilibrinm-height of the liquid. 
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The equation of continuity ia 

Ms 0A K / / 

For free oscillations, symmetrical about the axis, 


ii=0, 1^=0, 


ISI 


(33) 


wo have 


'Imv cos $=—h^ 


diZi,) 

~'di ' 


Q_v 

dt 


+ 2(iHtCOstf=0. 


Eliminating v, 


6*» 


+4(ii''«co8* 6=i—h^ 


b(dt • 


(34) 


(35) 


We Iiavo therefore iis tlie Particular Integral, the exponential time 
factor e'’'^ being understood 


.. d*(.Z!/) 

diet 

cr*— -Im’cos’tf ' 


(33) 


The complementary function is 

a= A'cos (2(i> cosd t+<)- (37) 

Substituting in equation (33) 

aj^Zy) 

1 M =_t 9 ( a^8< Y 

it,Ai at af \ Aj O’’— 4(1) 'cos* tf / 


Putting 1 ) for 


d(\hf o’— 4<i)’co8*d (if / 


... ( 38 ) 
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Substituting for h^ aud /»„ we get 




)(!+{•) 

- ■ 


_ 1 _ rfiy 

(T* — 4o:*cos*fi d( 



{ being a constant a on the Hiii'faoe of tlio given spheroid. It is a linear 
differential equation of the second degree. The solution, however, is too 
complicated to admit physical interpretation. 

§ 10. ff wo take the presence of tlui disturbing body into account, 

we have to substitute tlie value of Z, which is the equilibrium-height, 
it is given by the value of the potential investigated in Art 7 above. 



On a theorem op Lie relating to the theory op 
Intermediate Integrals op partial difpereniial 

EQUATIONS op THE SECOND ORDER 
By 

IIaeendkanath Datta 

The theorem I'eferred to is the following : — 

If a •partial lUfferential equation of the second order possesses tivo 
independent Intermediate Integrals (cf the Mongo’s type *). it can he 
reduced to the form hy contact transformation . 

The object of the present paper is to show that the possession of two 
intermediate integi’als is a sufficient condition hut not a necessary condition 
for equations of the second order which can l)e transformed into the 
form A*=0 hy contact transformation. For this purpose, it is enough to 
find at least one example in which the equation of the second order 
satialies the following conditions ; — 

I, It is reducible to the form j9=0. 

IT. The transformation used is a contact transformation. 

III. It does not possess two independent intermediate integrals of 
the Monge’s type. 

The equation found to satisfy the above conditions is the well-known 
equation of the Minimal surfaces, viz.^ 

I 

Taking Weierstrass’s solution of the equation 

2p9J!+( l+p- )/=0, ... (i) 

we have 

.«==a~/t®)U''+2?eU'--2U-h(l-r»)V"+2t’^^ ... (ii) 

y==,-[^(lq.w.)U''+2wr-2U+tl+i’*)V''-2rV (iii) 

c=2t^U"-2U'+2^)V"-2V' ... (iv) 

* Prom Art. 254, page 296 of Forsyth’s Theory of Differential Equations, Vol. 6, it 
is clear that Integrals of Monge’s type are meant here. The theorem was afterwards 
discovered independently by Darbcnx. 
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whero U and V are arbitrary functions of u and v respectively and the 
dashes denote differentiations with respect to the corresponding 
parameter. 

If, now, we choose co-ordinates X, Y, Z in such a way that X=m, 
Yssv and Z=« (the relations between «, v and .c, y being given by tbe 
equations (ii) and (iii)], then it is evident that (iv), when transformed, 

will reduce to differentiation. 

0 X 9 Y- 

But (iv) is really the most general solution (expressed in terms of 
X, Y, Z) of the equation (i). 

Hence, the differential equation (i) is rednribh to the farm 5=0 by the 
the preceding transformation. 


II 


We find from (ii), (iii), (iv) and the relations X = z(, Y=t;, Z=j 
that 

u-^v . M— r 


x= —*'+*' '^^+P*+g* 

ip-q 

ax_ 

Qp 2(l + in’) ’ 

Qp 2(1 + ?«t’) 

QZ _ 1— «t! 

Qp ' ' 1 + HP 


y_ — t+t V'i + p*+g* 

q+tp 

9X «b)(1 + 7«’) 
^ “ “ia-f w) ■ ’ 

ay 

dq "2(1 +«t)” ’ 




07 l + nv 

Hence, Ps =2feU"' 


and 


Qs||=2f;V« 
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Now, the transformation used will he a contact transfriimatinn if the 
relation 

dZ— PdX— QdY=p(d^— jdy) ... (v) 

(where p does not vanish) is identicallj satisfied. 

In the present case, the relation reduces to 

PrfX + QdY =pdc + qtly 

if wo take p=l. 

It is easy to see that rhis last relation is identicnll}' snlif ficd as eacdi 
side of it becomes equal to 

2nmin+2rY'''(h 

wlicn expressed in teims of ?/, r, etc. 

Hence, the transformation used in rediUMnfjf the equation (i) to the 
form s=0 is a contacf Irmiajmnnlian, a fact which is at once clear from 
the consideration that both the sides of (v) arc idonticall}' zero lierc. 


One of the subsidiary systems of equations (Boole’s form) for the 
determination of the Intermediate integrals is tlie following 


_ 0 w 0 w n 


0?« , 0?c , / , v0/r _n 

'H: 

p, and opj being respectively equal to 

— P7+tVl+p*+ 9* — j>7- //!+/)» +9* 

1 + 9 * ■ ■ 1 + 9 ’ 


the roots of the equation / ^ 

(l+7•)/^•+2w+(l+P*)4?^ ' 

If R’x and co-exist, then \ ^ 

by virtue of «?, =0 and «*j =0. T’ s cannot be unless 

0y 
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Henco, we ?/'3=0 ns a new crjiiation, ^ow, (tr,, ?rj)— 0* hy A’lvtnp 
of «r,=0. 


Also 


»/-,)=0. 



But 



(O CO 

1 

\ 8 w 

Id: 

Henco 

_ 0 IC 

=0 




LS a new equation wliich is necessary io make 

We liare now four equafions, r/r., =?r,=?r3=?rjj=0, in five 

variables /), q, ir, y, z- It is also easy io see that these four equations 
form a complete Jacobian S 3 ’ateTn. 

Hence, there can be only one integral common to ?r|=0 and /r,=0. 

Hence, there is no Intermediate Integral (involving an arbitrary 
function) of the Monge’s type. Similarly, it can be seen that the other 
system does not possess any such Integral. 

Hence, we conclude that the possession of t^^o Intermediate Integrals 
is a sufficient condition hut not a verossnry vmdltion for equations of the 
second order which can he transformed into the f(»rm ^=0 by contact 
transformation. 


* The notntiofiH nre Iho eninf? ns ihofio iwot] in VovByth^s Thconj of Dijferentlal 
Efivatlom, 



On an EXPllESSlON FOH 

a It 

Hy 

S U UO DC 1 1 A X D R A M I T K A 

The object of the present note is to liiid a proof for a known 
expression for 


It is possil.lo fur us to express V hi the form 

dll 


lojj,., ^ )j. (e) 

^ 2(rt+2) a(»+;3) ’ *+“^' ^ 

t\ii-hr) 

J,(.r) siiiisties the dilTerential equcitiuii 

+i. )j.(.8)=0^ 

Ihifereiitiatiiii^ with respect to n anti writing 


r— 


d,i ' 


wo have 

t/.G* JO djG \ X* / j:* • 

I'o find a solution of (A) we write 

«>=J,(r)log4i+{A,J,(.r)+A,+,J,+,(.«) + A,+*J,+*(.«) 

H’A,4.jJ||+(+ + A, + , , J, + , r(-8)+ •••} 


(A) 
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Substituting for v iu (A) and taking account of the differential 
equations Satisfied by Jii+a(>t^)f etc., we have after a little 

simpliticatioTi, 

A.,, [ } j.,.(»)+A.,, { (>i±^ ]s.U^) 

+ ...+A.+,, j J.^„(x)+... 


J'.W- 


... (B; 


Making use of the recurrence formula, 

tU 

we have 

A.+.{(/*+‘i)*-M«}J.+,(«)+A.+a(»+4)*-»«}J.+*W+... 

Kou- 

Therefore 

{{«+2)* —h’ } J,+, (. e) + A,+t {(«+4)* — } J ,+*(.t!)4 ... 

"h Ag^. j f ■{ >.(.^} "h ••• 

+ (-)-4>+2r)J „(i)+... 

Thei’efore cqualiug the uo-eificieuts, we have, 

A A — j. (’*+4) 


( 0 ) 


A.+., =(-)'-> 

r(»H-r) 



ON AN EXNIESSION, ETC. 


m 


It uow remains to determine A«. When n is any number, ihmiI or 
complex 

' 2"r(u+l) I 2n!(a+l)'^2*2|(M+i)(H+2) ” 

the expression being rendered precise by taking for x its principal value. 

Therefore the co-tflicieiit of aj in -~J is 

dll ' 

f log2 JK^+IL. \ 

V2»r(«+1) 2*{ro^+i)}* / 

and equating it to the co-eiiicieiit of .t-* in A«.J,(af), we have 



r'(u+i) 

r(«+i) 


)■ 


In conclusion I wish to express my indebtedness to Dr, X. II. Basu 
for the interest lie always takes in my work and to Dr, A. B. Dalta for 
his kind revision and expression of opinion. 




A FEW INTERESTING I’.ESrLTS IN CONNECTION WITH THE 
MOTION OF A HEAVY INBXENTENSIBEE CHAIN 
OVER A FIXEH VERTICAL PULLEY 

Bv 

A. C. Bankrjf. 

§ 1. Let us first assume tliat there is no fri(‘tiou botwocn the oliain 
and the pullej', and tlie resistance of the r.ir is no£rlcctrd. and the cross 
section of the chain is small. 

It will he an intorcstin*? exercise first to find tin? difference between 
the tensions at any instant at the two points L, M, where the chain 
ceases to be in contact with the pulley. 

Let a bo the radius of the pulley, and let m l>e the'linenr density of 
the chain which is supposed to be 
constant ; let A be a marked point on 
the chain ; lot the arc NA bo « at the 
instant / ; let P be any other point 
on the chain and let the length AP 
ho (T ; let the element PQ of the 
cliain be A<r j lot iXOP be 0 and 
IVOQ be AO. 

Let R bo the reaction per unit 
hmgth between the pulley and the 
cliain at the point P at the instant f. 

The total reaction on PQ is RAc 
to the first order of small quantities 
along a direction making an angle A^ with OP where A<^< 

Consider the equation of motion for the element PQ of the chain 
along the tangent at P. 

Each element of the chain has the same velocity and acceleration 
as the marked point A at any instant • 

7nAo’i’=wAo’Jsintf+(T+ AT )cos A®— T + RAo’sin A<^ ; 
neglecting small quantities of 2nd order we have, 

w A 0^2’ = A ^ + A ^ • 


N 
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Dividing hj Aor and proceeding to limit vre have, 

W2r=.W7sin • 

‘ (ftr 


• •• 


a) 


Now again, n6=8+(r^ 

aR s is independent of cr, differentiating along the chain we got 

atWzizdfT, 

Integrate (A) with respect to <r from L to M. and let T, and T, he 
the tensions at L and M respectively ; we have 



ivva:=wgn ] 


9 

sinft/^+T.-T, 


V 


9 . 


7rt7rfa’=:T,— 1\. (B) 

Let ns examine this equation. There arc three interesting cases here. 
(/) T| — >T,, when m — ; 

the two tensions are the same if the chain is lijrht. 

OV) T,->T., when a- 

tlie two tensions are the same if the pulley is small even if the 
fdiain is not light, 

(m) T,=T,, when ?’=o ; 

/.<?, the two tensions are the sime if the chain is moving with uniform 
speed even if the chain is not light and the pulley is not small. 

Let us now calculate the total vertical upward pressures on chain. 

It is 
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Now the equation of motion of the element PQ of chain along the inward 
normal at P is 


m/^tr — cosfl— RAo'cos A^+(T+ AT) sin A^ ; 
a 


neglecting small quantities of the 2iid ordur we have 


a 


Ao- =iaAu'flfcos^— RA o-+TA^ 


=mAu’</ cosd— RAff+ -A<^ 
a 


ri ^ I T 

R=— — +wwrcoH 0 + - . 
a a 


where T is the tension at P 
§ 2. Now let us find out T. 

Integrate equation (A) with respect to o* from L to P ; we have, 


i r r 

d<r~mg ^ainW(r+^ 


(ZT 


u 

mv^ j sin^rf^+T— Ti 


-2 


z=:-^mga cos ^+T— 


T=T,+wro(^-^+ ^+W(/(iooatf; 


As— +'2mgcoa0+ ^ + >nv ^ 6 )• 


(C) 
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Now lot the total veitical Thrust on the chain be F. Then 


M 




V 
2 

Rd<r cos 0= \ Ra(20 cos 0 


IT 

2 


=:^ • (uW COS 6 I + mv ^ ^ ^ ^ I 


=2(Ti— ?/iv*) + mai;ff+wij/a7r (D) 

=Ti+Ta— 2mv*+7>i(/aTr ... (E) 

iis T, =T 1 + maw 

Let us also examine this equation ; there ai’o three iutei'esting cases : 

(0 — ^ 0 , then F — ^2Ti, 

from (D), if the chain be light then the total vortical thrust on 
the chain is twice the tension at L or M. 

(ii) Let /j=o ami <;=o, then F=2Ti + /aj/a 7 r 

4,e,, if the chain is at i osfc and continues to be at rest then the total 
vertical thrust on the chain is twice the tension at L or M together 
with the weight of the chain in contatil witli the pulley. 


[iY.jB,--If initially «=o, but o=fso, then 
F=T I + T, + uujair 

from (E), here 

i>„ if the chain initially starts from rost, then the tensions at L and M 
are different, and the total vertical thrust at that instant on the chain 
is equal to the, sum of the tensions at L and M, together with the 
weight of the chain i.i coiittict with the pulley.] 

(iu) Let then F — ^2(Ti— wi;*) ; 

i.«., if the pulley is small, the total vertical thrust on the chain is less 
than twice the tensions at L or M by 2fav*. 
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§ 3. Let us now consider in the case of a lar^^e smooth pulley, if it 
is possible to make the total vertical thrust between the chain and the 
pulley vanish. 

Let the end B of the chain be free. Let us consider the equation 
of motion of the portion BM of the chain and lot be measured from M ; 

dv ■ ^ 

7 H iVrr — T, . 

dc 


We have also 


Tg =T^ +mir7r ; 


— T j — mavir 


/, T, = — mavn. 
dm 


Now the total thrust vanishes when F=o 
2(T, — ^/n;*) + wrtrir-f 


from (T)) 


/, — 2.<t ^+ 2 ^. 1 ?— 2ar7r— 2r* -f or7r+a^7r=o, 


Now as 
we have 


' dv 


(2r + rtir)i)*+ 2 t’*= 25 i ^ ••• 


Piit 



thei.i 


dv , , 

dz 


i-* 


•)=2;/.-« 


or 


:*??•= 4- const. 


If we have the initial conditions that 


’= V"f 


when 5=^ 


i\c., {r =:0, wo find the constant to be zero. 
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§ 4. It is experimentally possible to have these initial conditions. 

At first we can hold the chain at rest with free end B at M by means 
of some contrivance applied to the left hand portion of the chain. 

Then as soon as the experiment begins, we apply a suitable impulse 

at B so that & velocity equal to imparted to the chain, and 

at the same time the contrivance is let go. 

If it is objected, that with free end B at M, it is not easy to apply a 
contrivance to the left hand portion of the chain, before the experiment 
begins, we can alter these initial conditions a bit and get new initial 
conditions which will also make the constant zero. 

Initially take BM or .r to be At first we attach a clip fixed to a 

stand to the portion BM, and another clip fixed also to a stand is attached 
to the left hand portion of the chain, As soon as the experi ment 

begins we apply a suitable impulse at B imparting a velocity 
to the chain and at the same instant two clips are let go. 

Under these initial conditions we have the constant zero ; 



dv q • 

^'irr 



• ^ 
’* dt 8 


This is an interesting and important result, fn the case of a large 
smooth pulley, the vertical thru.st between the chain with a free end B 
and the pulley will vanish if the chain moves with an acceleration 
equal to one third of gravity, with the initial condition as if a velocity 

equal to is imparted to the chain vrhen the free end B is at M 

M. at the same level with the centre of the pulley. 

When the radius of the pulley tends to zero, this initial velocity 
tends to zero, So in the case of a very small pulley we can say without 
muoh error that the initial conditions are i;=0, when ;bssO. 
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. By suitable arrangeuieiits on the left hand portion of the chain it w 
e., penmentally possible to make the clmiii move with an acceleration 
equal to one third of gravity. 

§ 5. Now let us take the case when a weight equal to that of 
length V' of the chain is attached to the free end B of the chain. 

The equation of motion for the portion BM of the chain with the 
weight attached at B, becomes 

wi(.r + =wf/f « -h 0 — . 
a id equation (G) becomes 

(2.B+2/ + a7r)r-^^^ 


Put 


then we have 


dv , , 
Vj^+v^—gz 


'V^:= 


2^r’ 

8 


+ const 


If we have the initial conditions such that 
«-•= y^|(air+2i) 


when 


5 = ? + 


air 

9.’ 


/.e,, a?=o: 


we have the constant equal to zei^o. 



dv 1 
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In tbe case where a weight equal to that of length I of the chain fs 
attached to the free end 13, the vertical thnist between the chain and 
the pulley will vanish if the chain moves with an acceleration equal to 
one thinl of gravity, with the initial condition as if a velocity equal 


to v K tt7r+2Z ^ is imparted to the chain when the free end B is 

at M, 2 .C., at the same level witli the centre of the pulley. 

§ 6. Let IIS now consider the total hoiizontal thrust on tlie chain. 
Let H be the iotal horizontal thrust. Then 


TT 


M 2 



Rrftr sinfl= 


i 


HnrZflsinfi 

TT 


2 


TT 

2 


j* a sinC | ^ + viv ^ ^ ^ ’t" ^ | 


V 

T 


=27?iar 


Now let us examine the iliree cases : — 

(i) When w — H-^o; 

^.e., when the chain is light, the total horizontal thi-ust vanishes even 
if the pulley be not small. 

(u) When a — ^o, IF — ; 

i,e. when the pulley is smalL the total horizontal thrust vanishes oven 
if the chain be not light 

(m) When ?^=o, H — ; 

i.e., when the chain moves with uniform speed the total horizontal 
thrust vanishes. 

[N.fi. By means of suitable aiTangements it is not impossible to 
make the chain move with uniform speed.] 



New methods oe apphoximating to the hoots 

OP A NUMERICAL EQUATION 


By 

NllIPENDRANATTf GhOSH 

The object of this paper is to develop a new method and to indicate 
others by which the solution of any numerical e(j nation can be approxi- 
mated to. Tlie procedure adopted embraces some methods already known 
and of these methods special interest has been attached in this paper to 
those of Newton, Horner and McClintock. It will appear in course of 
development that certain improvements have been made or attempted 
with regard to eacli of the above-mentioned methods. 

The mdedjjiwj j^rinciple 

1. We shall consider for simplicity of treatment rational integral 
numerical equations. Let = p be such an equation of degree n. 

Ijet there be a root differing by a small quantity from a number a. We 
shall describe metho<ls by which the required root may be calculated to 
any desired degree of approximation. 

Denoting by .c the number p— the above equation can be put 
in the form ^(^)=^(ttj + .« , where we call .<• the residue ot the equation 
corresponding to a. The ultimate process of obtaining the I'oot depends 
now upon the following fundamental theorem : — 

If Uq, a^y a, and i bo arbitrary parameters there exists a 
rational integral identity 

^(«o+a,i+«.C + -+«.C)=Ao+A^f+A,C + ... + A..C' (A) 

whero Aq, A,, A,... ara known rational iiitegtiil fnuctioua of o,, a,, a,,., 
given by 


Ao=(^K) . 

A,aia,^'(oo) 

|2A,=:ttj*,^''(tt„)+2a,fK) 

|3A,=sO|*^"'(tt5)+6rtia,^"(,«9)+0a,^\«9) 
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4A, • (aj +12a, ‘a.^'Vo ) + {12«, * +24tt^a, }+*(«.) 

+ 24a,+'(a.) 




i 1 A 

i«— lA.,_i=o a.-,0 


(<*oJ 


f»A.,=o'* (flo)- 

A uuniber of intereASting relations existing among the co-efficients 
Aq, Aj, a,... has been given in my paper entitled ** Algebra of Poly- 
nomials ” Chapter II.* Of these we give here two only which facilitate 
the successive calculation of the A’s. 

(1) (> + l)A,+i=Ai,o-^r» 

where A«o stands for the linear differential operator 




a 


-f 2a,— --hStf, 
O 


a a. 




A 

a^^i-i 


;2) (r+l)A,+i=^ {aiA^-|-2a,A^.i + ... 

0«o 

-Hm.Ai-Kr-f l)a,+iAo} 

2. To obtain the required root of the equation ^(j)=^ta)-t-.r by 
means of the foregoing theorem, w^e have to adopt a process of inversion, 
t.e., we have to find values for each of a^f, in such a 

way that the expression Ao-f-Ai^-l- A,f* -f ...-|-A,,f*" in (A) may 
differ from by a quantity which can be made to vanish by 

sufficiently increasing s. It is clear that the mode in which the above 
expression (henceforth to be denoted simply by ) may be made to 

approach ^(a) -f is not unique and accordingly different methods of 
solving numerical equations can be attempted. 


* Bulletin of the Calcutta Mathematical Society, Vol. XIV, Na 3. 
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Ho7iier'8 Method 

3. The method due to Homer of solving numerical equations is one 
of these where the above principle is maintained. Before passing on to 
indicate other methods we wish to consider this straight-forwai'd one 
with special reference to the particular mode in which the expiession 
is made to approach <^(a)-h is. Avoiding details of the process, as 

being unnecessary here, we may pmceed thus : 

The first trial a, having been made with regard to the required root 
of the equation ^( 2 )=^, we have 

</>(a)+»=jp ... (0 

Put then aQ=a in the identity (A) and consider the collection oi 
teirniR of the expression represented by <^(a). Form 

the equation ^(a)=.r and let be an approximate value 

of a if (found by suitable truils) of the above equation, so that 

where | 1 < 1 « I ... (it) 

Put then a if =ai *‘ in the identity f A) and consider the terms of 
Up^ contained in the next coUediun <^(a+ «i.w+(?af* )— 0(a+«i <■). Form 

the equation ai.r+a,f* )— <^(a+ai.f.)=,Ui and let a,.r* be an 

approximate value of f?,f* (found as before by trials) in this equation, 
so that 


^(a + ai.r + aj.<")— where | j < | .»*i | (in) 

Put then a,f*=a,.T* in the identity (A) and proceed as before. The 
(«+l)th relation thus obtained will be 

0 (a+a,;c + u*^* + •• - )— ' +^a ♦■* + ... +1*1-1 w*”' ) 

where | .r, | < | .r,., | ... (^+0 

CWbining the relations (iV», (m +i) we have ^ 

^(ii+ai.r+a,af* + ...rt,.i *)=p— .r, 

where x , represents the residue corresponding to 

a+GiaJ+a,.!?* + ... +«,;«* 
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Since | .c | , | | , | i;, | ... I .r. | form a sequence of decreasing 

numbers, the approach of towards ^(a)+.r, i.e., is definite and 

certain. 

4. The successive collection of terms in Uj^ . associated with the 

above process mark the path of approach of towards 0(a) +«. 

The manner of collecting resorted to in Horner’s method is exhaustive ; 
for in considering a certain collection say-** 

0(o+a,.r*f 

of we notice that all the terms involving the unknown ajf* are 

included. Such collections from will be called complete while 

others containing lesser number of terms involving the unknown will be 
called partial, A partial collection having a single term involving the 
unknown is said to be simple^ otherwise it is called multiple. The 
collections represented by Aj^, A^i®, Agf*... involving respectively the 
unknowns arc all simple partial collections. Since they 

present themselves naturally in the formation of the identity ( A) we 
shall call these the natural system of partial collectmis. 


A New Method by Series 

5. Proceeding in succession along this natural system of (?ollections 
wo develop a new method of solving numerical equations by* means of 
series in the following way : — 

Put ao=tt in the identity (A) and consider the collection Ajf. 

Form the equation A linear in ; whence a,f= (provided 

0 ( 0 ) 

Put then a^(= fji'ia-. identity (A) and consider 

the next collection A,^*. Form the equation A,f*=:0 linear in ; 
whence 

“•f- 12^ If (a)}- 

Sabstituk' this value of in the identity (A) and form the next 
equation A,r=d ; whence 

-[3 - - 
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Continuing in this manner we come upon the collection represented by 
A, f*, whence we choose a, such that A,f*=0, the group of terms 

representing the corresponding residue. So long as the residues tend 
to become numerically smaller and smaller as s increases, the required 
root is given more and more accurately by the (s+1) terms of the 
infinite series 


*+ ^'( a ) -|2 ■{«'(«)}»■ +|3 


If 0, and 0,-+, be the co-efficients of 'j;- and j respectively in this 
series then it will be found that 


( 


1 d 

^'(o) da 


)o,=0,^, 


* 7t 

We shall represent the above series by the symbol ' or simply by p 


and the value calculated up to its (5+l)th term by a,. Let R, denote 
the residue corresponding to a, ; then we have the obvious relation 
^(a,)+R,=<^(a)-b.T. 


NeivimCs Method 

• 

6. Sometimes it is convenient to hare the equation in the form 
^(z)=:0. To find tlio required ix)ot we put ie=— ^(a) in the series 

and obtain the following series 

^(u ) Wu)}* ■ 

f (a) if ■ 


{0(a)i» 3(^"(a)}»-0'(a)0"'(a ) 

■|3' • Wa)}' 


represented by "p 
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K we take only the first two terms of the series then by the 

process of iteration there follows the method of solving an* equation of 
the form 0(«)=O due to Newton, Since now we have found the complete 

series niay apply the process of iteration beyond the second 


term. If, however, the series ^p^ be not slowly convergent the 
pix>oe6S of iteration may with advantage be altogether dispensed with. 

7. Let us illustrate the application of the series ‘*'p^ or ^p^ by 
considering the following examples : — 


E,v. (i) Solve 2«-2 c-5=:0. 


Suppose we ai*e going to find tlie i*oot lying between 2 and 3. 

Put the equation in the form so that 22 and p=5 

choose a=2, then ^(a)=4 and p— c^(a) =.<*=: 1. 


Also <i^'(a)=10, 

<#>*^( a )=0 


Substituting these values in the ^series 


' we have 


_ J. 1 1^2 1 3.12JI-10.6 

« +• 10 - ,2 iO’ + (3 ■ ■ lo* ' ~ 

=2 + -1 - 006 + 00062 


* =2 '09462, 


which gives the loot coii-ect to the third decimal figure. Proceeding 
to ®«--- we get more and more accurate values. For a closer 

choice 2' 1 of a, even a, gives the root correct to the 7th or 8th figure. 
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Ex. (iV) Solve **+4**— 4«*— ll*+4=0. 

Let 08 find, the root lying between 1 and 2. 

Take ^(«)=i*+4j’ — 4i*— lli+4, 

then <^'(*)=42’+12 s*— S s— 11, 

^"(e)=122*+242-R, 

.^"'(*)=24j+24, 

^‘'( 2 )= 24 , 

and the equation has the form ^( 2 )= 0 . 

(a) Choose a=l, then 

,^(a) = -6, <t>\a) = -S, <^''(a)=28, 

<^'''(tt)=48, ^•'(o)=24. 

The ratio being gi’eater than 1, the series obviously can- 

not afford a i-oot. 

(5) Choose a=2, then 

^(a)=14, <^'(a)=53, 

</,"'(a)=72 ‘’(a)=24. 


Substituting these values in we have 

14 14« 88 14» 3.88* -53.72 

!‘^'53»“|3 ■ (53) ‘ 

=2- -264151- -057927- 021233 
=1-65,.,, 

where we can scarcely depend upon its first decimal figure, the series 
being slowly convergent. We, however, see that 1 - 6 is a closer choice 
for a than 2. 


” lu nomerioal caloulationB logarithmic tables have been used. 
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(c) When 0=1*6 

^(o) = - • 9024, 4,\a)=2&- 304, ^"(o) =61 • 12, 

^"'(a)=62*4, ^■•(a)=24. 

Now 0 , becomes 

-•9024 (•9024)’ 61*12 

23*304 ~ ■(23*304)> 

(•9024)» 3(61 12) *-23 *304x62 *4 
+ (3 ■ (23*304)''' 

or 1*6+ *038723- OOlOeeS-f *0001738, 

or 1 * 63693, 


which gives the root correct even up to the fourtli dociiiial figure. 


In order that the series 



(as the case may be) 


may all'ord a root it is esseiitial that tlie series must not be slowly 
convergent. The vSiluos of a for which this is maintained are in general 
ranged within limits either wide or narrow. For want of a simple 
cmivergency<rihnon of the above series these limits cannot bo definitely 
pre-assigned. 


8. Referring to Art. 5 we observe that the series was formed 

undei the tacit assumption that is numerically the greatest 
in . If I a if I is sufficiently small it is in geneml so irrespective of 


the values of Since it follows 

0(a) 


that I x I should be sufficiently «mall. Thus the series 



must 


lead to a root provided a can be so chosen that the residue correspond- 
ing to it is sufficiently small in numerical value. 


If I a^( I is only less than 1, but not suffivienlly small, unless 0'(a) 
happens to t»e large enough we cannot expect A if to be the greatest 

collection. The term instance may exceed A if in 


* ! I I I I » I I ■■ necoBsarily forming u serjiieiif^ti of rteoreaiing 

nambori. 
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numerical value if | 0'(a) | tend to become small while | ^"(a) | 

tend to increase. The series ''p, will fail in a case like this. A 

9 

different mode of collecting the terms of yields, however, an 

auxiliary series applicable in such a case. We shall describe the 
method in the next article. 

Returning for a moment to Horner’s method it may be remarked 

that the series can be applied at some stage in the method to 

reduce the labour entailed in the process. The chief labour consists in 
the calculation of .« ’s at successive stages of the method and it must be 

remembered that these calculations are intimately related with the 

process. Ill practice, the a])plication of the series is most 

convenient when the is effective (that is the residue is 
sufficiently small). 


Case (tf failure tf the series p 

9. Let us first explain the particular mode of collecting terms 
required in this process. Take the term ^-]P 

form the first collection K^. Next take the term A along witli all but 
the last in Agf' and foi'm the second collection K,. Thus Kg will 
consist of the terms 


a a„ ) + ' «'"(«„ ) + « ,C rM- 

Next take the last term in along with all but the last in and 

form the third collection K,. Finally the sth colleciion K, will involve 
the last term in together with all the terms in A, + ,f'+A The 

successive partial collections thus formed arc all simple. 

Put then ao=tt in the identity » A) and choose a,J*, 
such that Ki= K,=0, KjJ=0,...K,=:0 ; we then have* 

<fi(aQ+a^(+a^i‘ + 

m 

+ A.+sf*’*'* + 
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where ao=sa, 



at*— & -1. 

3 {.^"(a)}* ’ 


( 2.r. . 



1 m<*j\ 

2 


*^'(a)^"'(a) 


fiW»)}» 18 ma)}* J’ 

and so on. 

The process of inversion may thus be performed in two ways under 
the tacit assumption that Kj is . numerically the ^^reatest collection 
among the K’s. So long as the residue 

-{«.fy{a)+ A,+,f*+* + ... + A, .f* • } 


tends in each case to become smaller and smaller in numerical value as 
$ increases, a pair of roots of the equation ^{z)=z^(a)+x is given more 
and more accurately by the (s+1) terms of the infinite series 



A«) 3 





— 'B* 

We shall represent the above by ' or simply by S. Tn order 
that the pair may be real we must have x and of the same sign. 


10. As an illustration of the application of the series S let 
consider the case (a) of Er. («V) in Art. 7. The series p cannot 
applied there by choosing a=l. We shall see that the series *2 
applicable. 


in 


Choose a=l, then 


x-e, ^'(a)=-3, f'(a)=28, 


r(a)=48, 


0<*(a)s24. 


;• sr g 
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Now 


f ^ 

I r(a) 



•66466, 


f(«) 


28 


=-•10714, 


1 

3 


^•r(a) _2x48_ 

-mm- 


Hence 

a, =1 + -65466+ • 10714- • 12245, 
= •98469+ -65466, 

=1-63935 or •33003, 

Calculating also «,{• we find a,f* = + •004116. 
Therefore o, = 1 • 63935- • 004116. 

or a, = -33003 + 004116. 


Thus the pair of i-oots coii-ect to the second decimal figure is 
1-63, -33. If greater accuracy be desired instead of proceeding fnrthei- 
along the senes 2 it is advisable to choose for a each of the values 
1-63, -33 separately and to apply the series p. 


Case when the wots ore close together 

11. In the application df the series 2 to find a pair oi* nearly equal 
(real) roots it is necessary to choose a such that | ^'(.a) | is 
small and a and ^"(a) have the same sign. When the roots of the 
pair are close together the choice of a is difficult to be guessed, but 
we are guided to the required one by means of the root of ^'(e)=0 
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which lies between the pair. The principle will he illustrated in the 
following example. 

Ex. (m). Sol^e 1443+936=0. 

Let us consider the pair of roots lying between 4 and 5. 

Taktf ♦ (z)=z*+83®— 703* -1443 ; 

then ^'(3)=43*+243*— 1403— 144, 

fX3)=123* +483-140, 

*'"( 3 )= 243 + 48 , 

(^‘•( 3 )= 24 . 

Choose a=4, then ^ (a) =—928, ^'(a) = — 64, 

=244, <{a) =144, • (a) =24 ; 

also ,i=— 936— ^(a) =— 936+928=— 8. 

The signs of x and are not the same. 

We proceed to find the root of </)\r)=0 lying between the pair. 
Applying the series p, the root is given by 

. . 6^144 ^ 3.144»-244.24 

+ 244 1^'244» IJj ■ 244* 

After simplification we obtain the root as 4*244 correct to three places of 
decimal. 

The value of | 0'(a) | evidently goes on diminishing as we choose 
now for a the following values in succGK.sion, n:., 4,4 2, 4*24, 4*244,... 
Of these the value of a sought must be such that a* and 
same sign. Since ^"(o) is positive Ihi-nughcut the interval, we are to 
find now for which of the above values of a, x has a positive sign. 

By substitution it is found that for the value 4*24 of a, .r is —*002, 
so that we must proceed further. We choose then the next value 4*244 
for a. The value of x being *041 we can now apply the series S to get 
the pair of roots. The labour in computing the values of 0(a), 0^^) 
when a=4*244 cannot be avoided but much of it may be curtailed 
depending on the degree of approximation required. 
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When an equation has more than two nearly equal roots in a known 
interval it is easy to conceive that by varying the mode of collecting the 
terms in we may find a series applicable in a given case. 

12. Analogous series. The series p and S have been obtained from 
a consideration of simple collcctious alone. But the mode of collecting 
terms is not necessarily restricted to simple partial collections only. 
When we consider suitable multiple collections also we may, if we please, 
obtain other series analogous to p or 2 . 

13. Up to the present we have discussed rational and integral 
equations only but in what follows we shall have occasion to pass on to 
transcendental equations. It is easy to perceive that the methods 
we have developed may be applied to transcendental equations 
as well. 

Equivalent scries. The equation ^(;)= 0 (a) + .t‘ maybe put in a form 

^(s)=:^(a).A; where k stands for the quantity 1+ ^ , By taking 

0(a) 

logarithms of both sides the equation 0 ( 2 ) = 0 ''a) . fc is expressible in 
the standard form log 0 (-)=log 0 «) + log/.*, when 0 (O= 0 (<i)+^ 
and log <f}{z)=flog 0 (a)+logfc are said to bo equivalent equations. 
Evidently a succession of equivalent equations may be formed. 
To each of these equivalent equations the series p or S (as the 
case may be) being ajjplicable a succession of equivalent series may 
be obtained. 


Transformation of Equations 


14. In applying the series p or S to a particular equation some 
preliminary transformation may appear advantageous. There are only 
two kinds of transformations, which may be called rooted and 
non-rooted. Those transformations which retain the roots in the trans- 
formed equation same as those in the original are said to be rooted ; 
otherwise the transformations are non^rooted. In non-rooted transfor- 
mations we are given the relations which connect the roots of the 
.transformed equation with those of the original. 


16. To understand the 'nature of the advantage gained by a trans- 
formation we take the equation in Ex. (ii^h)^ Art 7. When a =2, 

the series ""^p , does not yield the root as it is not sufliciently 
9 

convergent. Let us consider now the following transformation : 
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Divide the eqaation 4^*— 113+4=0 throughout by «■. 

•This transformation is a rooted one and the resulting equation is 


+4s’* =0. 


Here ^ («)=«■ +43— 4— lb“* +43“*, 

(3)=2c + 4+11«“*— 83"*, 
f'(^)=2-223-*+243“^ 

^/// (2^)32663“*— 963 “*, 

^••(«)=- 2643 “»+ 4803 “» ; 

and so on. 

When a=2, ^(a)=8*5, 

0'(a)=9*75, 
«a)=*76, 
f "(a) =1125, 


+ ‘-(a) = --75. 


Substituting the above values in the series 



we have 


3-5 _ (8-5)* *75 (3-5)* 3(*75)* -9*75 x 1-125 

9-75 |2 (9-75)* |3 * " (9-75)* 


= 2--858974--0049562.I -0007527 
= 1*6368; 

which gives the root connect to the third decimal figure. 

It is to be noticed that by transformation the new <^\a) happens to 
be large in comparison to 


McOlMock^s Method 

16. Having shown the advantage gained by a transformation we 
proceed to consider a standard form of an equation which forms the 
basis of a method by transformation due to E. McGUntock.* Oiven 
an equation ^4;)=0 (rational and integral) it is possible by means of 
suitable transformations to express it in McClintock’s form 2 ”=(a'* + 
mf {z) where <0 is usually an h** root of unity. The series obtained 
by MoGlintock for a root of the above equation is deducible from p. 

* Ammean Journal of UaiheimHim, Yol. XVII, pp. 80-110. 
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Let us divide the equation +na/(«) throughout by f{z) ; then 


A«) 


— Ma =0 ia a rooted transformed equation. Putting ^(a?) for 


wtt, McClintock’s equation is represented by 1/^(2) = 0 . Now 

applying the aeries p we get the one which is identified as the following 
due to McOlintock. 


0) + w ^ ” "A ‘I' ^ 


d 

dui 




li 


By means of the above series McClintock explained a method of 
calculating simultaneously all the roots of an equation. In 
the course of development he introduced the ideas of ‘dominants’ and 
‘spans’ in an equation. The recognition of dominants in a given equa- 
tion is at the root of his method a.s the series ( ^l) can then be made 
convergent by certain definite steps. But his attempts seem to have 
failed in the case of an equation having nearly e<iual roots, lie puts it 
as follows ; — 

“ That difficulties will arise when we attempt to apply the formula 
(M; to cases in which there are 110 obvious dominants is certain. The 
case of equal roots has already been mentioned as of that nature.” 

Ascribing this difficulty to the restricted form of the standard 
equation used by McClintock we propose to consider the following more 
general form 

The equation may be put as 

/W 

Representing 


AO 


by ^(s) we have the equation expressed in the form j/f(2)=s^(a) |- 1’, 
where ^(a )=0 
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Now 


^(o)=s 


/(«) ’ 




^ 7(») (A^)}’ ’ 


and so on. 


^ {/(“)}• 


Substituting the above values in the series 




we can express 


it in the following convenient form 




lY ^ 

>2 W'(a) 


d \ {/ra)}> 
da / 


+1!^ V iM! 

|.i \ 0'. a) da / 0\a) 


+ ... 


when ^^a), <t>\a) is small or zero we should apply the series 2 to 

obtain a pair of nearly equal roots. It must be noticed that Me- 
Olintock’s standard form e.xcludes such a case altogether. 

We have not yet considered imaginary roots of an equation. 
This problem will, however, be taken up in connection with the solution 
of simultaneous numerical equations which will form the subject of a 
separate paper in future. 
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BY 

Oakesh Prasad 

1. Karl Theodor Wilhelm Weierstrass was born on the 3 1st of 
October, 1815, at Osterfelde in the Munster district of Westphalia. 
After studying law at the University of Bonn from 1834 to 1838, 
he went to Munster where he privatel}' studied Mathematics under 
Gudermann from 1838 to 1840. He was teacher at the Progymna- 
sium of Deutsch-Krone from 1842 to 1848 and head-teacher at the 
Gymnasium of Braunsbcrg in East Prussia from 1848 to 1856. 
He became Honorary Doctor of Philosophy of the University 
of Kdnigsberg in 1854. In 1856 his research papers on Abelian 
functions obtained for him an invitAtion to Berlin as Professor of 
Pure Mathematics at the Gewerbinstitute and as Member of the 
Royal Academy of Sciences. In 1856 he also became an extraordinary 
Professor of the Berlin University and remained there in that 
capacity until 1 864 when he became the third ordinary Professor of 
Mathematics, the other two being Kummer and Ohm. He remained 
at the Berlin University until his death which took place after a 
long illness on the 1 9th of February, 1897. 

2. It is difRcuIt to describe adequately the vast influence which 
Weierstrass exercised as a lecturer and as a guide of researchers during 
the forty years of iiis stay at the Berlin University. Some idea of 
that influence may be formed by the fact that in the long list of 
his distinguished pupils are found the names of H. A. Schwarz, 
Fuchs, Paul du Bois-Keymond, G. Mittag-Leffler, Georg Cantor, 
Ulissi Dini, Sophie Kowalevesky and Killing. In the circle of his 
mathematical friends he was looked upon as almost superhuman. 
According to Professor Mijtag-Lefller {Jefa Mathematical Vol. 21) 
it was said : '' Weierstrass has indeed something super-human in 
him. One cannot communicate to him anything which is new to 


* Address delirered before the Allahabad Univorsity Mathematical Association 
on the 8rd December, 1024 as a Patron of that Association. 
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him ; he knows everything.^’ When Professor Mittag-Leffler went 
to Paris in 1873 to attend the lectures of Hermite, the first words 
which the great Frenchman addressed to him gave him a shock. 

You have made a mistake/’ said Hermite ** you ought to attend the 
lectures of Weierstrass at Berlin. He is the teacher of all of us.” 
These were sincere words although uttered by such a patriot as 
Hermite. 

3. As regards the natufe of the work of Weierstrass as a 

researcher^ there can be no doubt that his work brought to a 
settlement important issues in the theory of functions of real variables 
and the theory of functions of a complex variable^ and placed the 
theory of elliptic functions and the theory of Abelian functions 
on simpler bases. Although the main strength of Weierstrass 
lay in his logical and critical power, in his ability to give strict 
definitions and to derive rigid deductions therefrom, he was also 
skilful in the formal treatment of a given question and in deriving 
for it an algorithm. Using the language of Professor Felix Klein, 
according to whom, ” among mathematicians in general, three main 
categories may be distinguished,” logicians, formalists and 

intuitionists,” we shall not be wrong in saying that Weierstrass was 
emphatically a logician and not an intuitionist. 

4 . That Weierstrass started in his career as a mathematical 
investigator with a singleness of purpose, is clear from the following 
remarks made by him when replying to the Presiding Secretary's 
words of welcome to him on his entering the Academy of Sciences 
of Berlin as a member. I ought now to explain in some words 
what has been up to this time the course of my studies and in what 
direction I shall direct myself to pursue them. Since the time when 
under the direction of my highly revered teacher Gudermann, whom 
I shall always remember with gratitude, I made acquaintance for the 
first time with the theory of elliptic functions, this comparatively new 
branch of mathematical analysis has exercised on me a powerful 
attraction of which the influence on the entire course of my matlie- 
matical development has been decisive. This discipline, founded by 
Euler, cultivaled with zeal and success by Legendre but developed 
in too one-sided a manner, had at that time since a decade undergone 
a complete transformation because of the introduction of doubly 
periodic functions by Abel and Jacobi. Those transcendentals, giving 
to Analysis new quantities of which the properties are remarkable, 



WBIERSTRASS 


167 


find also manifold applications in Geometry and in Mechanics and 
show thereby that they are the normal fruit of a natural development 
of Science. But Abel, habituated to place himself always at the most 
elevated point of view, had found a theorem which, comprehending all 
the transcendeutals resulting from the integration of algebraic differen- 
tials, had the same importance for them as Euler's theorem had for the 
elliptic functions. Cut off in the flower of his age, Abel could not 
himself pursue his grand discovery, but Jacobi m^e a second discovery 
not less important : he demonstrated the existence of periodic functions 
of several variables of which the principal properties were founded on 
the theorem of Abel and by which he made known the true signi- 
ficance of that theorem. The actual representation of those quantities 
of an entirely new kind of which Analysis had not until then an 
example and the detailed study of their properties became from that 
time one of the fundamental problems of Mathematics ; and as soon 
as I comprehended the significance and importance of that problem 
I decided to attempt its solution. It would have been truly foolish 
if I had thought of solving that problem without having prepared 
myself by a profound study of the existent means which could aid 
me and without exercising them on less difficult problems.'’ 

5. For the success of his attack on the Abelian functions, 
Weierstrass planned roughly as follows (see Poincare’s paper in Ada 
Afatiematica, Vol. 22). 

I. To build up the general theory of functions, first that of the 
functions of one variable and then that of the functions of two 
variables. 

II. The Abelian functions being a natural extension of the elliptic 
functions, to perfect the theory of these latter transceudentals and 
to show them in a form in which the generalization becomes clear. 

III. To attack lastly the Abelian functions themselves. 

6. Although the very first of the total number of sixty papers, 
published by Weierstrass, was a paper on elliptic functions written 
in the summer of 1840 and partly published in \ol. 52 of Ctdle^s 

with the title ''On the development of modular functions,” 
there is no doubt that Weierstrass kept the aforementipned plan in 
view and devoted the succeeding* six or seven years to a careful 
investigation of many important points relating to the theory of 
functions as is evidenced by the next five of his papers. In the 
seventh paper, published in the annual report of the Gymnasium 
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of Braiinsberg for the year 1848-1849^ he attacked the theory of 
Abelian Integrals. The next paper, published in 1 864 in Vol. 47 
of Orelle^s Journal and entitled '' About the theory of Abelian 
Functions,” was followed by a paper on the same subject in 1866 
in Vol. 62 of Crelleh Journal \ these papers brought distinction to 
Weierstrass and led to his transfer to Berlin. During his stay at 
the University of Berlin from 1856 onwards he was in the habit 
of communicating many of his discoveries to his students in his 
lectures. 

7. Weierstrass began to lecture on elliptic functions as early as 
1857 but the fundamentally new shape which he gave to the theory 
of elliptic functions may be said to date from the winter of 1862-1863 
when he delivered his first systematic course of lectures on that 
theory. These lectures he continued for several semesters and the 
results communicated by him appeared first in the form of H. A. 
Schwarz/s “ Formulas and Theorems for the use of elliptic functions ” 
of which the first edition was begun in 1881 and completed in 1885 
and the second edition was completed in 1893. Halphen’s famous 
book of which the last volume appeared in 1891 is based on this 
book. Weierstrass’s theory expounded in his lectures has been given 
in the 5th Vol, of his Mathematische Werke” which appeared 
in 1915. 

8. Weierstrass’s first lectures on Abelian Functions were 
delivered in 1863 but it is in the systematic course of lectures which 
he gave on those functions in the winter semester of 1875-1876 and 
in the summer semester of 1876 that he developed the subject fully 
and originally. These leclurcs first appeared as the fourth volume 
of Weierstrass^s ” Mathematisehe Werke^’ in 1902, 

Weierstrass also published papers on partial differential equations, 
singularities of algebraic curves, theory of quadratic forms, Projective 
Geometry, Calculus of Variations and Minimal Surfaces. He was 
interested in the problem of three bodies and once lectured on 
synthetic Geometry. 

9. Weierstrass’s last lectures were delivered in the winter of 
1889-1890, and his last paper was communicated to the Royal 
Academy of Sciences in 1891 and bears the title New proof of the 
theorem that every integral rational function of a variable can be 
represented as a product of linear functions of the same variable.’’ 
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Soon after this time Weierstrass became seriously ill and never 
recovered his health. 

10. Although Weiersirass^s genius was of an order different 
from that necessary for the production of epoch-making papers on 
the application of Puro Mathematics to Physics, it will be wrong to 
think that Weierstrass was not aware of the importance of Applied 
Mathematics. In his address to the Berlin Academy in 1857, part of 
which I have already quoted, he emphasized this importance 
in eloquent language and expressed the hope that more 
functions would be disco veied like Jacobi’s theta-function which 
teaches us into how many perfect squares a given whole number 
can be broken and how the arc of an ellipse can be measured, and 
which alone can enable us to express^ the exact law according to 
which a pendulum swings. 

11. I propose now to attempt a diHicult task and that is to place 
before you, in the short time at my disposal, a few concrete examples 
of Weierstrass’s discoveries ; I will speak at length about one of them 
and simply mention the others : — 

(a) By giving an example of a function which, while continuous 
for every value of the variable, did not possess a differential co-efficient 
for any value of the variable, Weierstrass brought to a settlement 
an issue which had long agitated the minds of mathematicians. For 
years before, and after. Ampere’s unsuccessful attempt in 1806 to 
prove that differentiability necessary followed from continuity, most 
mathematicians believed that, according to what was called the 
“lex eontinuitas,” such was the case, as they thought that the class 
of continuous functions was identical with the class of functions 
representable by graphs. Although Gauss, Dirichlet and Jacobi did 
not endorse the aforesaid argument, none of them had the conviction 
that a function which was everywhere continuous but nowhere 
differentiable could exist. Uiemaun thought that 

^ sin (»• 1 ^) 

f "n* 

was such a function but could *not prove his statement. 

W eierstrass^s non-differentiable function 

00 

2 a* cos (6"ir »), 

I 
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a being any positive proper fraction, 6 an odd integer subject to the 
condition that 

a5>l+~, 

was communicated by Weierstrass first in one of his lectures in 1861 
and then long afterwards in 187^ to the Ro^a) Academy of Sciences 
of Berlin ; it was published by Paul Du Bois Reymond in Crelle^s 
Journal, Vol. 79 in 1876. In Anmli di Matematica, Vol. 8, Dini gave 
in 1877 a general type of iion-differentiable function modelled after 
Weierstrass. Weierstrass's function was criticized by C. Wiener in 
Crelle^s Journal^ Vol. 90 ; to Wiener^s criticisms Weierstrass made 
an effective reply and pointed out Wiener’s misunderstanding. In 
recent years two attempts have been made to deprive Weierstrass 
of some credit. (1) One was made jn 1915 by Dr. Grace Chisolm 
Young in her Gamble Prizo Essay which was published in the (Quarterly 
Journal of Mathematics^ Vol. 47. Mrs. Young’s contention that 
Cellerier’s function, 


ooi 

Bin 

Oa 

a being an even integer, which was alleged by her to have been known 
to Cellerier before 1861, hsd nowhere either a progressive or regressive 
differential co-efficient and was therefore more truly a non-differentiable 
function than Weierstrass^s function which, at an infinite number of 
points in any interval ever so small, possessed those differential co- 
efficients of opposite signs although infinitely large, was shown by Mr. 
Badri Nath Prasad to be wrong. Mr. Badri Nath Prasad proved (See 
Proceedings of the Benares Mathematical Society, Vol. 3, for 1921- 
1922 and J ahresbericht der deuUchen Mathematiker Vereinigung, 
Vol. 31, p. 174) that Cellerier’s function was not even non-differen- 
tiable as at an infinite number of points in any interval ever so small 
the function possessed a differential co-efficient infinite in value. (2) 
The second attempt was made by Dr. M. Jasek of Pilsen (Czecho- 
slovakia) ib September 19*22 before the German Association of 
Mathematicians when he stated that Bernard Bolzano had given 
before 1830 an example of a continuous but nowhere differentiable 
function. It is, however, a matter of some difficulty to accept this 
etatement when it is known that Bolzano writing his book Pftra- 
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doxien des Unendlichen ” in 1847-1848, says in the footnote to Art. 87 
that a continuous function must be differentiable for every value o£ 
the variable with the exception of “ isolated values.” 

{b) In his paper, entitled Definition of analytical functions of a 
variable , by means of algebraic differential equations,” which wae 
written in 1842, Weierstrass recognized the possibility of the exist- 
ence of a function with a natural limit ; and the first notice in print 
of such a limit is to be found in a memoir published by Weierstrass in 
1866. 

(c) Weierstrass’s factor theorem^ first published in 1876, together 
with the closely connected Mittag-Lefftcr’s theorem first given in 
1877, helped Weierstrass to construct easily the functions ^ {z) and 
a (s) which enabled him to perfect his theory of elliptic functions, 

(d) Weierstrass gave a partial differential equation — 




=129. If + \ 9 \ 

Ofif, 


do- 

0flfs 




for <r{z) and used it to expand that function in powers ot z up to 
I have requested Mr. Piare Mohan to expand 9 {z)^ sn (z), QXi{z) 
and dn (z) and obtain the general terms. I hope he will do his best 
to complete the investigation on which he has already entered with 
enthusiam. 

{e) Jacobi had given the theorem that a function of n variables 
could have at the utmost Zn periods. Weierstrass gave a new proof 
of this theorem carefully laying down the conditions under which the 
theorem is valid. He then studied the properties of those functions 
of n variables which have %n periods and showed that the properties 
are analogous to those of elliptic functions. 

{f) In a paper published in the Berliner Berichte in 1866, 
Weierstrass gave the parametric representation — 


a=tt{(l-5«F'(s)+25 F'(0-2F(0}, 
y=R{i(l+«*)rW-2i^ F'(5)+2iF(5)}, 
«=R{25F(#)-2 P'(s)}, 

for the minimal surface, where ^ is a complex variable, F(«) any 
analytical function of s and R denotes that the real part of the 
expression within the crooked brackets is to be taken. 
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(^) Weientnus critieized DiriehleVs principle in 1860 and laid 
down with care the eonditiona of its validity. 

(h) In a paper written as early as 1842, Weierstraaa gave a proof 
of the theorem known in the theory of functions of a complex variable 
after Laurent wh^ gave a proof in 1843. 

Before concluding this address I wish to thank this large audience 
of young mathematicians who have listened to me with great atten- 
tion and to express my fervent hope that some of them will feel 
inspired by what I have said about Weierstrass and take him as their 
model in their future careers as mathematical researchers. 
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XII. The Electron Theory of 5olids and the 
Rigidity of Metals. 

By 

Buiigadas Baneuji, M.Sc., 

Lecture)' on General Physics, 

University College of Science, Calcutta. 

1. Inh'oduclion. 

Sir J. J. Thomson in papers published in the Phil. Mag. 
(April and October, 1922) has calculated the bulk modulus 
of elasticity of a number of metals in the solid state cn the 
Iwisis of the cubical atom model proposed by him, and he finds 
as the expression for the co-efficient of bulk-modulus (k), 
for the alkali metals. 



where e is the electronic charge, A and M the density and 
atomic mass of the element respectively. The ideas on which 
the calculations are made can generally be put in the 
following words : — 

(а) Bor a monovalent metol the number of electrons per 
atom is unity : they are distributed at the corners of a cube 
constructed w’ith the nucleus at the centre ; the charges of 
the nucleus and the electron being E and e respectively, E is 
equal to e, in order that the atom may be electrically neutral. 
Por di- and trivalent atoms the number of such disposable 
electrons is respectively twice and three times the number 
of atoms, and further B being *= 2tf tor divalept and =3^ 
for trivalent metals, the solid is kept electrically neutral. 

(б) The solid is built up of such cubical cells packed 
together to fill space awl the dilVerent atoms and electrons 
composing the solid are kept in equilibrium by the joint 
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action of their mutual attractions and repulsions according to 
laws of force, (i) varying according to the inverse square 
and (ii) varying according to the inverse cube of the distancCi 

The question of the rigidity of the type of structure postula- 
ted by Sir J. J. Thomson arises naturally and does not appear to 
have been considered so far. In the present paper an expression 
for the co-efficient of simple rigidity of such atomic structures 
is obtained for mono*, di-, and tri-valent metals and some of 
the results so obtained are compared with the experimentally 
determined values of the co-efficient. It is assumed throughout 
this paper that the thermal motion of the electrons composing 
the atoms is nil, or in other words, the different atoms and 
electrons arc Axed in their position in space, so that the 
results obtained take no account of the temperature co-efficient 
of the constants of rigidity of these elements. 

The paper also describes special experiments made to 
determine the modulus of rigidity of the alkali metals sodium 
and potassium. 

2. Method of eoalmting the eo-cfielent of rigidity. 
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In the classical theory, there are two ways of regarding 
a shear (i) where the particles of the body are pushed forward 
by a tangential force as shown in Fig. 1 (the cube 1234 is 
strained into 1'234'), {ii) the other way is to consider it as 
an extension in one direction combined with an equal con* 
traction in a direction at right angles to the extension. In 
the spacial distribution of electrons constituting the atoms 
of a solid metal, the electrons or nuclei occupy the comers 
of cubes. Here the two methods of regarding a shear are 
identical, for what is shear of the former type for the cube 
1234, is shear of the latter type for the cube 1367, combined 
with a rotation of the .<iheared system through a finite angle. 
This rotation as a rigid body will not involve any relative 
motion of the parts of the system and will not call into play 
any forces depending upon the elasticity of the system. In 
both these types of shear the work done is stored up as the 
increase of potential energy of the sheared structure and is 
equal to or where T is the tangential stress or pull 
or push per unit area, n is the co-eificient of rigidity and $ the 
angle of shear. The increase of potential energy of any 
electron or nucleus such as 2 (Fig. 1) is obviomsly the contri- 
bution of a series of electrical doublets all directed in the 
direction of strain and situated at the corners of the 
undeformed cubes, such as shown in Fig. 1 by 11', 44', 66', etc. 
The displacements below the datum plane are oppositely 
directed to those above it. Thus the increase of potential 
energy for the electron 2 is to be obtained on evaluating 
where is the potential at 2 of any doublet due to 
displacement of electron or nucleus at S. Similarly for a 
nucleus at 2 the increase of potential energy is to be obtained 
on evaluating Generally the increase of potential 

energy per unit volume is to be obtained in the fonm 

where H etc., are functions of e and d (the side of the 
Bube). Since the force is of the two types (i) the inverse 
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sijuaio and (ii) the inverse cube, and act iii opposition for 

equilibrium o,t is of tbe form 

« _/ 2/t cos /i cos ^ 

— 7i- y. 

where / as determined from the conditions for equilibrium 
=l-826(i ; ‘ r is the distance of the doublet 2 from «, ,* is the 
moment of the doublet, cos<^ is the cosine of the angle of 
inclination of 2S to the plane of the doublet and is expressible 



The method of calculation is to take the joint effect of 
the doublets on both sides of the YZ plane. As nearly 
equipoised pairs of doublets A'^ & AV, A*. & A\>, & B'j, leave 

a slight positive or negative balance, the calculation for the 
total contribution for any point 0 can be made by adding the 
effects of suph pairs of doublets in the different layers and 
rows. Planes parallel to XYO being called rows, the plane 
XY is the first of the rows ; planes parallel to XYO being 
called layers, ZYZ' is the first layer. 

» Phil. Mag., Vol. 43, p. 735. 




The contributions for the differentia yers and rows are given by the following expressions. 
The doublets nearest the plane OYB — such as A', C'l, etc., being taken singly and the rest in 
pairs. Only a few expressions are given here ; the rest follow easily : 

Inverse square law Inverse cube law 
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For the electrons and nuclei situated at the centres of the 
cubes, similar expressions are obtained by putting for x and 
I for d in the expressions such as for b', B',', etc. Thus for the 
nuclei at the centres of the cubes OA',B',B', and OA',B',B',' 
the inverse square law gives 


— 


d+x 


2 




and the inverse cube law gives 


-iexf 


,e 

'Y 


d-~,n 

Y 


KD’H'tyr KiHvyr 


x2 


The sign before the last two expressions is to be reversed 
if the*two cubes contain electrons instead of nuclei. Similar 
expressions hold good for the other pairs in succession. 

Assuming *- or $ small enough so that powers higher than 

the square of 6 can be neglected, the above expressions can 
be simplified and the results are given in the appendix A. 
The successive figures in the vertical columns indicate the 
results of pairs taken in order, two every time on both sides 
of the TS5 plane. All these results are for the doublets in 
quarter the whole strained structure, so that from the 
symmetry of the doublets if Ave take the moment of those in 
row 1 as \ee instead of « , the total increase in the potential 
energy of an electron or nucleus is twice as shewn by the 
figures with appropriate signs in the tablesj the expression 

being actual summation, as shewn in the 
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case of the alkali metals below, the contributions are mainly 
those due to the eight cubes meeting at the point, the rest 
add a slight correction term and the contributions are 
therefore taken so as to be correct to the first decimal figure. 

3. Alkali Metals. 

For metals of this group, there is one electron for each 
atom, and further Since all of these metals crystallize 

in the regular system the nuclei being situated at the centres 
tf the small cubes, the electrons are situated at the comers — 
one for each comer. As each corner is the meeting place of 
eight cubes, if we consider the effective electron charge for 
each cube, at any of the corners to be c/8, there being eight 
such comers for a cube, the total electronic charge is c 
for each cube which contains the nuclear charge E at its 
centre. To calculate the increase of potential energy of an 
electron we find for the eight cubes meeting at 2 (Pig. 1), 

for the inverse square law 

=1-354V, 

(I 

and for the inverse cube law 

=4(0- 600+0 ■ 250-0. 250-0 074+0. 296)^^-/. 

= 2 - 888 ^ 4 ®-/ 

d* •' 

A few succeeding terms of the series obtained by adding 
a layer of one culie every time around these eight cubes are 

+0- 173, +0 • 085,-0 095,-0 • 047, X 

according to the inverse square and 

-0-023,-0-108,-0 088,+0 017,x— / 

a 

a^ccording to the inverse cube law of force. 
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Correcting, therefore, the increase of potential energy 
per unit Tolume of N cubes (each e and E being reduced to 
^th its value for each corner of a cube), as given by 

^NSeO.. +|nibo,. 





The work of a shearing stress per unit volume=i»»®* 
where n is the co-efficient of rigidity. 

Thus we have the equations, 



N(i»=l and NM=A 


Substituting the value of/ and N in (i) 


we have, 


M 

32 ( 2 * 8 



( 1 ) 


The following table shews the calculated values of» 
against those observed by the author, as described in the next 
section. 


Table I 


Metal. 

Calculated n 
dynes per sq. cm. 

Observed u 
dynes per sq. cm. 

Lithium 

0-499xl0" 


Sodium 

• 

0-218x10" 

0-192x10" 

Potassium ... 

0-093x10" 

0-068x10" 

Rubidium ... 

0-075x10" 


Caesium 

0-a5.3xl0" 
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4. Experimental eonfirmation. 

The great difficulty in the determination of the elastic 
constants of the alkali metals is the vigorous chemical action 
tlliat takes place when these metals are exposed to the 
moisture*laden atmosphere ; sodium melts away while in the 
case of potassium the action is attended with fire. Experi* 
Qients are, therefore, to be made (i) in an inert atmosphere 
of pure nitrogen or pure hydrogen, or as can be more easily 
be availed of in an atmosphere of ether*vapour, completely 
dehydrated by being previously treated with an excess of 
metallic sodium in a closed vessel, {ii) by dipping the metal 
in anhydrous kerosine. In both these processes the results 
are liable to considerable error, by the admission of the 
slightest amount of the water vapour that may get access to 
the vessel, owing to formation of a thin crust of hydroxide on 
the. surface of the metal wire. Experiments of a preliminary 
nature were undertaken avoiding the above difficulties as 
far as possible, the necessary manipulative skill being 
acquired by practice. 

Sodium being drawn into a wire of I’l mm. diameter by 
pressing the metal through the nozzle of the sodium press, 
was at once transferred to the previously prapared atmosphere 
of anhydrous ether-vapour in a tall glass cylinder closed 
by a lid and the wire was subsequently hung from a torsion 
head and a cylindrical weight of knhwn moment of inertia 
was fastened at the lower end of the wire. Glentle torsion 
could be applied by the head being tAvisted from outside and 
the period of the resulting oscillation, which lasted only for 
sbout a second, was measured by photographic registration 
of a spot, of light reflected from a mirror attached to the 
inertia cylinder, .along with the records of a tuning fork of 
frequency 60. .per sec. Thus, it wm found that for a sodium 

of length 78 cms. and radius 0-677 mms. carrying a load 
of whieh tho.caloalated moment of inertia was 18*2 units, 
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the vibration period was 0'25 second. From the approximate 

fpimula »=(v whore n, k, I, r, t are. the rigidity oo-effioient, 
the moment of inertia of the weight, the length, the radius and 
the period of vibration of the wire respectively, n is calculated 
to be 1-92 X lO'" dynes per sq. cm. which is closely in agree- 
ment with the theoretically calculated value. 

For potassium, the procedure adop^d in the case of 
sodium could not be followed on account of its greater 
chemical activity. Accordingly, a heavy cylindrical weight of 
mass, about 250 grammes, was hung from a fine wire suspension 
so that the system when twisted had a period of vibration 7 
to 8 seconds. A short piece of potassium wire prepared as in 
the case of sodium was fixed to the lower end of this cylinder. 
The other end of the wire was fixed to a massive weight 
restmg at the bottom of a glass vessel filled with kerosine ; 
so that the whole of the potassium wire was merged in the 
oil. On being gently twisted, and released the system was 
found to vibrate for a short time with a period of about Hh 
of a second, which was measured by the optical method of 
registration as before. The result found for the co-efficient 
of rigidity of potassium was 6’8x 10® dynes persq. cm. as 
against the calculated value 9'3 x 10®. The discrepancy in the 
results both for sodium and potassium is probably to be 
attributed to the error in the estimation of the mean radius 
of the wire. * 

Experiments with other alkali metals have not yet been 
attempted. 


6. Copper Orotip. 

Although the elements of this group (copper, silver and 
gold) exhibit varying valency, they are generally considered 
to. be related to the alkali metals in their monovalent charac- 
ter and the regular system in which thejrall crystallize. 
But their case stands out different from ^ihe structure of 
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monoTalont elements given by Sir J. J. Thomson. Applying 
the formula for the bulk modulus (A) to these metals the 
calculated values are much less than the observed values and 
so are the calculated values of n. Table 2 shews the cal* 
oulated and observed values of k and n for copper, silver and 
gold. It will be observed that the calculated values are 
roughly about one*fourth the observed values. The difliculty 
as regards these elements is obviated if the atomic structure is 
assumed to have twice the electronic charge and twice the 
nuclear charge instead of one as in the case of the alkali 
metals. On this assumption, the calculated and observed 
values shew a better agreement (Table 2, columns 3-1, and 

6-7). 


TahU IL 


1 

2 

3 

4 

5 

6 

1 

i 7 

1 

Element. 

k 

Calculated 
from Thom- 
son’s formula 
for the alkali ; 
metals. 1 

1 

k 

Calculated 

1 on iho 

assnmptfoTi 

1 K = e = 2c, 

k 

Observed. 

n 

Calculated 
from the 
formula for 
the .alkali | 
metal. | 

i 

n 

Calculated 
on the 
assumption 
J5=2c=c. 

j 

1 

1 

n 

: Observed. 

Copper... 

3-68 X 10' » 

ll*74xlO" 

14*3x10'' 

1 

llSxlO" 1 

4- 62x10"' 

4*55x10" 

Silver ... 

2-30 X 10' » 

9*21x10" 

10*9x10" 

C-72X10" 

i 

2-88x10" 

2*87x10" 

Bold ... 

i 

2*41x10'' i 

9*04x10" 

16*5x10" 

, 0-73x10" 

2-92x10" 

2*77x10" 


i 


12*5x10'' 





‘ The latter value is that found by Buchanan (Proc. Roy. Soc., 1904). 


6. Di‘Mlent and Tn-valent metals. 

Aluminiim. 

.1 

A trivalent element when in a solid state must have three 
electrons for each atom. And if it crystallises in the regular 
i^ystem each atom is to be surrounded by a rhombic dodecahedra 
of eleotnons which, when packed together to fill space, are 
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equivalent to any one of the following space lattice an'ahge* 
inents : * . 

1. Cubical cells— with the nuclei at the corners of the cell 
and also at the centre of its faces. The electrons are situated 
at the middle points of the edges of the cell, at the centres of 
the 8 cubes into which the cell is divided by planes bisecting 
its edges at right angles. One electron is placed at the centre 
of the cell. This arrangement gives 1 atoms and 12 electrons 
per cell. 

2. Cubical cells— with nuclei at the middle points of 
the edges of the cell and one is at the centre of tho cell. 
The electrons arc placed at the corners and the centres of 
the faces and at the centres of the 8 cubes into which the 
cell is divided by planes bisecting its edges at right migles. 
This arrangement also gives 1 atoms and 12 electrons per 
cell. 

3. Cubical cells — in which the nuclei are situated at the 
centres of 4 small cubes, forming the comers of a regular 
tetrahedron. The electrons are placed at the corners of the 
large cell, the centres of its edges and at the centres of the 
small cubes not occupied by the nuclei and one is at the 
centre of the cell. This arrangement also gives 4 atoms and 
12 elel^trons per cell, of eight small cubes. 

In order to calculate the co-elflcient of rigidity the 
increase of potential energy per atom is calculated according 
to the method used in sections 2 and 3, by putting E=3c. 

Using arrangement (1) the increase of potential energy 
per electron due to doublets of shear in the eight small cubes 

is found to be +6-29 due to the inverse cube law of force 
and +1-65 - according to the inverse square law. 


* A cell is used to denote a cube with side 2d and is composed of 8 small cubes. 



feliB0tfl6lt tHtoSY 

Using arrangement (2) the corresponding increases of 

potential energy of a nucleus are and — 

respectively. 

Using arrangement (3) the respective increases are 
and 

tt* d 

8ince each atom of aluminium is made up of one electron 
of type (1) one nucleus of type (2) and two electrons of type 
(3) the total increase is 

12-79<>r 


Thus, as in Section 3 


"A!= 


12-79 

-ffS" 


Now NM=:A AS before and since 4 atoms are contained 
in a volume (2(i)o 



Thus 





=^2-72x10*' dynes per sq. ctn. 

A^j=s 2-70 M^j=:27-lxl*64xl0-*'* grins. 

The value of it found from the tables is 2*67 x 10'\ which , 
agrees fairly well with the oalculated value. 
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Of thq divalent metals calcium is the one that crystallises 
in the regular system : the other divalent metals Mn, Zn, Cd, 
crystallize in the hexagonal system in which the elastic 
properties vary in different directions. The compressibility 
of calcium has been calculated by Sir J. J. Thomson using 
Hull’s structure of its crystals and is found to be 6'9X 10““ 
against the experimental value 5‘5 X 10~“. 

The crystal of the metal is built up according to the 
following scheme. Cubical cells— having ^th of a nucleus at 
each comer and ^ of an atom at the centre of each of its 
six faces. This makes the total number of nuclei four. The 
electrons are arranged at the middle point of each side of the 
cell, one electron at the centre of the cell and one electron 
each at the centres of the four out of the eight small cubes 
into which the larger cell is divided by planes bisecting its 
edges at right angles. These four cubes are chosen so that 
if one moves parallel to any side of the coll the empty cubes 
and those containing electrons occur alternately. 

Keutral calcium atom consists of one positive nucleus 
and two electrons— c no of the type in which it occurs at the 
middle point of a side of the cell and the other in which it 
occurs at the centre of a small cube and for its divalency 
E=:2e. 


The contributions to the increase in the potential energy 
of the nucleus and the two types of electrons are found to 
be respectively 


+2-81 3-99®^/ 


and 0, for the^inverse cube law of force ; 

+0-58®*-f*,+2-35?l®' 
d d 

and 0 for the inverse sqiuare law of forces 
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Thus for the total ihorease, putting' 


we get 


/=l-825(?,. 


9-47 


(I 


Eor this metal 



Thus » for calcium 


,9_;47 

32 





Where 

A=1-B5 

M='10xl‘64xl0“** gi'tns. 


The calculated value of « is 7*47 xW“. The experi- 
mental value for n is not available. 

7. Summary and Conclumon. 

Calculations of the co-efficient of rigidity of the alkali 
metals have been made on the basis of the atom model 
proposed by Sir J. J. Thomson (Phil. Mag., Vols. 43 and 44), 
and the results obtained have been experimentally verified for 
sodium and potassium. The calculations include the cases 
of the apparently complex structures of the metals, copper, 
silver and gold, which are generally considered to be related 
to the alkali metals in their monovalent oharahter and the 
regular system in which- they all crystallize. The calculations 
are extended to tMb case of the trivalent aluminium and 
divalent calcium and good agreement is found between the 
calculated and the observed values for aluminium. 
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la conclusion, the present writer wishes to aocoini his 
best thanks to Prof. 0. Y. Baman for drawing the writer’s 
attention to the problem and for many valuable criticisms 
and corrections daring the progress of the work. 

Calcutta, 

The Brd September 1923. 
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XIV. On the Colours of Colloids in relation 
to the size of the dispersed particles. 

Bv 

Bidhubhusan Bay, T).Sc,, 

Itcoinrer in Phtfsics, Calcnitn Unireriittf. 

The colour and polarisation of light scattered in all direc> 
tions by particles not very small in comparison with the 
wave-lengths of light have been studied experimentally by 
Steubing,’ Schirman,- Paris,* Kay,' and othera and on the whole 
their results agree with the mathematical expbination of the 
action of turbid media on light given by Rayleigh® and Mie® 
from the point of view of the electromagnetic theory. But 
the colours of the transmitted light which have an important 
practical application in the colours of metal glasses, and also 
the changes of colours of colloidal solutions during coagu- 
lation and the axial colours exhibited by clouds of liquid 
droplets suspended in air as observed by Barus,' have so long 
been imperfectly understood, and no attempt has been made 
to bring these phenomena under general theoretical consi- 
deration. An attempt will lie made in the present paper in 
the last-named direction. 

In order to explain the experimental results of Keen* 
and Porter, on the transmitted colour of sulphur suspensions, 
Rayleigh* attempted the solution from energy considerations. 

’ Ann. der. Pliyn. 26, 1008. 

> Anil. dnr. Phys. r>«, 1019. 

" Phil. Haft. Vol. :iO, 1015. 

• Ppoo. Iml. A»b. Vola. 7 ami S. 

• Scientifio Paporii Vf»l8. 1 and 4. 

• Ann. der. Pliy*. 25, 1908 :• Roll Zeifc, 1907. 

' Smithsonian contributions 1901, 1903. 

• Proc. Roy, Soc. Vol. 89, Ser. A. 1914. 

• Proo. Boy. Soc. Vol. 90, Ser, A. 1914. 
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The energy of the scattered light which increases rapidly as 
the size of the particles increases, is derived from the primary 
beam and hence the energy of the transmitted light decreases 
pan pamt, as it passes through the medium with the increase 
in the proportion of the energy scattered. This only leads 
to the result that as the particles grow in size, the suspension 
refuses to transmit first the shorter waves and then finally 
the whole visible spectrum. Lord Bayleigh did not however 
find it possible to explain the reappearance of the transmitted 
light in the later stages, observed by Keen and Porter (/. c.). 

Garnett* has exhaustively dealt with the colours of metal 
glasses and of the colloidal solutions of gold and silver. Eol- 
iowing Kayleigh, Larmor and others, he first showed that a 
metal sphere, small compared w'ith the wave-length of light, 
produces in all surrounding space the same effect as would he 
produced by a Hertzian doublet placed at its centre. He 
further showed that, considering a volume w'hich in all its 
directions is great compared with the wave-length of light and 
provided the particles are many to a w'ave-length of light, the 
suspensoid with its dispersed particles is optically equivalent 
to a complex medium, whose refractive index and extinction 
co-efficient depend on those of the particles and of the 
medium. The colours of the metal glasses and of the mehil 
sols are now explained by Garnett as light absorption by the 
new complex medium, but the experimental results agree with 
the theoretical deductions only w'hen the particles are very 
small, e.g., the transmitted colour is red or yellow. It seems 
that the transmitted blue-violet colours, i.e., when the par- 
ticles are larger than in the previous case, cannot be explained 
on the lines followed by Garnett who suggests in these cases 
that the particles selectively reflect red and yellow rays and 
hence the fluid appears blue-violet. Sut it is extremely 
doubtful that such a reflection really occurs even when the size 


> Fliil. Tnni. S«r. A, Volt. SOS anil 906. 
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of the particles is about 100 m The limitation of this treat* 
ment can he seen if the fundamental assumptions are exa- 
mined more closely. As the particles grow larger, they are 
not many to a wave-length of light, so that the idea of the 
complex medium breaks down and we have to examine the 
light scattering by discrete particles embedded in the medium 
and distributed in any specified manner. 

2. The Theory of the Oolovru. 

The energy scattered by the particles is derived from the 
primary beam and hence the intensity of the latter must 
suiter an attenuation ns it passes through the medium. The 
co-efficient of attenuation is usually derived by a simple 
calculation of the total energy scattered by an individual 
particle and then multiplying this by the number of particles 
per unit volume and then deducting the result from the intensity 
of the transmitted light. This method is however open to 
criticism, as it ignores the effects due to the interference of 
the primary and scattered waves. The more accurate method 
for the determination of the attenuation co-efficient would be 
to compound the primary wave with the secondary waves 
scattered by the particles in the primary direction, with their 
proper amplitudes and phases. On these considerations, 
Raman and Ray ' successfully explained the colours of sulphur 
suspensions observed by Keen and Porter. It will be seen 
that the method proposed by Raman and Ray is a general 
one and applicable to the colours of metal glasses, of 
hydrosols, and of aero-sols, and other allied phenomena. 

The colours of colloids depend on the nature of the par- 
ticles and of the media, on the shape and sixe of the particles, 
and also on their number per unit volume. *We shall, for 
simplicity, assume the shape of the particles to be spherical (as 
assumed by Qarnett, Rayleigh and others) and also that the 


Proc, Roy. Soc. Ser. A, Vol. lOU. 
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particles are distributed at random. Consider the passage: of a 
plane wave front through a thin layer of the medium contain- 
ing n scattering particles per unit volume. We may, following 
Rayleigh, divide the wave front into elementary areas in 
accordance with the Fresnel-Huyghens principle, the effect 
of the secondary waves diverging from these elements at 
an external point being integrated to find the amplitude 
and phase of the transmitted wave. In the present case an 
appreciable part of the area of the wave front is occupied by 
the scattering particles, which are supposed to bo sufficiently 
numerous and irregularly awanged. We have to consider 
this part separately from the rest of the wave front. The 
attenuation of the light in passing through the medium 
is, according to this procedure, seen to be due to two 
causes : — 

(1) the decrease in the area, and consequently also of 
the resultant effect of the undisturbed portion of tbe wave- 
front; and 

(2) the interference with this of the light scattered in 
the direction of the primary wave by the particles lying in the 
wave front. 

In the case of the very finest particles, the effect contem- 
plated in (1) is very small and the phase of the scattered 
waves in relation to that of the primary waves is such that 
the interference effect referred to in (2) does not (to a first 
approximation) alter the amplitude of the resulting effect, 
but only affects its phase. With increasing size of Uie par*, 
tides, however, the ease is altered. The effect (1) becomes 
considerable and results in a continuous decrease in the 
transparency of the medium with increasing size of the par- 
ticles, the nutnber being assumed to be the same; The 
amplitude of the light scattered by individual particles also 
increases rapidly at the same time, and the importance of the 
effect (2) is therefore enhanced ; but whether this results 
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in an increase or decrease of the amplitude of the transmitted 
wave obviously depends on the phase relationship between 
the primary and scattered graves in the direction of - regular 
propagation. If the phase of the scattered u'aves lags sufii* 
cicntly behind that of the primary waves, we may have 
actually au increase in the resulting transmission of the light 
by the suspension with increase in the size of the particles. As 
we shall see presently, this is what actually happens. Mlow- 
ing Raman and Ray (/. c.) wc are now in a position to write 
dowm the expression for the co-eifiuient of transmission of 
light through the suspensicn. Assuming the amplitude of 
the primary vibration to he unity, the expression for the 
scattered disturbance due to a single particle in a direction 
nearly coinciding with d=iso' is 



whore A and « detennine respectively the amplitude and phase. 
The particles in the stratum are irregularly arranged, but 
in the direction of the primary wave propagation, tho secon- 
dary waves diverging from the particles are in agreement 
of phase and can accordingly combine to huild up a plane 
wave front. The amplitude and phase of this plane wave may 
bo found by integration of the effects of the particles in the 
stratum in the manner adopted by Rayleigh in his paper on 
the theory of the light of the sky. Combining the effects 
due to causes (1) and (2) as discussed before, we have for 
the effect of passage of the wave through suc(>essive strata 
of the turbid medium 

—I + - sin “7® )»>' (1) 

K = tV ■ rr X > » 

where a* is the total thickness traversed. (For details of the 
mathematical steps see Raman and Ray, Proc. Roy. Soc., Ser. 
A4V0I.IOO). 
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3. The colours of metal glasses and metal sols. 

In order to calculate the amplitude and phase of the 
secondary waves scattered in the direction of the primary 
wave, we utilise the formula given by Love as corrected by 
Bayleigh. In our pi'csent calculation w'e take the substance 
to be gold particles suspended in water, and we push our 
calculations for three wave-lengths 

\=6300A.U., X=5892A.U, and A=1584A.r 

The dielectric constant of the metal is a complex factor and 
is given by the relation 


where dielectric constant of the metal 
' w = refractive index „ 

k = absorption co-oflicient „ 

The proper value of the dielectric constant is substituted 
in the equations and ciilculations are made in the same u'ay 
as done by the author previously. The value of n and h arc 
different for different wave-lengths and the actual values are 


taken from Minor, 



A 

H 

nk 

()300A.TJ 

■:n 

iMo 

5892A.U 

•;i7 

2-82 

I.584A.I: 

•79 

1-52 


Calculations are made for Aro=l, A«=2, ka—Z, and by 
drawing curves, the amplitude and phase of the scattered 

wave as a function of the ratio for gold particles in 

wavL»-lenj|?th ° ^ 

water for each of the wave-lengths A=i):iOOA.U ; \=5892A.U and 
x=:1584A.U can* be obtained. 

Since the pi*ocess of integration considers the effect on 
the transmitted wave arriving at any given stratum of its 
passage through all preceding strata, the investigation takes 
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into account tlie influence of multiply-scattered light so far 
as is relevant to our present purpose. 



The curve I is drawn showing 

/ i) j 1 AX* . 2»ri> \ 

—I Zirit’-I still . 6 I Hf 

, \ * X / 

as ordinate and a as abscissa. From the graph it will be seen 
that the colour of the transmitted light is at first ritd and then it 
turns to yellow and finally blue. These results are in agree- 
ment with observation. In arriving at the equation (1) from 
the general expressions of Rayleigh {1. c.) we have taken that 
the spherical particles are without any limitations as to their 
refractive indices and to their radii as well, and we have 
assumed in these cases that the phases of the scattered waves 
arising from individual molecules are distributed entirely at 
random. We have further tacitly assumed that all the 
particles are of the same size. In the actual experiment, the 
size of the particles i^ variable to some extent, but by taking 
the effective average size, we niay obtain a siiflicient approxi- 
mation to the truth ; if desired there would be no difilculty in 
modifying the formula to obtain a more accurate result by 

4t 
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considering separately the effects of particles of different sizes 
in groups and superposing them to find the re.sultant. 

In this case, tl)e equation is true when the particles are 
fairly large (contrary to Garnett’s assumption) and in the 
calculation wo have considered gold particles in water. We 
can very easily substitute the value of the refractive index 
of glass for water in order to find the colours of gold glasses. 
Also substituting the refractive index of silver for gold in the 
previous calculation, the transmission colours of silver suspen- 
sions in water and also of the silver glasses can be obtained. 
The curve T gives the general explanation of the observed 
results. 


1 . Colours of aerosols. 

Barus has observed that the colour of the light transmitted 
through clouds of water, ether, and alcohol drops suspended in 
air undergoes periodic changes. 'I’aking a typical case, .say 
water, the axial colour is violet-blue when ff=.370xl0-'(!.m. With 
the increase in size of the particles, the colour changes from 
blue, green, yellow, red, purple, and violet-blue again when 
0=620 xlO"“c.m. and with still further increase in size, the axial 
colour changes from green, yellow, red, and violet again wlu'ii 
0=790 xlO-«e.m. No explanation of the.se periodic changes of 
colours has yet been given. Itecently Werner' has repeated 
this experiment with water drops alone, and measured the 
intensity of the transmitted light, keeping the numlwr of 
particles per unit volume fixed, but gradually increasing the 
size. He has observed that, as the particles increase in size, the 
intensity gradually decreases till it is minimum and Avith 
further increase in the size, the intensity slightly increases 
but with still further incretise in the size, it decreases 
again. 


Anil, (lor Phya., Vol, 70, 1923. 
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In ordor to explain the colours and also the oscillatory 
character of the intensity we examine the preyious equation 


/ o 55 , AX* . 2ir« \ 

— ( 2ira*+ - sin --o )?ii 
^ TT X / 


and observe that as a increases both A and 8 increase, the value 
of 2jrn* gradually increases and sin S passes also through 
maxima and minima, and hence the whole value of 



shows an oscillatory character; also since the variation of 
the value of 


AX’ 

TT 



is small compared with , it follows that the increase in 
intensity after passing through the first minimum though very 
small, is appreciable. Tliis explains the general character of 
the phenomena observed by Hams and Werner. Further we 
know that « where Q = water content of the vcs.sel and 

rt the radius of the particles and a the number of particles per 
unit volume, and if we substitute the value of « in the equa* 
tion (1), and keep Q consbint in the eqnatior, we can 
express the intensity of the transmitted light in terms of the 
size of the droplets. The theoretical curves so drawn resemble 
the experimental values observed by Werner (/.<*.) 


Siminortf and Coiichmon. 

In this paper, {») the gradual changes of colour of the 
light transmitted through colloidal solutions, with the increase 
in the size of the particles, (ft) the colours of the metal glasses, 
(/?) the axial coloura seen through the droplets of water, 
ether, alcohol, etc., have been examined. The intensity of the 
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light in passing through the medium is according to this 
procedure seen to be due to two causes. 

(1) The decrease in the area, and consequently also of 
the resultant effect of the undisturbed portion of the wave 
front; and 

(2) The interference with this light of the light scat- 
tered in the direction of the primary wave by the particles 
lying in the wave front. 

By combining the resultant effect due to (1) and (2) we get 

(o . 2irs\ 

—I Bin - 0 ) 

E=:Ko<' ' «• X / 

where A and ^ are the amplitude and phase of the secondary 
waves which altei* rapidly with the increase in the slice of the 
particles. The second term within the bracket contains a sine 
factor.which becomes alternately a maximum and a minimum 
when o increases and hence the value of E shows the oscil- 
latory characters olwerved in the experiment. Since the 
values of A and ^ are functions of \ the transmitted light 
becomes coloured. 

My thanks are due to Prof. C. V. Raman for his interest 
and helpful suggestions during the progress of the work. 

Uniyrrsitt College oe Science, 

92, Upper Circular Road, 

Calcutta. 



IUmdas 


1’IhIo V 



SPECTRA OP LKSHT UEFI.KCTEl) IIV CnLOItATK OF POTASH 



XV. Colours of Chlorate of Potash. 

By 

L, A. Bamt)A8, M.A., 

Palit lieaearch Scholny in the Calcutta Utiiversity. 

(Plate V.) 

Contents : 

(1) Introduction. 

(2) Crystallisation of potassium ohlorato. 

(3) )Iea.suremeiit of refraplive index of potassium chlorate. 

(1) Spectrum of the retleetod light. 

(o) Speetro-photometry of the reflected light and discussion of 
experimental results. 

(6) Conclusion. 


§ 1. Tntrodvetion . 

The remarkable reflection of light hy certain crystals 
of potassium chlorate \va.s flrst described by Stokes.* The 
late Lord Rayleigh “ worked out a theory of the reflection 
of light at a twin plane of a cry.stal. Tiord Rayleigh 
inferred that the reflection is from a large numlter of twin 
planes periodically situated. Wood* experimentally verified 
this fact hy photographing the spectrum of the reflected 
light in which he got very narrow bands. In the case of one 
crystal the hand was so narrow as to require 700 twin planes. 

The presence of these twin planes was actually observed 
by Dr. Hodgkinson * in a specimen mounted in a special way. 
In this speci.men the edges of the twin planes coiild be seen 

‘ P. U. S., Feb., 1885. 

« Phil. M»g., Vol. XXVI., 1888. pp. 241.285. 

* R. VV. Wooers Physical Optics, p. 160. 

* Ifancfiester Procoediugs Tor 1889, Vol. Ill, p. 117. 
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by moans of a hand magnifier. The present Lord Rayleigh * 
has in a recent paper given microphotographs of sections 
cut at right angles to tlie twin planes taken with crossed 
nieols. They clearly show the edges of the twin planes. 
Similar photographs have also been taken with Madan’s 
crystals where the edges are not equally spaced. This 
confirms the late Lord Rayleigh’s prediction. 

In the present paper an attempt has been made to verify 
the late Lord Rayleigh’s theory by spectro-photometry. 'I'he 
refractive index of the crvstals has been measured for diflerent 
wave-lengths for the first time by a simple method, exact 
calculation being impossible Avithout a knowledge of these 
values. The conditions under Avhich these crystals aw; formed 
have been studied with some care. Spectrum-photographs 
of the reflected light for dillerent angles of incidence have 
been taken to study the variation of the width of the maxima 
with the angle of incidenee. 

§ 2. Ci'jiifiollmtmi of imtiminm ehlomle. 

Pure and dust-free solutions of the .salt do not yield any 
iridescent crystals. A few slightly coloured crystals arc* 
sometimes got. They are, however, of the type; studied by 
the present Lord Rayleigh showing complex iKinds in the 
spectrum of the reflected light and having only a few twin 
planes very irregularly situated. They have none of the 
regularly repeated and innumerable twin planes which exist 
in the iridescent crystals. In solutions purpo-sely made dirty 
many coloured crystals arc always found. A large quantity 
of very clean solution was divided amongst five clean vessels. 
One of them Avas kept well covered and free from any distur- 
bance. To three other samples small quantities of common 
salt, potassium chromate and fine dust were added. Tin; 
remaining sample was attached to a pendulum and given 


' P. R. S., Vot. 102 A, 1023. 
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regulated shaking. The dusty solution gave a large number 
of iridescent crysbils. 'I’he chromate solulion also gave a 
feAV. The pure solution as avoII as the one containing common 
salt gave not even a single coloured crystal. The elTeet of 
the shaking was to preci])itate the crystallisation. T’lus 
crystals were formed too quickly to bo large but there were 
innumerable thin crystals of the iridescent type. On the 
Avholc a suspended impurity like dust appears to be most 
effective in forming a Jargc number of regidarly arranged 
twin planes. Foreign matter seems to hinder the continuous 
and undisturbed groAvth of a crystal and help the formation 
of fresh layers Avhich are cither actually rotated through two 
right angles or in which the atoms are arranged in otliev 
positions of e([uilibrium corresponding to those of a crystal 
rotated through two right angles. 'I'ljo latt('r appears to he 
the more probable vieAv. 

In this connection it may he inter('stiug to note that 
Madan’s crystals are formed on heating one of the ordinary 
crystals to nearly its fusing point, Avheii the amplitude of 
the atomic vibrations has nearly reached the maximum A-aluc 
Avhicli it can attain witiiout breaking doAvn the crystal 
structure, and then alloAviug it to cool. After the atoms 
haAn> gained sullicient energy for them to assume alternative 
positions of equilibrium corresponding to those of a crystal 
turned through two right angles, they slowly come to rest on 
(tooling and show the tAvinned structure which has been 
studied by both the late and the present Ijord llayleigh. 
The. former has shoAvn that the elTeet of heating is not to 
form actual cavities inside the crystal but to form twin 
planes as in the iridescent crystals. Spectrum-photographs 
of the retlected liglit and micropliotograplts of sections of 
Madan’s crystals have been taken by the latter ’Avhich show 
that the tAvinmsd structure is complex. It appears that 
tAvin crystals of Leucite ■■ on heating, lose 

all traces of the tAvin planes Avhich they had before, and are 
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converted into ordinary crystals on cooling. It would 
be irteresting to study the structure of ordinary as well as 
inidescent crystals of potassium chlorate with the help of 
X-rays. No less interesting would be the study of the changes 
in the Laue patterns of an ordinary crystal on heating to 
nearly 250° and then allowing it to cool. 

§ 3. Befraclice iudes; of potassium chlorate. 

It was found that no data ara available for the refractive 
indices of the crystal for different wave-lengths. They were 
determined by the following simple method.' 

A fairly big-sized and thick crystal was attached to a 
pin with one of the edges vertical and it was immersed in a 
small quantity of carbon-disulphide contained in a cell with 
parallel glass windows. An illuminated slit was viewed 
through the cell keeping the edge of the crystal in a line with 
the eye and the slit and ])arallel to the latter. On turning 
the crystal about a vertical axis a position was found for 
which a well-defined spectrum was formed far away on one 
side of the slit. On carefully observing this spectrum it 
was found to consist of two spectra slightly separated from 
each other and polarised at right angles (vertically and 
horizontally). The spectrum nearer the slit was polarised 
with vibrations vertical. 

The spectra had the red towards the slit. By adding 
benzol in suitable quantities the refractive indices for different 
colour’s rvere made e([ual both in the liquid mixture and in 
the crystal, beginning with the red. At each stage the 
particular colour for which the indices are equal coincides 
with the sb’t. The ineasurenunits were inmio only for the 
nearer spectrum. The refractive indices of the liquid 

* “ On Wave-propaj^atioii in Optically HetcnigoncouR’ Moditi and ilio Plionoinonii 
observed in (.'hrisfciiinson'a Kxporiiiieiits.*’ By Dr. Nilinl Karan Setiii (Proc. IndiJt" 
AHSOciation, Vol. VI, p. 121). 
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mixtures were measured with the help of a Palfrich Refracto* 
meter calibrated each time for the particular colour under 
consideration with the help of pure benzene and toluol whose 
refrixetive indiues are known for different regions of the 
spectrum. For yellow light the sodium flame and for the 
oilier colours the light from a candle flame were used. The 
refractive index-wave-lengtli graph was drawn so that 
the refractive index may be roughly ascertained for any 
wave-length. From two known values of the refractive 
ndices for two wave-lengths Cauchy’s constants were 
calculated so as to cheek the values obtained for other 
wave-lengths. 

Table I 


Refractive index of KC/Oj 


COLOUK. 


Ax 10’* I ft experimental) jfi: calculated) 


Red 
Yellow 
G reeu 
Rluc 
Violet 


(loOO 

osyo 

4500 

4000 


l-5i9 

1*5:U 

1«5;19 

1-54^1 

1-519 


1-537 

1^541 

1-547 





A=l-518 

B=4-7xl0~'* 


§ J. Sprcfi um of the reflected light. 

The coloured crystals were carefully selected from each 
crop, washed with a saiil! q iiiniry of distilled xvater, 
dried oil filter papir an 1 transferred to a card-board box. 
The light refl-ctel from <*na of these crystals was found to be 
extremely interesting. There were two, and in some positions, 
three orders of mixi na in t!ie visible region of the spectrum, 
fcMcIi maximum with second try inaxinia (three in some oases) 
on eitJiier si lt‘. The repetition of the same structure in the 
Various ordi'ps of m vxinvi Is the best evidence for the identity 
of their origin. The presence of the secondary maxima is 
exactly in accordance with the explanation put forward by 
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the late Lord Rayleigh. The present Lord Rayleigh has 
observed similar secondary maxima in the spectrum of 
the light reflected by “ Pelidnota Sumptuosa.” 

The accompanying plate (Plate V, fig. 1) was taken with 
the bigger typo quartz spectrograph of Adam Hilger (using 
panchromatic plates). It is very interesting to note how 
enormously the widths of the maxima decrease as they are 
made to travel from the violet towards the red end of the 
spectrum by decreasing the angle of incidence. Against each 
spectrum is. marked the angle of incidence. Plate V, fig. 2, 
is a photograph of the spectrum taken with the carbon arc 
and it shows five orders in the blue, violet and ultra-violet 
(4th, 6th, 6th, 7th and 8th orders respectively). The positions 
of the maxima are marked. The photograph was taken with 
7inr~Brdinary '"plate * and' "SO" the" 3rd' brdeiwh Ihc'rbd'Kas "iior 
come out. 

The co-efficient of reflection of a twin plane is zero at 
normal incidence and increases rapidly as the angle of inci- 
dence' is increased, so that the eifective number of twin planes 
reflecting (once the reflection has become total at about 15° 
angle of. incidence) decreases rapidly in proportion. This 
readily accounts for the change in the width of the linos for 
different angles of incidence. With the aid of a travelling 
microscope the widths of the various orders of maxima as well 
as their wave-lengths were measured. It is evident that 
where n is the order of a band and the number 

ll\ 

of twin planes acting. In the present case it is justifiable to 
assume that each plane reflects only once as the distance / 
between two consecutive pianos multiplied by m when the 
incidence js nearly normal {i.e., when all the planes are con- 
tributing to the reflected light) is very nearly equal to the 
total thickness of the crystal. 

' ■ m X •000604= -OSBmm. {t being caknlatcd for a yellow band) 

■, • mxf=36x ■000670= •6235nM»."(f bding calculated for a blue band) 
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The actual thickness measured by means of a microscope 
was about •025m»i- n was calculated from the positions of the 
successive orders in one of the spectra, the refractive indices 
of the corresponding wave-lengths being known already; In 
the foiinula cob l■=H\, »•, the actual angle of incidence at the 
twin plane (/• is the angle of refraction into the crystal) is 
different for different colours and I is oalculated from a 
knowledge of p, the refractive index, and the angle of inci- 
dence at the external face of the crysttil. The value of n was 
found to be <3, the three orders visible in most of the 
spectra in the plate being the 3rd, Ith, and 5th respectively. 
m, the number of planes acting w'as thus calculated for the 
Avave-lengths corresponding to the three maxima in the spectra 
photographed. 

The late Lord Uayleigh derived the following expression 
for the amplitude of the light reflected from a single twin 
r)lane : — 

_ H sill 0 
‘ 21 ) 

tvhere rj is the co-efficient of reflection, B, D the dielectric 
constants of the crystal and </,, is the angle of incidence at the 
twin plane. Por the aggregate reflection from a series of twin 
planes {tn in number).' 

* =:taii 


where 

/j, = +t:iufc’ 

•1 

or - 

i;=:l,an h ~ 


when the light 

is totally i'cfteole«l, tan 

= 1. 

But 

_ 1$ sin <l> _ 
aU fos**^ 

tiin/t . 

Kiiowijng 

ami <l>, mil Ins < 

•stiiiiiitril. 


'he values are given in Table fl . 


' riw. Koynl Soi-ioty, Xi>. A.-IWS, OH. MU", “On llio IlHli'ctinn of li!?lil from 
» Kt'gii]arly Sirntified Mcdnnn." 
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§ 3. Specli'O'VhtUmetry. 

The photometric mi'fisnr.'nicnts wore iiuule hy m<*!ms of 
Hilirer’s Nuttiog Spoctro-Photometor in sei'ie.s Avith an 
ordinary spectro^copj (Ute.l with an a:ljii-Ata1)lij slit in the 
focal plane of the eye-piecc. The ailjnsiaijle nicol of the 
photometer was set for complete «>xiineiinn of tlie central 
spectrum, the reading in tin "■•a.liiatod circle hsing then .0°. 
Thus if the reading is $ tvlicn the spectrum is adjusted to he 
equal to the two spectra civen by some oilier s iiirce, sin’ 
gives the ratio of the intjiisities of the t«o soiirees compared. 
In a line witli the aperture which gives two images a 
small spectrometer was ad j listed so that the reflected light 
coming fnim the crystal m muted vertically on the prism 
tahlo passes throu;h the tclcscipa deprived of its lens and 
cyc-piece. 'Hie use of this additional simctrometer for the 
crystal is only to enable accurate measurement of the angle 
of incidence at the crystal face. The two sources ivere always 
kept at the same distance from the two apertures of the 
Nutting photometer. The ratio of the two sources was 
measui’ed for different regions of the spectrum before calculat- 
ing the correct reflecting poaver of the crystal. The two sources 
were a half-avatt lamp and a 50 candle po.wer electric bulb. 

It is evident from Table 11 that for a given angle of 
incidence at the external surface of the crystal the value of ^ 
increases as the wave-length of the reflectid light decreases; 

hut in calculating we assume that B varies for differ- 
^ siu 9 

ent wave-lengths as indicated hy the values of .xp, in the 
last column and that the reflection co-efficient ,, varies 
exactly a.s • It has to he home in mind that the 

^ COS *9 ^ 

theory of Lord Rayleigh is not concerned with dispersion, 
but assumes that only light of a particular wavo-leiigth is 
incident on the crystal. On observing the .spectrum of the 
transmitted light and increasing the angle of incidence from 



38 


Ia Ar tlAMIlAA- 


zero to about 30° slowly it Wds found that the black band in 
the blue became completely black for a smaller angle of 
incidence than the minimum in the ted. This is in agreement 
with the higher value of ij for the shorter wave-length. 

Spectro-Fhotometnc Measuremmts. 

Table III gives the variation of the intensity of the 
reflected light on rotating the crystal in its own plane, keepiiig 
the angle of incidence constant. Lord Eayleigh has 
remarked that it should vary as where 6 is the angle 
between the plane of incidence and the plane of symmetry 

of the crystal. ought to be constant which it fairly is 

for large values of 6 (say greater than 30°). The experi- 
mental difliculties are greater for smaller values of e. 

Table 111. 

of pilot oinelej*. 


e 


Sin"fl 


[for twill iilanol 
alone. 

Siu*0 • 

0 

f»°45' • 



0 

•0287 

■■ 

0 

. . 


1015' 

•0:101 

•0317 

•OOllO 

10- 04 

‘20= 

13' 30' 

•IIG!) 

•0.545 

•0‘258 

•1-53 

30° 

23°.30' 

■2.500 

•1.590 

•1303 

1-92 

40° 

83° 

•4i;io 

•2.966 

•2679 

1-54 

50° 

40°15' ; 

•5866 

•4175 

•3888 i 

1 

i:.5i 

60° 

'18° 

•7199 

•5.5‘2'1 

•5237 

1-43 

70° 

57’ 

•8831 

•7034 

■•6717 

1-31 

80° 

(U''3:’/ 

•9701 

•8117 

•7St«) 

1-23 

‘10° 

70*.}0' 

1-0000 

1 -8888 

j -8601 

116 



=.sm' 

II 

3 

1 

:0) 



wlioro *^“***/*|^g— 0) lofloctioii fixiiii the exteriiiil surfaces alone. 
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For angles of incidence up to 30° there Avas no difficulty 
of adjustment. For smaller angles a mirror bad to be used for 
reflecting the light to get the required angle of incidence. 
Corrections have been made for the light reflected by the 
external surface. 

Table IV. 


Intensity for different values of the auf»I(‘ of incidence. 


■ ® 

Red. 

Orange. 

VTcllow. , 


HI lie. 

i 

Indigo. 

Violet. 


1 

•07947 


1 

•i:i89 

65® 

i 

1 

1 

•0(>G95 



•1^447 

er-tv 



•09521 



•1206 

’ 54® 



•1041 

. 



•1:346 

4rr 

•1297 ’ 



•251:3 


42®15' 

•0893 

' 


•1067 


:{4®:50’| 

•0425 



•0974 

: 

2y“i5' 

■••0-414 

■ 

i 

•0,58cS 


■ 25'’21' J 

. 

1 

! 

'•0093 

i 

2V15' 

J 

1 

•077!) 

■ 

i -0888 

1(5'’4.V 

.. 

■ 1 

•0<)81 


! 

■ i 

'• . • 


. - 1 .. . , 

i 

H)070 






i 

■I 

■00*21 


1 



■ The above values are not absolute. They are only for 
comparison. The fractions in the Tabb; are the ratio of the 
intensity of the reflection by the crystal to that of the 
comparison source. , 

§ 6. Conclnmn and Stmimary. 

From the measureraeqte.^iveB. in Tables II and IV it is 
clear that interference effects prevent the measurement of v for 
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all aniflcs of iiicidenco for a definite wavc-lengtli. It is 
necessary to secure a crystal which is known for certain to 
have only a single twin-jdaiie, in order to verify Lord 
Kayleisjh’s theory, 

(1) In the present paper the cause of the formation of 
the iridescent crystals is experimentally found to bo the 
presence of dust and other suspended or dissolved impurity. 

(i) The variation in the reflection co-eflicient with the 
angle of incidence has been calculated and also spectro- 
photometrically measured and it has been found that i; varies 
with A, being inon; for shorter wave-lengths. 

(3) The variation of the intensity of reflected light 
when the crystal is turned in its own plane without altering 
the anirle of incidence has also been measured experimentally. 

(4) The refractive index nf the crystal has been 
measured for ditferent wave-lengths. 

(5) Photographs of the spectrnin of the reflected light 
have been taken showing clearly the presence of secondary 
maxima on either side of the central band, sometimes three 
in number and also showing the cliango in the width of 
the central maxima of the various orders ns the angle of 
incidence is changed. It is found thiit with increasing 
angle of iiicideiiCJ the numher of twin-planes which 
contribute appreciably to the olwervcd clfcct rapidly 
diminishes. 

In couclusion, I wish to slate that the above work 
was carried on at the Indian .Arsoeiation for the Cultivation 
of Science while the author was in receipt of a research 
scholar.'liip from that institution and that my best thanks 
are due to Prof. C. V. Hainan, M.A,, D.Sc., for his valuable 
help and advice. 
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In the third paper of this series ‘ the consequences of 
the new theory advanced in the second paper to explain the 
phenomena shown hy mixed plates had been worked out in 
detail and the results obtained have 1)een shown to be in 
agreement with experiment. In this paper it is proposed to 
deal with some further studies of the phenomena including 
those of dry films. 

Intensity Distritmtion in the Halo. 

The detailed description of the phenomena has been 
given in the first paper. The remarkable feature of the 
phenomena is that though the bubbles vary in size and shape 
arbitrarily and are irregularly arranged in the film, the 
diffraction halo exhibits a regular structure consisting of a 
series of circular rings which are close together in the centre 
of the halo and wider apart in the margin, the number of 
rings depending only on the thickness of the film and its 
composition. The theory proposed is that these effects are 
due to the scattering of light from the laminar diffracting edges 
in the film. Owing to the action of surface tension, the 
edges are drawn inwards as a meniscus which in this particular 
case may be assumed to be semi-circular. The theory worked 
oiit on this basis shows that the scattered light consists of two 


■ i’liil. Mng., Mnirli 1921, Jiiim' 1921 and September 1021. 
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sets of dark and bright circular rings, the first set extending 
to large angles of diffraction and the second of inappreciable 
intensity except at the centre of the halo. 



The first is due to the interference of pencils P, Q and 
the other to the diffracted pencils L and M. The two sets of 
rings would be superposed on each other at the centre giving 
rise to the composite character of the halo. The position of 
dark rings in the first set is given by the angle of diffraction 
6 where 

/{I— /I. sill /} {/X pos /— -/x*sni*/ 

(2w-l) ... (1) 


/X sin /=sin r and sin 6=^fi sin 

8= phase change occurring in total reflection depending 
upon the plafne of polarisation of incident light. 

The second set arc determined by 


... . (■-’) 
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We shall now consider the relative intensity of the 
interfering pencils. The experimental observations already 
recorded show the interferences to be remarkably perfect 
and hence the interfering pencils must be of comparable 
intensity throughout the region in which we have maxima 
and minima. 

That is what should be expected from considerations 
advanced above. In directions nearly normal to the film the 
light is diffracted chiefly from the wave fronts regularly 
transmitted through the film and the contributions to the 
scattered radiation from the part of the wave-front lying on 
either .side of each boundary should obviously be equal. In 
more oblique directions the scattering occurs chiefly at the 
curved interface between the two media and the intensities 
of the pencils emerging respectively after two refractions 
and after total reflexion are comparable throughout. Thus 
there is reason to expect throughout the range in which 
scattered light can be observed the interferences to be strongly 
marked. 

We shall now calculate the intensities of the two 
interfering pencils. Let the amplitude of the incident beam 
be unity. Tiet the two initial parallel pencils of width 
and t/j;, give rise to the two interfering pencils lying between 
0 and d+ue . The intensities of the two beams will be 
proportional to i/c, and 


Now 


uikI 


iIjCi 

a cos i di. 



— 

cos / cos /-.siji /_ 

•d 

sill r— / 

l/.l\ 

s 



= 1\ 


'vlierc rt=r*idius of tlie seiniciicului* odgi*. 
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The amplitude of the refracted pencil A, is given by 

( )* distance of the point of observation. 

Similarly the reflected beam A, is given by ( )*• It will 

be evident from above that while A, deci'eases as e increases Ao 
increases. In the case of the refracted beam we have to take 
into coniiideration the fact that all the light is not completely 
refracted but part is also reflected. The correction factor is 
given by Eresnel’s co-efiicient of refraction 

sill* / sill* sill* / sin* r 

sin*(/+rj ‘ siii*(^/+r)(5os*(^/-f r) 

for components polarised respectively in the plane of inci- 
dence and at right angles to it. This will modify A, very 
slightly at first but becomes apjweciable at larger angles. 
We have also to consider the diffraction effect of the edge 
at 0 which will be very large for small obliquities but 
becomes quite negligible at larger angles. This effect might 
be considered as that due to another ray superposed on the 
direct rays. The expression for this will Ikj given by 
Sommerfeld’s expression for the diffracted wave at a serai- 
infinite screen, ie., by 

I \/.^ \ ^ , I 

V 2 2 ; 

whore ^ and are the angles made by the diffracted and 
incident beams with OX respectively. 

The amjiiJitude of this beam A„ is given by 
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and 




IT 

it 


Of by 



wlieii 0 is small. 


In calculatinjj the amplitude of the resultant the path dilTer- 
ence between this and the rellected beam may be neglected. 
The path difference between the reflected and the twice 
refracted beams is given by (1). The resultant intensity is 
obtained by compounding the three beams. The effect due 
to Ag vanishes at moderately large angles. 

The curve in the figure has been drawn on the above 
calculations. The asymptotic expansion 



of Aj is inapplicable over a small range near 0’ and that part 
of the curve (from (f to 2°) has been drawm freehand so as to 
represent as closely as possible the trend of the curve. In the 
calculation hsis been taken as ;a. 

It will be seen that the general features of the phenomena 
are \vell represented by the curve. 

We have also to consider the second set of rays LM 
which are diffracted from the regularly transmitted wave 
fronts. The amplitudes of both of these wiH be e(|ual 
throughout and hence the interferences will be perfect. But 
as the amplitude diminishes very greatly with moderately 
large angles its effect will Iw only seen for small angles. As 
will be seen from (1) and (2) the two curves will get out of 
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step at small augles the maximum of one coinciding with the 
minima of the other, the result being the blurring of the 
rings which is actually observed. 

Position of Achromatic Bing. 

The expression for the path-difference of the two inter- 
fering pencils given in (1) shows that it diminishes conti- 
nuously (at first rather rapidly and later more slowly) from 
up to a small fraction of it for the largest angles of 
diffraction. We have accordingly a series of circular rings 
in the halo closer together at the centre and wider apart near 

the margin. The value of s diminishes gradually from ^ to 0 

as 0 increases. The outermost ring therefore in white light 
corresponding to a negligibly small path-difference should be 
achromatic while the inner ones should he strongly coloured. 
Near the centre of the halo the colours will not of course he 
pure. To investigate the exact sequence of colours and to 
determine Avhether the achromatisation of the last rins is 
perfect we have of course to take into account the variation 
of refractive index with wave-length a. The condition of 
achromation is that the path-difference A divided by a should 
be independent of a. 

The path-difference A is given hy (1) 

A --/M I'os /—.sin ;■— / — 2(^ cos / — 8 


Achromatisation will he perfect when 





:0, /. 

\ A 

A - r: A 



//A* A / 


t/A 

now 

• f/A 


fijs 

/—.sill /•— / j 


flK 

(r/A\ 




— ^ /ICOS i*- 

' / — sin r ^ 

dr 

dk 

1 a]) {nT/xi mutely 
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since 


sin / 
r/X rlK CDS r 


//A ( — 

^ = r ^ cos /•- 
//A cos r i/A y 



Assuminf? ^ to l)o wiven l)y Cauchy’s fonmila 


/i=A + 


H 2B 

A* ‘(/A A' 


Hence the condition of achroniatisation is given hy 


ilji A f 

f/A cos y ^ 


cos /■— 


sin 2y— '/ 


) 

) 


=/t I cos/ 


Assuming „ nud ^’6 the same as that for water wo 

tiud this condition is satisfied when i is about 40", ».<?., when 
$ is about 90°. We thus find that the achromatism of the 
last ring is nearly perfect. 

Dry Films. 

'rhe phenomena exhibited hy dry or partially dry films 
have been described in detail in the first paper of the series. 
Briefly dc.scril)ed it consists of a halo which is much fainter 
than in the case of fresh films showing a broad central area 
which is achromatic followed outside by rings of gradually 
decreasing width which are strongly coloured. The diffraction 
halo in fact is very similar to the wellkiiown diffusion rings 
observed around the focus of a thick concave mjrror with a 
dusted surface. The resemblance also e.xtends to the case in 
which the plate is held obliquely in front of the eye. As the 
plate is inclined, the centre of the halo moves to one side, 
fresh fringes appearing on that side, and ultimately, as the 
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plate is hold at a moderate obliquity, the halo consists of only 
arcs of circles, the arc passing through the source being 
achromatic, the rest being coloured in white light. The 
explanation of this becomes clear when we understand how 
drying affects the film. As has Ijeen already descrikd, the 
hubbies of air in the film which are at iirst lying indiscri- 
minately are drawn together leaving the albumen confined to a 
number of very fine ridges, the form of these ridges being that 
of irregular hexagons. In the dry film it is these ridges that 
form the diffracting centres. The case then becomes similar 
to diffraction by small particles on the surface of a mirror. If 


i'51 
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A and S be the two diffracting particles and if ^ be the angle 
which the direction of the incident light makes with AB 
and ^ the angle of diffraction it can be easily shown that the 
positions of maxima and minima are given by 

/(cos ^ — cos l/r)z=7H 

or for small angles 

odd values of m, 1, 3, etc., giving the minima. 

0 

To test these conclusions the angular diameter of the 
rings was measured using a monochromatic light source. A ^ 
small aperture illuminated by a mercury lamp with a green 
filter forms the source of light. It is viewed through the 
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film formed between thick tint phites. The angular width of 
the dark rin|»s in the halo maj' be determined by making them 
coincide in succession with a faint luminous reference mark 
placed in the same plane as the source, the plate being moved 
in the direction of the incident light. The thickne.ss of the 
film was determined by observing tins spectrum f»f white light 
transmitted through tin* film and noting the wav(j-longths of 
the light freely transmitted through the film withniit 
interference. 

Hesults of a few observations are given below. 


'riiickiifss t»F filiii 

( Misorvations in ihi- utinnul 1^181' wln-n r/irri). 


NimiiIkt nf vin.i( 
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I 

d(4.^ 

i 

.*id d 

d ti.M 


wluMi (/»—!> .’id 


Nuinboi* oi‘ I'inir Xn.rlc \i ‘ 


• 

1 

Id :id' 

0 mj. 



::d ;io' 

dUlL» 


i) 

I'-i 

dd.i.>, 


It is worth while rcconling another feature exhibited 
by the dry films. As alreivdy described the dry film 
when held at normal incidence show's a series of circul.ar 
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rings as shown in the drawing Pig. 'l(i). Wliou tilted tin? 



centre of the halo moves to one side fresh fringes appearing 
on that side, the rings remaining approximately circular as 
in the o.ase of Newton’s rings. When closely examined it is 
found that when the plate is tilted, besides these circular 
rings there appear another set of rings cutting the former 
rings and moving in a?i opposite direction. At the place 
where these ont the first set of rings there is present a 
dislocated appearance. 'I’lie first scd of rings appear displaced 
at these points, and appear to ho slightly bulging at one side. 
The rings are very faint. Appearance of these rings is sliou ii 
in the diagram Pig. I(ii). When the plate is very oliliipiely 
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held the two sets appear to merge and only arcs of circles are 
seen as in the case of Newton’s diffusion rings. This is shown 
in Fig. 4(iii). The nature of the second set of rings is not yet 


clear. As already described the Him when dry forms into a 
uetwork of polygonal ridges. It is possible that the peculiar 
structure of the film may cause the appearance of this second 
set of rings. 


Sitmninri/, 

(1) In this paper the intensity distribution of tin* halo 
exhibited by the mixed plate is studied and explaini'd. 

(2) The position of tlie achromatic ring has lieen 
determined. 

(!5) The phenomena exhibited by dry lilms has been 
shown to belong to the class of Xe.wton's diffusion rings by 
iiuantitative measurements. 

In conclusion the author has much pleasurt' in recording 
his b(‘st thanks to Prof. C. V. Uaman. 

April 1921. 
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L InlroductiotL 

While making a systematic study of the mutual solubility 
of liquids, Alexejew,' Guthrie ' and Rothmund ^ were the 
earliest to note that certain pairs of liquids, phenol and 
water, isobutyric acid and water, hexane and methyl alcohol, 

' Wiod. Ann. 2H, p. m (1880). 

• Phil. Mag. (r))l8, p r>oi(is.si.). 

» Zeit. Phya. Chein. 20, p. m (1808). 

„ 03, p. 54 (1908). 
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alwve a certain temperature called the critical solution 
temperature are perfectly miscible and form a single phase 
but lielow which are only partially soluble and divide into two 
co>existent phases. They also found that such mixtures 
exhibit a marked opalescence or turbidity at a temperature 
slightly higher than that at which they separate into two 
layers. As their primary object was the study of mutual 
solubility of mixtures, their observation was restricted to the 
observation of the phenomenon of critical opalescence. 
Further work on the subject was done by Konowalow ’ who 
investigated the connection between the opalescence and 
variations in the partial vapour pressures, these variations 
lieing the most important criterion of solution. The results 
which he obtained for solutions of aniline and amylene in the 
critical range showed a similarity l)etween these and colloidal 
solutions, the dependence of the vapour pressure on the 
concentration of the solutions being very small. He finally 
adopted the view that the opalescence of liquids is due to dust 
and that the increased opalescence in the critical range is due 
to the greater facility with which the components separate in 
this region and condense on the dust nuclei. As we shall see 
later, this conclusion of Konowalow is not true, as the 
opalescence is obtained even in the case of dust-free liquids. 
So far the observations were more or less of a qualitative 
nature, no attempt having been made to observe the amount of 
light scattered by the liquid mixtures. 

It was after Smoluchowski " and Einstein ^ gave a theory 
to explain the critical opalescence of liquid mixtures, that 
quantitative measurements were made by Purth* for the 
mixtures of phenol and water and Zernike ® for the mixtures 

Ann. tier, Piiys. 10, p. 300 (1903). 

Ann. tier. Phys, 25, p. 205 (1908). 

M „ 33, p. 1275 (1910). 

WiciiLT Bprichte, 124, p. 577 (1915). 

Thesis Amsterdam (1914). 
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of methylene iodide and penta methylene, nitrobenzene and 
diisobutyl. Their observations were however restricted only 
to a short range of temperature above the critical temperature, 
for which the theory was intended. Mure recently Martin 
andLehrman' made some interesting olwervations regarding 
the intensity and state of polarisation of some mixtures of 
liquids which are completely miscible at ordinary temperature, 
vis., carbon bisulphide and ether, benzene and normal hexane 
and normal hexane and cycle hexane. As it was not the aim 
of the above authors to verify any theory but simply to observe 
the variation of intensity and polarisation of the scattered 
light for vai'ious concentrations of the mixtures, they chose 
some arbitrary pairs of liquids. As will be seen later from 
the theoretical part, partial vapour pressures and compi'es- 
sibilities of mixtures are necessary for the veriiication of the 
theory and unfortunately such data are not available for the 
pairs of liquids studied by ]h[artiii and Lehrinan. V. S. 
Tamma, working at Calcutta, made a study of the scattering 
of light by mixtures of phenol and water for a range of 30"C 
above the critical solution temperature. He found the 
intensity of the scattered light to be very large and almost 
completely polarised in the immediate neighbourhood of the 
critical temperature and as the temperature is increased the 
intensity diminishes and the scattered light is less perfectly 
polarised. The present author ’ has studied the intensity of 
scattering and the state of polarisation of mixtures of carbon 
bisulphide and acetone, rdlowing up this work the author 
has carried out a series of observations with mixtures of 
toluene and acetic acid at the room temperature and with 
mixtures of methyl alcohol and carbon bisulphide at tempera- 
tures both above and below the critical solution teiupoKvture, 

« 

the results of which are now set out. 


‘ Jour. Phys. Cliuiii., liii, p. To (^11122). 

* Physiuul lloviow, July 192:). llerpsifloi* will lio ivlVircd lu a« pajiLi A. 
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2. Technique of obnenaliou and measurement. 

The chief difficulty ia the work is to prepare perfectly 
dust-free liquids. To achieve this eud, slightly different forms 
of apparatus are used for the wholly miscible liquids and 
partially miscible ones, for the former, the mi.vtures are 
contained in cut glass bottles having flat sides and are rendered 
dust-free in the same manner as that described in paper A. 
five different mixtures of toluene and acetic acid of different 
concentrations are prepared. 

Though distillation in bottles is found to l)u very 
convenient for accurate measiu'emcnts of intensity and 
polarisation at ordinary temperatures, at higher temperatures 
either the joints no longer remained tight with the result that 
leakage ensued or the bottles are not found to be strong 
enough to resist the large internal pressure. Thus for the 
study of scattering by mixtures of methyl alcohol and carbon 
bisulphide (a case of partially miscible liquids), at different 
temperatures the apparatus used is similar to that used by 
Eaman and Seshagiri llao,' The apparatus consists simply of 
two bulbs connected together containing the mixture and the 
air inside is exhausted to facilitate distillation. The li(|uid is 
distilled from one bulb to the other. After repeating the 
operation five or six times the bulb containing the liquid is 
sealed off. Three bulbs containing respectively 2.5, 60 and 76 
per cent, of carbon bisulphide by volume are prepared. 

for measurements of the intensity of scattered light, a 
second bottle containing toluene is used as a standard of 
comparison in all cases. The measurements are made in the 
same manner as described in juiper A, the only difference 
being that in the case of mixtures of toluene and acetic acid, 
the two bottles are set closely side by side with a uniform film 
of glycerine between them, to ensure against any loss of light 
by reflection at the surfaces. To get more accurate results 
the bottles are interchanged, the relative intensity is noted 

* Phil. Mag., Mar. 1923, p. 625. 
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EgRiD and the moan value is then taken. In the case of 
mixtures of methyl alcohol and carbon bisulphide the bulb is 
immersed in a rectangular glass vessel having flat sides and 
containing clear distilled water. The glass sides arc painted jet 
black outside, openings being left for admission and exit of the 
beam of light passing through the liquids. Por the small thick* 
nesses of the liquids used, the effect of the absorption of light 
is quite negligible. Indeed the colour of the tracks observed 
in the pure liquids and mixtures was found to be blue and no 
difliculty was experienced in making the intensity rnoasure- 
ments. Caro is taken to sec (especially in the case of bulbs), 
that the liquids arc exposed only for a short time to avoid 
any decomposition of the liquid when observations are taken. 

Polarisation measurements are made as in the previous 
case by a double image prism and nicol. The double image 
prism gives two images of the track polarised respectively in 
horizontal and vertical planes. Jiy rotating the prism the two 
images can be brought into a line. By rotating the nicol placed 
immediately behind the prism, two positions may be found in 
which the images appear of equal intensity. If 20 be the 
angle between these positions of the nicol, then y=tan-0, 
where y is the ratio of the weak component to the strong. 

d. ResuUs iciih icholhj nilscihlc liqnhh. 

The observed intensities for mixtures of toluene and 
acetic acid for different concentrations are given in the 
following table. As was stated before, Toluene is taken as 
the standard. The results refer to 30°C. 

Tablk I. 


Liquid. jToluciio. | 

l*oiceiitago volume of 

toluene 1(K) 

Observed intensitv ... 10 


A. 

JL 

1 

c 

1). 

« 

f 

K. 

;Ai*etit.* Acid. 

.S3'S 

1 

."lO 

; I 

^ 33-3 

107 

0 

MV, 

i-o i 

I'U 

' 0-78 

O'TO 

OoO 
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Por the same pair of liquids the ratios of the weak 
component to the strong, of polarisation are given in the 
following table : 

Tablb II. 


Liquid. 

Toluene. 

A. 

: B. 

i 

C. D. 

K. 

Acetic aoid, 

Porcuiitagu volume of 



1 




toluene 

; 100 

83‘3 

1 mi 

50'U 33'3 j 

1 10*7 

0 


aC'O 

3^3 

31-6 

3U-2 2‘J'7 1 

32-8 

37-4 

IOO7 


44) ‘5 

1 37-8 

33-8 ■ 32'b j 

41 0 

58-5 


4. Results with paetiallji miscible Liquids. 

The observed values of intensity for mixtures of methyl 
alcohol and carbon bisulphide for different concentrations and 
temperatures are given in the following table. In this case 
also toluene is taken as the standard. When the temperature 
is lowered the concentrations of the two layers in the bul1)s 
alter. Intensities corresponding to these temperatures and 
concentrations are also included, 

Table III. 


Liquid. 

PerccnUige 

volume 

i 

()B.SKhV£D INTENSITY. 

1 



of GSft 

■ /--.■:20'C. 

1 (-30-C. 

f IOnVC. 

f -r)0"c. 

f-60' 

OlIjOH 

0 

0*08 

U'OS 

01 

31 

0'3; 

A 

25 

0-72 

().74 

002 

1 

11 


40 

5 0 






. 


ft 6 




B 

50 



23 

14- 5 

6 

C 

75 

... 

\ 

80 ' 

' 16 

0 

cs., 

m 

1 *5 

I'R j 

1-75 

175 

2 
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For the same pair of liquids the polarisation measurements 
for different concentrations and temperatures are given in the 
following table ; 

TaBIJ! IV. 


Tercfintage 
Liquid. I voliimo i 
j ofCS,. 1 

/-=20^C. ' 



CH.OH 

0 

9-5 

A 

25 

20*.‘l 

B. 

40 

10 

B, 

•kS ‘ 


B 

50 

, 

C 

75 

! 

CS., 

100 

i 70 I 


100 7 OBSERYKU. 


! = 30-C. j 

|<-40*5"C. 

#-50"C. 1 

#-60"C. 

9 

1 ^ 

9 

9 

20-0 

Ifi-.-l 

1 

! 

22*5 ' 

26 

6 

1 

i 

' . 1 . 

I 

• 

5-1 

1 

7 

! 10 

... 


46 

1 18 

70 

7o i 

69 

69 


To have a clearer idea of the variation of intensity and 
polarisation with temperature the following tables are given 
for the scattering in the two layers of bulbs A and C which 
contain I’espectively 25 and 75 per cent, of carbon bisulphide. 
In the latter case, two layers were present till about 4!0'’C, 
beyond which the boundary line disappeared : 


LIQUID A. 
Table \ a ,' 


Temperature. 

1 

1 “ 1 

20 

40'5 

50 

1 60 

Intensity... 

0'7I 

0-72 

07-1 

: 0'92 ' 

1*00 

■ 1-36 


LIQUID C. 
Table \i. 


Temperature in °C. 

8 , 11 20 

1 ; 

30 40-u 

' 

50 

60 

Intensity for upper layer 

3 i 3'3 ’ 3 

i 

6'5 i 80 

16 

9 

Intensity for lower layer 

j 

2 ! 5 -8 

I i i 

j ... ; ... 

1 ; 

1 - 

1 

i ... 

1 
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Tlie above tables show very interesting variation of 
intensity with concentration and temperature. In the case 
of liquid A, where there is only a small percentage of CSj the 
mixture behaves like a pure liquid— the intensity increasing 
continuously with temperature. On the other hand liquid 
C which at the critical temperatures contains nearly 
76 per cent, of CS 3 behaves in quite a different way. The 
intensity increases with temperature for both the layers 
till the critical temperature is reached, when it 1 )ecomes 
enormous and beyond which the intensity begins to 
diminish. 

The polarisation measurements also show a similar 
interesting variation. For the first mixture A, tJie variation 
with temperature is very small but at the critical temperature 
however, y is a minimum. For the other mixture, the 
scattered light is almost completely polarised at the critical 
point but for higher and lower temperatures, the polarisation 
tends to become more and more imperfect. This is shown l)y 
the following tables. 


LIQUID A. 
Table Vk. 


Ternporatiirc j 10 


20 

30 

1 AO 

i 50 

I (X) 


IOO 7 23 

j 21 0 

1 20-3 

20 

; 10-3 


23 




LIQI'ID C. 







Table 

VIA. 





• 

Tftiiiperatiire. 

8 I 

i 

12*5 

».) 

30 

^ 40-5 

50 

60 

IOO 7 for upper layer ; 

24 

20 

10 

(1 

3 

4-6 

10 

IOO 7 for lower biyer ... | 

i 

40 

10 


... 

... 


... 
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Part 11. Theoheticat,. 

1. Introduction. 

As was mentioned in the introduption to Part I, the 
theory of the opal(;sceuce of liquid mixtures near the critical 
solution temperature was supplied by Sinoluchowski and 
Einstein. These authors regarded the opalescence in 
liquid mixtures as due to local fluctuations of composition 
and consequent optical inlionioijeneity. Einstein’s theory of 
liquid mixtures is intended to explain only the scattering of 
light in a small range of temperature above the critical 
solution temperature and is Iwsed on the following assump- 
tions -that the liquids are incompressible, that their 
specific volumes are negligibly small in comparison with those 
of the saturated vapours emitted by them and that the latter 
can be treated as ideal gases; and on this basis he arrived at a 
formula for the opalescence of the mixture in ti'rms of experi- 
mentally determinable magnitudes, namely, the variation of 
its refractive index and of th(! partial vapour pressure of its 
components with the alteration of concentration measured by 
iho ratio of the mass of the second component to tliat of the 
tirst. 'I'his theory was verified for a small range above the 
critical tmnperature by Eiirth and Zernike. Tlie latter 
workeil out also a theory based on statistical mechanics and 
arrived at a more general result, but in the end without 
making any ealeulations rejected the additional factors and 
iinally arrived at Eimitein’s formula.' 

Tn a letter to Nature, C. V. Hainan ' drew attention to the 
limitation of EinstidiTs theory and showed that in the case of 
liquids which are completely miscible in all proportions at 
the ordinary temperature and in the case of partially miscible 
liquids at temperatures higher than the critical temperature, 
there are other factors, which must be taken into considera- 
tion, e.g., molecular scattering of light due to density 
fluctuations of th(! liquid mixture and to the varyimi 
' Naturo, July 1922, p. 77 . 
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orientations of the anisotropic molecules. This latter factor 
accounts for the lars?e amount of unpolarised light in liquids 
scattered transversely to the primary beam. A fuller theory 
taking these factors into account was given by Hainan and 
Ramanatban,' who showed that the experimental results 
could thus he satisfactorily explained. 

In this paper an attempt is made to develop a theory of 
scattering of light ny liquid mixtures, on the lines of 
Hamanathan’s work for the case of pure liquids.- In article 2, 
the medium is assumed to he continuous as in Einstein’s 
treatment of the subject, but subject to local fluctuations 
of density and concentration of the mixture depending on the 
laws of statistical mechanics. Lorentz’s electromagnetic 
treatment of the scattering of light in gases has been adopted 
and extended to the case of liquid mixtures. In article 3, 
the subject is treated from tins molecular standpoint in the 
case when the molecules are isotropic and the formula of 
llaman and Itamanathan for scattering by liciuid mixtures 
is deduced, la article t, the treatment is extended to the 
case when the molecules arc anisotropic and a fornnda is 
developed for the intensity of scattered light. 

2. CohIui nous inedi (tin llieori/. 

Let £ he the value of the m».>an dielectric constant of a 
medium when the distribution of matter is uniform and e + Sc 
its actual value at a volume element Sv. In a liquid mixture, 
owing to thermal movements the density of the mixture taken 
as a whole and the concentration of one liquid in the other 
undergo incessant fluctuations; cunsequeutly the dielectric 
constant of the mixture also. 

Using Heaviside’s absolute units, the dielectric displace- 
ment 

l)=€l!: ... (1) 

■ Phil. Jhii. 1028, p. 213. 

Pj'oc. Jnd. Ahhoc. Cult. Sciuncu, Vol. VIII, p. 1. 
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where E is the electric intensity. When the density and 
concentration of the mixture are nniforin, there would be no 
scattering of light, for the disturbancf's from different 
elements would mutually cancel each other except in the 
direction of primary propagation. At a place where the 
dielectric constant i.s e + Se the dielectric displacement 

l), = ({+S«iK ... (2) 

The discontinuity of displacement can bo annulled by 
introducing a supplementary electric intensity 


'''hi( scattering is thus identical with the radiation due to a 
system of electric intensities -F at the places where 

the dielectric constant dilfers from its mean value t by Sc. 

Suppose we have a volume elmnent 8v at the origin of 
co-ordinates where the dielectric constant is c-j-Se. When 
the linear dimensions of the clement are small in ^comparison 
with the wave length, the amplitude of the disturbance from 

5 

the element would be ])roportional to | K6i and hence its 
energy is proportional to 

( ^ )’ K'iS..)’ - (i) 

In the ease of .scattering by a single volume clement 8v 

F=-**K 

€ 


and the ratio of the light radiated by the doublets to E' the 
square of the amplitude can be shown to be 

/ (^r)* 

“ V X, / V « / 


( 5 ) 
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where X, is the wave length of the incident vibration in the 
medium and 0 is the angle between the direction of the ray 
and axis of Z (the direction of the applied electric intensity). 

Let us now consider the scattering produced hy the acci- 
dental deviations of density and concentration in an extended 
volumi?. Let us take the X-axis to be the direction of the 
primary bonin. The density and concentration deviations 
would change both in magnitude as well as in position in a 
perfectly arbitrary manner and there would be no co-ordination 
of phase Iiotween the vibrations scattered by the various 
elements. As a consequence, over any ftnitc interval of time, 
the iMiergies and not the amplitudes of the scattered radiations 
from the dilferont elements of volume would be additive. 
If 8p and S/t denote the deviations of density and concentra- 
tion from their mean values and /'o in a volume element 8v 
then wc can easily show by Boltzmann’s principle of entropy 
probability that the mean squares of deviations of density and 
concentration are given by ‘ 


■ N8t. 

... Hi) 

1 .M. 

/ 7 1 

ir’N8ii »l,0 

• • 1 1 f i 

Sp 8<=n 

... (X) 


where It is the gas constant, T is the absolute temperature. 
Mg is the molecular weight of the second component in the 
gaseous phase, imuss of the rtrst cojnponent in unit volume 
of the. mixture, is the partial vapour pre.«sure of the 
second component, ^ is the compressibility of the mixture. 

Now 8t= 8fr+ 8p 

dk dp 

=( li )’ *( )' 'V' - 

‘ Kinstoin Ann. der Phyn., Vol. 33, 1010, j». ]27fi, aUo C. V. Kamaii and Rninnnnthnn, 
Phil. Mag., Jan. 1923, p. 213 
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The relation between density and dielectric constant is given 
by Lorentz’s formula, considering a mixture as a whole, 

c-l 1 

— . - rrronstnnt 
Po 


Hence 

0 « _ (€— l^)(c+2; 
dp 

{ 8;V .=<■--» 

and by (6) 


_(t--^*(e+2)* llTj8 
g" N8v 

Substituting in (5) the value of (8e)® from (0) with the help 
of (6) and (7), wc get for the ratio of the average intensity 
of the scattered radiation to that of the incident 


KT/I .-l)*(<+2)* + 


M,' 3< et)» 

wr, 81og/), ’0A- 


] 


sill’d 

Nc"V 


Sv 


Since the radiations from different volume elements are 
additive the above becomes 


J‘|{T/<(*-1)*(€-*-2)* + .M, 




1 sin*tf 

Jnav* 


( 11 ) 


per unit volume where A is the wave length of the incident 
vibration in vacuo. 

In a direction at right angles to the primary incident 
beam, the above expression becomes 




( 8 «/ 8 ^)‘ 1 1 
8iogr./8*- Jnav 
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3. Th^ Elfic/rmi. theorjt of SoMtmng hj iaotropio molecules. 

The problem of scattering of light can also be considered 
from a molecular standpoint. In this case the electro- 
magnetic! waves falling on a molecule produce a displacement 
of the electrons in that molecule. This is equivalent to 
creating an oscillating electric doublet in each molecule with 
a period the same as that of the waves. TTe shall 
however exclude the case of electrons having a natural 
period equal to the period of the inciden t waves. For isotropic 
molecules the axes of the doublets coincide in direction 
with that of the external electric force, but for anisotropic 
molecules the displacements of the electrons are not in general 
in that direction. 'I’he total effect may, however, lie taken 
as equivalent to creating of three doublets with their axes 
along the three principal directions in each molecule. The 
field to which any molecule is subject is (ho resultant of that 
due to the incident wave and that duo to the polarisation 
of the neighbouring molecules. In the following para- 
graphs, a method is developed from the molecular stand- 
point. 

Consider a plane polarised wave travidling in the direction 
Ox. Let Z lie the electric intensity in the wave parallel to 
Oz and proportional to cos pt. TLider the influence of the 
incident wave each molecule behaves as a doublet with its axis 
parallel to Oz. Let A, be the moment induced in a molecule 
of the first component when it is placed in a field of unit 
intensity. Let be the value for the second component of 
the mixtuiv!. Let » be the total number of molecules in a 
unit volume of the mixture of which «, are of the first compo- 
nent and % of the second. Let M, and M; be the electrical 
moments of the doublets of the two components. The total 
intensity at any point in the medium is 
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aud 




.,A,_Z \J_' 

1 4ir . 1 A 


Similarly 






1 A 1 — \ 

1- - Ji,A, 1- 


( 12 ) 


(12a I 


The aliove eq nations can he written as 


A.Z 


‘?«.A,A.Z 


1 " i— "^ / I -1*77 i \ 1 4^7 . *»/( . 

1— *' I Ai)l.l~ “lA, ■— HjiV, 



A. - 



and similarly 


•M, 


A,Z 

, '117 . 477 , 

t X A 1 g A , 


(13) 


(13a) 


Now €, the sqnai’i* of tl\(' retractive index of the first 
component foi’ waves of frequency pj2n is gfiven by 


«i'~l 

‘,+'2 



A. 


(14) 


where »'i is the number of molecubw in a unit volume of the 
first component. For fhe second component we have similarly 
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where u'« is the number of molecules contained in a unit 
volume of the second component and e» the square of the 
refractive index of the second component. 

llemembering that 

C— 1 _ «, —1 , M, , ^ 

€+ 2 ” €,+2 €, 4-2 


where e is the square of the refractive Index of the mixture 
the expressions for M, and M« become after some simplification 


and 






(I.'); 




A vibrating electric doublet radiates out energy. 
According to Hertz’s well-known solution, the electric inten- 
sity at time /—' at a point r distant (great in comparison 
with \) from the doublet of moment M,, is 

- M , - sill 0 ... I l(!i 


where e is the velocity of light in vacuo, 0 is the angle 
Ijetween 0^: and the direction of the ray and ,• stan«.s for 

C 

the value of the moment at time t- ' . 

C 

For a medium containing molecules which are uniformly 
distributed, the effect due to a volume whose dimensions are 
large compared with A, vanishes in all directions except in the 
direction of primary propagation where the secondary vvaves 
from the different molecules in the wave front combine with 
the original wave and give rise to a plane wave moving with 
an altered velocity, in any medium, containing a mixture of 
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liquids, however, owing to thermal movements of the mole- 
cules, and the cons(3quent lluctuations of density and concen- 
tration at any point, there is a finite radiation of energy in all 
directions. If h represents the average number of molecules 

per unit volume in a volume clement 8 p and the mean 
square of the deviations of that number, tlien we have 

n73 

-r; NSu ■■■ 


If k is the concentration of the mixture, the mean square of 
the deviation of that quantity is given liy 


(8/c> 


■tt'-'IS'Si) 


1 

m,0 


(IS) 


wc have also the relation 

{ U ) ( Si /;')=:0 ... ( Ifl ) 

CoJisidcr a volume element S« small in eomparison with 
the wave length, but large eonipared with the dimensions of 
a molecule. liOt n be tlic average number of molecules 
present per unit volume in 8» of which ii^ are of the first 
component and »o are of the second, so that iii + u.,=h. It p 

is the density of the mixture, then » is proportional to p. To 
calculate the intensity of light scattered by the molecules in 
the volume 8i?, we have to take two factors into consideration - 
one is duo to the variation of a or density p consoqueut on the 
variation of Wj and keeping the proportion of u., to «„ i.e., 
the concentration k fixed. This part gives the scattering duo 
to fluctuations of the density of the mixture tivken as a single 
iquid. The other is due to the variation of the proportion of 
tK to Wj, keeping the pressure constant. This part accounts 
for the scattering due to fluctuations in concentration. 
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Tho electric vector at P due to scattering by the molecules 
contained in a volume So is given by 

Z'= 8iii08«l(M,+8M,)(»,+8«,)-M,«, 

c*r 

+ (Al2 +8Ma)(/ia ® +Al2?/j,)8/i] 

OA' 

= fciin 6>8v| ]M i8?t| 4 ->/i8^I , + AI„8>/., 
r^r 


+ 


0 

0 /« 




Since w, Mo, is the total polarisation at tho point 0, it 

is poportional to (e— l)/l;r and hence 


Tho above expression therefore becomes 


= 111 siu08vrMi8i/,+8M,«,+i,,8M.,+M,S», + f 
c*/' L ■ 


0c 

0A- 


U ] ... ( 2 ‘)) 


To evaluate the oxpres.sion + wo 

have the relation— 


€-1 

c+2 


I-Tr 


( j A I ^* // j A j ) 


(• 21 ) 


Now dilferentiating (21), we get after some simplification 


‘|’^(A,8»,+A,8,tJ 


c-1 ,8 m 

€ + 2 H 


( 22 ) 


From (15) and (21), we get in a similar manner 
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Similarly 

8M,=A.Z ... (23a) 

y II 

Substituting the values of 8M, and SM., given by equations 
(23) and (23«) and taking the values of M, and given by 
relations (16) and (lew), wo got with the help of equations 
(21) and (22). 

IsTT n 

Substituting the above value in equation (20), we got for the 
electric intensity at p due to scattering by the molecules 
contained in volume 8e 


c^r L Ob' J 

The energy benng proportional to M“ Is given by 

L l-’T " dli J 


... (25) 


(2(5) 


Since 8w and 8^ vary from instant to instant according to the 
laws of chance the average expectancy of M- over a sulTiciontly 
tong interval of time is 


K»: 


y/‘Z« 


{«• 


-ri»(c+2i» 

144;r“ 


8i»’‘ , 1 ') 

»» lt5r*V P ) 



Ky (17) and (18), and remembering that p'o=2Tr!\ we arrive 
at the formula (11 for a volume \ . 


4. Scaffmuf/ bif (inholropic molecules. 

When the arrangement, of the electrons in a molecule 
is symmetrical, timn the displacement of the electrons will be 
in the direction of the applied electric force and independent of 
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the direction. If it is unsymmetrical the displacement may not 
be in the direction of the force and scattered light will not be 
completely polarised. In this article the anisotropy of the 
molecules is taken into consideration in calculating the 
scattering of light by binary liquid mixtures. 

Let 0|^i, Oiji, 0^„ denote the three principal directions in 
a molecule of the first component at right angles to each other 
such that the electrons can be displaced along any of them, 
without causing displacement along the other two. Similarly 
let Oii, Oija, OC>, denote the three principal directions of a 
molecule of the second component. Let Oar, 0^, and Os be 
three! fixed axes. Let A„ B„ C,, be the moments induced in a 
molecule of the first component when placed in a field of unit 
intensity parallel to Of,, Orj,, OL respeclivoly. Let Ao, Bj, O 3 
be the corresponding values for tlie second component. As 
before lot Os be the direction of the incident polarised plane 
wave and Z the electric intensity along Os. The molecules 
being anisotropic, there will ho components both along the . 1 ; 
and y axes. But when the axes of the molecules are oriented 
at random the jnean values of polarisation parallel to .<-• and // 
axes vanish. But the value along tlie :: axis wliieh is 


is not zero, as M. and M',. which ar(! the moments of each of 
the two components, can have only positive values, w, and 
are the number of molenuhss of the two components in unit 
volume. 

The olfect of polarisation of the surrounding molecules is 
then to produce an additional field of 


The resultant electric field is therefore 


7j+ M', 
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To calculate we note that if the molecules are oriented at 
random 


M,= 


A,+Bj+C, 

fJ 






_ A, +B, +C, 

3 “ 3 ' 


( 27 ) 


as in the previous section. 


M', 


A. + B,.|C, 

3 



(27(1) 


and 


=i^|^ H, + j ... 

If 0, <^, t/» are the Euleriaii co-ordinates delinin" a molecule of 
the first component with respect to the fixed axes, we have 
for the moments induced in the molecule parallel to 
Of„ Oi,„ 0{„ 

— A,Z*4j-^sin fleo.s <^, H,Z*]|'^sin6siiic^, ... (29) 

When these are resolved along; Ox, Oy, 0» the components are 

[sinflcDs (!)«)si/f((/, — A, i‘os’<^— B, sin’ <j>) 
o 

4-( Aj — 15, ) sin tfsiiij// sin cos 0J ... (;j0) 

My=Z--'|’^[sin0 cos Osin i^(C|--Ai cos*</)-Bi sin® </>) 

+ (zV,— 13J sill S cos i/f sin cos ... (;31 

M, =Z* [Cl cos® ^+B, sin® ^sin® sin® S cos® <^J ... (;52; 

3 
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which for shortness, wo may write 


L_i* " ^ L.4J ^ L-ft 


Similarly if <!', «//' are the values of <{> and tj/ for the 

second component, Ave "ot 


II 

'.‘+2. . 

' -i •- ■ 

... (m) 


.> I— a 

... (31«) 

11 

'.‘+2 , 

... 


where L.',. i_ ,. and i_':, are the expressions for l.„ i_*, u., 
with O', (f>' and (//, written for 0, (j> and i|> respectively and 
A.,, Bo, Co written for A,, B,, C, respectively. 

To calculate tho intensity of lis'ht scattered in any 
direction from a unit volume, Ave have? to add together the 
contrihutions from all the molecules contained in it, due 
regard Ixnng paid to the phases of the Avaves scattered. In 
the ciise of isotropic molecules the induced moments are all 
parallel to the external lield and the direction of vibration in 
the scattered light is |)arallel to that in the incident. With 
anisotropic molecules, however, the scattered light has also in 
general, vibrations perpeudicAilar to those in the incident. 
In a binary li(|uid mixture containing isotropic molecules, 
tho scaltering can he supposed to arise from density and 
concentration fluctuations and in a nuslium containing aniso- 
tropic molecules, av(! have in addition scattering due to 
random character of the orientations of the molecules. In 
calculating tho intensity of light scattered by a mixture of 
anisotropic molecules, we may suppose them to be replaced by 
isotropic molecules, having the same induced moments as the 
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average moment of the anisotropic molecules and proneed to 
calculate the intensity of scattered light due to fluctuations 
of density and concentration as in the previous section. 

Thus in the case of a unit volume of the mixture 
containing », molecules of the first com})onoiit and n., of the 
second the sum of tlie induced moments in the direction of 
the 3;-axis is given hy 

(,ii + M', ) 

O 

where M. and .M', are the mean values for the .t.’-compoiient 
of the moments of the two kinds of molecules, li'rora (:{0) 
and (3()(t), the mean values will he zero. Similarly the 
y-coraponont is zero and the c-component is given hy 



Wo can now proceed exactly as in the ease; of isotropic 
inolecnilos, to find tlio intensity of light sc itteretl by a unit 
volume of the mi.xture due to dmisity and concentration 
fluctuations, for which we get similar expressions as in the 
previous section. 

Actually, however, each anisotropic molecule has in any 
direction a moment different from the average value on 
account of its varying orientation, and the lluctuation of the 
value of the moment from its mean value gives rise to an 
additional scattering. Thus for a unit volume, the fluctuations 
in moments from their average values in the direction are 
given hy 

and 


c+2r/ A,+B. + C, 
3 LV ■ ‘3 





;.5 
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We shall now proceed to calculate the light scattered by a 
unit volume of the mixture arising out of the two ways 
mentioned above. 

At a point on the y-axis distant r from 0, the J?*compo- 
nent of the electric vector due to scattering from a molecule 
at 0 is 


r 




The total effect of all the molecules contained in a small 
volume element which is small compared with the wave- 
length but large compared with the linear dimensions of the 
molecule is given by 


X'= 

c*r 


§M. 


Since 8v contains a large number of molecules with their 
orientations at random 2M., would in general be small, as 
positive and negative values of M,, are equally probible. 
Indeed when tho number of molecules is large tho mean value 
would be zero. But the value of (SMJ* however when M, 
is as often po.sitive as negative is, as the late Lord Bayleigh ' 
has shown. 


... (;«) 

where »8u is the number of molecules in 8u. For a binary 
mixture containing W|8w and n^v molecules of the two compo- 
nents the avcnige expectation X'^ is 


* Theory of Sound, Vol. I, Art, 4Ha. 
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Substituting the values of M* and M'* given by (30) and 
(30o) and averaging over all orientations of the molecules 


x'*= 


p«z « /c +2 y 

c*»-* \ / 


15 




+ (A.>+B,‘+C,*-A,B,-B,C,-C,A,)h,]8u ... (34) 


//• X/- ^ 


where 



(A,* + B.«+C,»-A,B,-B,C,-C,A,) 


and 


1 


15 


(A,*4.B,»+C,*-A,B,-B,C\-C,A,) 


For a volume Y, 


X'* = 


p^z> I €+2 y 






In the cas(! of the ^-component of the electric intensity 
at P in the waves scattered from a volume element 8u, we 
have, as seen above, to take into consideration two parts— one, 
the scattering duo to the molecules, when they are replaced 
by isotropic molecules having the same average moment as 
the anisotropic molecules. This gives, as in the previous 
section, scattering due t > density and concentration lluctua- 
tions. The other is due to tluciii'ition of the moments of the 
anisotropic molecules on account of tiieir varying orientations. 
The second part as in the case of the .^-component of the 
electric intensity is proportional to the number of molecules 
and the first is proportional to the square of that number. 
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The first part of the square of the component of the 
electric vector at P in the waves scatlcrecl from a volume 
Sv at 0, is given as in the case of isotropic molecules, by 

P*Z'(Sv)* . ]’ ]* J 


= [(T)‘ 8 *)-] 


The second part for a volume Sv is given by 




^^A, + B,+U, y 


This reduces for all orientations to 


p*z*/*+ 2 y 4 

cV i “a )■ 


... (37 


Hence the total value of the square of the ;;-compojiient of 
the electric vector is given by 

Z'.- r ( 87* 1 / ae V /xn. hx 

^ - cs- Ll 144.i" +16,r*l di) r*”) 
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Substituting the values of (8«)“ and (84)^ from (26) and (27) 
we get 

— “ (d^/dh-y 

z'== r( 1 1 

cv‘ L ( liw* ■' ‘ N ■’'iijir*' N aiog2>,/ai i 


Eor a volume Y, 




' (6*;aAr 

r^r‘* Li 14177*^ N l<>7r* N 0 0 A* 


+;5(''lj“y (/.«.+/,«,) jv. ... i:j9) 

When the incident light is unpolarised tlie ratio of the two 
components is given by 


y= 



(/l«l+/l».) + 


(c- 1)’(€+2)* llTiS 1 
1-14b-’ \ IGtt’ 


M.(a*/8A)* 

'SiiiiQ\o"PfjQk 


ylQ) 


The total intensity of the scattered light for a volume V is 
given by 


P*Z* (l-Y «+2V 

I -A ;j ) 




{€-l)“f£+2)» RT/S 
lllTT* X 


1 . M,(a*'ai)* \ 

ItiTT* Xm, ai^’r/'s/aA 5 


P*Z» n£-l)«(.+2)> IM’it} 1 . \ 

c**~ ' ( l l-iir’ Xw, aHV'i' 9A J 
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144ii N iOir* N??i, 0iogy)j/9/^ 


j 


This reduces after a little simplitlcation to 


V (»• RT/B 
NX' 


(€-1)*(€ + 2)* + 


A.L9 ‘/§i)l ] r 1 

NX*wi, aio{f/i,/'a^’ J L ()— 7y _■ 


... (41) 


where X is the wave-length in vacuo. The above formula 
can be seen to be the same expression as for the isotropic 
molecules multiplied by the Cabaniies’ factor. 

In the case of a single substance the above reduces to 


llT/3 
9 N\‘ 


(e-l)*(€+2) 


()— 7y 


... (U«) 


Part III. 

Comparison of Theory and Experiment. 

1. Intensity. 

The intensity of light scattered by mixtures of toluene 
and acetic acid at the room temperature will be considered. 
Toluene is taken as the first component and acetic acid as the 
second. In calculating the density and concentration scatter* 
ings the common multiplying factor 1 /NX* is omitted. The 
compressibility data are taken from Cohen and Schut’s Piezo 
Ghemie. The compressibilities for different concentrations 
are given in the following tabic. 

Tabu; VII. 

Liquid.; Tolnciio i K=01W K==0-575 K-l CSl K=3 03 lAcetic »cid 


flJO" I 91-4 


87 


86 


06 
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The variation of refractive index with concentration is 
calculated for the If-line from the following well-known 
formula 


C-I 1 ^ -1 . /■ , ... (42) 

€ + 2 p ti + 2 p, c,+2 Pa 

where e, e„ cj are respectively the refractive indices of the 
mixture and the two components, p, p,, p. are respectively the 
densities of the mixtures and the two components, /, and/^ 
are the fractions of the masses of each of the two components 
in the total mass of the mixture. The values of e for different 
concentrations are given in the table VIII. 


Tablk Vlll. 


K iToliiums! 0-11 (l•25 O- fcS ! 0-(i7 ! 1 0 1-25 2-33 ! 4-0 ! 9 0 lAcetic acid 


2'2S1 |2'247l2'21()|2-172]2-13.j|2-O00 2-O.W 2-018' 1-978 


1-930 1-89-1 


Though the incident light is not homogeneous, as we are 
concerned only with the ratios and not with the absolute 
values, we will not bo far from right if we take the refractive 
indices corresponding to the Jf line as representative of the 
whole. From Tables VII and VIII the compressibilities and 
refractive indices for the required concentrations are obtained 
by interpolation. Knowing 11 to be equal to 8315 X 10“ 
e.G.S. units, the values of n,, N\‘ are calculated, 
where 


n -’L’ 

*”18 NX‘ 




For calculating the concentration scattering, the variation 
of log Pj where /).j is the partial vapour pressure of the second 
component (acetic acid in this case), with concentration is 
given in the following table : 
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Tabi,k IX. 


0 - 0 C« '0 069|o i3r)|0'206l()-318|o-4.';i|o-567io-0i)0|0'07l!l'437ia-171 ^ 

0 0 ot2i n3I-537‘1.7ril|l-«36)2 05' 2-12»2-1772-2.5i)'2-332i2-405| 2 48U, 2'610 


The variation of e with k is given in the Table VIII. The 
values of Slog/^j/dA are found by the usual method after 
drawing a graph with k as abscissa and as ordinate. In 
a similar manner, d^/dk is found from another graph. Then 
the values of ti., NX* are calculated, 


where 


12 = . ^1. r ( 8 c/aAr i 

’ L dh>’i>,lbk J 


The orientation scattering is first calculated for toluene and 
acetic acid from equation (4) of paper A after knowing the 
ratio of the two components of polari.sation from the observed 
values. Erom (35) the orientation scattering for any mi.Kture 

divided by ^ is proportional to the number of molecules 

of each component, the variations of ^ 

be linear and the orientation scattering is easily calculated. 
The following table gives the calculated and observed inten- 
sities for the transversely scattered light : 


T.^ui.b X. 



4) CM 

to® 

g 




I 

! Tot\l 

! 

To’I'AI. 

SlATTKKINIf; 







Toi.ckn 

1 : iSi ATTKIllM. 


^ £ 





1 



Liquid 

i 

c;>0 

1 

i“| 

♦ 

« 

< 

'/i 

♦ 

c: 

1 (fl, +n., 1 Accord- 
1 + 1 ^ 1 ) i in^ tu 

I Na* 1 (41) 

Cnlcul ail’d yi,,,,,. 

K&K* J.C.K'-; 

Toluene | 

Too- 


37-2 j 

0 1 

“uT 

; 128 M.3-5 

10 

10 10 

A 

83-3 

0-24 

28-9 

20 1 

82 

, 131 157- i 

103 

Ml 1 1-05 

K 

00-7 

0-01 

26-8 

30 

73 

I 130 111 ' 

1.04 

1-0 1 10 

C 

500 

1-21 

22-7 

3H 

65 

! 126 ; 135 

10 

0-91 i I II 

D 

33-3 

2-43 

I9-5 j 

34-6 I 

58 

1 103 114 

0-Sl 

0-8 1 0-78 

j<: 

10-7 

6 07 1 

17*7 

14-9 

51 

I 81 . 90 

0-65 

0-63 : 0-70 

Acetic acid 

0 

1 

[ 1.V7 1 

0 1 

41. 

60 I 78-4 

()-47 

0*55 ! 0’5 


* K & K Uaniiiu and [[aniunathati's furinula corrected for orientation HCiitterini.' 
' J. C. K. Fonniilu ij^iven l>y c(| nation (41). 
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A graph fig. 1 with the percentage volume of tolupno 
as abscissa and the intensity as ordinate is given. The dotted 
curve shows the observed values and the other one shows the 
calculated values, from formula (11). 

In the above table X and fig. 1 one sees a fairly good 
agreement between the calculated and observed values. 



ng. 


We shall now consider the intensity of scattered light by 
mixtures of methyl alcohol and carbon bisulphide at different 
temperatures. In the calculations carbon bisulpbidc is taken 
as the second component and methyl alcohol as the first. In 
calculating the density and concentration scattering the 
common multiplying factor 1/NX^ is omitted as in the previous 
case. Experimenkl data for the compressibilities of the 
mixture are not available. The variation of compressibility 
with concentration is assumed to be similar to the mixtures 
of carbon bisulphide and methyl alcohol (for which data is 
available), the relation being almost linear. The necessary 
correction for variation with temperature is also made. 

The variation of refractive index with concentration is 
calculated as before for the V line and for calculating 





81 


.1. C. KAMESTARA UAV 


variations with temperature Lorentz’s formula is employed. 
The following table gives the squares of the refractive indices 
for different concentrations and temperatures. 


Tablis XL 


Squares of refractive indices 


Temp. 

§ 

» 

O 

1 ^ 
rH 

6 

II 

1?: 

GM 

6 

II 

? 

6 

II 

1 

' 

© o 

6 M 

II . II 

^ \4 

Ly 

7 

CO 

cy 

01 

9 

II 

9 

a 

II 

Cl 

CO 

O 

20 

1-111 1 

1-827 

1*884 

1*043 

. 

2-010.2-095 





2 -732 

30 

1*760 1 

1-814 

1*872 

1*920 

1-995 2.077 



> >• 

2 *.529 

2-699 

40 j 

1*754 i 

1-802 

1*866 

1*914 

1-983- 2-060 

2*15.5 

2*2^ 

2*364 

2*502 

2-670 

50 

1*74^4 

1-791 

1*858 

1*?K)1 

l-968i2-041 

2*138 

2*229 

2*344 

2*478 

2-610 

eo j 

1 

1*733 

1-778 

1*640 

1*887 

1-052 2-028 

2*120 

2*208 

2*320 

2*4.53 

2-811 


The compressibilities and the squares of the refractive 
indices for different concentrations and temperatures being 
known, and knowing It to be equal to 83 • 16 X 10" 0. G. S. 
units, the values of o, -Ware calculated. The values of 
ae/aifc for different temperatures and concentrations are 
obtained as in the previous case. There now remains the 
factor diog/VO^ calculate the concentration scattering. 
In the absence of experimental data recourse had to be taken 
to theoretical methods of calculation. The total vapour 
pressures for different concentrations and temperatures are 
first determined by the usual method. For temperatures 
above the critical solution temperature Porter’s method ' 
was applied by using the formula. 












where P is the total vapour pressure, ii„ and ii„ are the* 
vapour pressures of the two coastituents at the same tempera- 
ture, ika and ftj are the molecular fractions of the two 
constituents, and j8 is a constant slightly decreasing witli 
increasing temperatures. All the quantities in the abovo 
equation except /8 are known. After getting a proper value 
of j8, the partial vapour pressures are calculated from the 


^ Trans. Farad, Soc,, Vol. XVI, p, 336. 
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formula ,, 0(1-/^.^ 

where b-„ is the partial pressuw! corresponding to the molar 
fraction /*„. This approximate but very useful formula, 
which fitted in well for temperatures above the critical 
temperature, failed to give concordant results for lower 
temperatures. Eor these temperatures, Marshall’s graphical 
method ' which is also based on the general solution of 
Duhem’s equation was used. This method though very 
tedious, was found to give more concordant results. The 
above methods of calculating partial vapour pressiires are also 
justified by the fact, that when they are applied to cases 
where experimental data are available, the calculated values 
agreed very well with the experimental values. The results 
of these calculations for mixtures of methyl alcohol sind 
carbon bisulphide are given in the following fig. 2 . 


Rsfliel Vapcur Pressures oj CSa 



Fig. 2. 


Trans. Cliem. Soc., Vol. 80, p. ISoO, 
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Tho moltir fractions of methyl alcohol are given as abscissii 
and the partial vapoar pressure of carbon bisulphide as 
ordinate. It is easily seen from the curve corresponding to 
the critical solution temperature, that there is a point of 
inflection. Ifor curves corresponding to lower temperatures 
there are two concentrations corresponding to the two lay<‘rs 
for which the partial pressure is tho same. To get the values of 
glog/v'dA, the above graphs are redrawn with k as abscissa 
and logpa as ordinates and from these graphs the values of 
glogpj/gA are calculated. Thus all factors being known, 
n„ NX* is easily calculated. 

The orientation scattering for any temperature for methyl 
alcohol and carbon bisulphide is calculated from (H«) as in 
the previous case, l^’rom these, the valiu's for other concentra- 
tions are easily calculated from (35). 

The following tables give the calculated and observed 
intensities for the transversely scattered light, for dilTerent 
temperatures and different concentrations. 
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Table XII (4). 
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Table XII (/■). 
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Tabj.k XT I {('). 
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Three typical graphs corrospomlitig to tables XI IS, Xllr? 
and XTIe are drawn. The percentage volume of carbon 
bisulphide is given as akscissa and the intensity as ordinate. 
The dotted lines in all cases denote the observed values. 
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Fig 5. 

•2. Poi,Alt[SAT[ON. 

Knowing the values of y for 'J'olueno and acetic acid, 
obtained by direct observation, tln^ values of y for the 
mixtures are calculated from (l-lr^) nc"lcctin" The 
calculated and observed values are "iveii in the following 
table for comparison : 

TM»i.h XIII. 
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A graph Fig. 6 with percentage volume of toluene as 
abscissa and lOOy as ordinate i.s also given. 



In a similar way, knowing the valnra of y for melh.vl 
alcohol and carbon bisnlphidc obtauicd by direct observation, 
the values of lOOy for ibe mixtures are calculated as ])eforc. 
The calculated and observed values for dilTcrent temperatures 
and concentrations are given in the following tables. 
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Table XIV (e). 
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Two typical graphs correspondin'' to Tables XIVc and 
XlVe are given in figures (7) and (8). Tlie percentage 
volumes of CSo are givcni as abscissa and I OOy as the ordinate. 
The tables and tigiires show also a fair agreement between 
theory and experiment. 


Polarisotinn 
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Part IV. 

Summarj! ami Conelmion. 

Tlie paper doseribes experimental and theoretical R'ork 
dealing with the scattering of light by binary liquid mixtures. 
Part I deals with the experimental work done on measure- 
ment of the intensity of light scattered by mixtures of toluene 
and acetic acid at tbo room temperature and by mixtures of 
methyl alcohol and carbon bisulphide at different tempera- 
tures. It gives also the state of polarisation of the scattered 
light for the same pairs of liquids. The variation of the 
intensity of tight scattered by the second pair of liquids is 
very interesting and instructive. The intensity at any 
temperature increases with concentration till a particular 
concentration is reached beyond which it again decreases. 
This effect is very great at the critical temperature while for 
the critical concentration, tin* intensity is enormous, but 
above and below this, it decreases. T’he state of polarisation 
shows also similar inteixjsting changes. For any temperature, 
the ini perfect ness of polarisation is a minimum for a particular 
concentration; this effect being more prominent at the 
critical temperature : at which the scattered light is almost 
completely polarised for the critical concentration, the light 
becomes more and more imperfectly polarised at higher or 
lower temperatures. 

Part II, art. 2, discusses an electromagnetic theory of the 
scattering of light in binary Ihiuid mixtures without assuming 
a molecular structure, on the basis of fiorentz’s treatment of 
the scattering of light in gases, lly this method Hainan and 
Ramanathan’s formula is derived. 'I'he same result is shovvn 
to follow if the medium is endowed with a molecular structure 
and the molecules are assumed to be isotropic. The same 
treatment is extended to the case of anisotropic molecules, 
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in which case it is shown that if the molecules are entirely 
oriented at random, the transversely scattered light is 
imperfectly polarised. The intensity of the light scattered in 
a direction at right angles to the primary beam is shown to be 

Vr^« , ,,, . _M,(0c/0AO* -| ( l(l+r) . 

r>L9 NA‘ ^ J 6-7)- 

Part III gives the comparison of the results obtained by 
theory and (experiment and shows a fair agreement between 
the two. 

In conclusion, the author wishes to express his best 
thanks to Prof. C. V. Raman who sugge.sted the problem, for 
his helpful interest and encouragement. 



On the Modification of the Laws of Emission 
of Ions from Hot Metals by the 
Quantum Theory ' 

Tiv 

S. C. IJov, AI.Sc., 

Mesearch Scholar in Vhitsicd, Cttlonifa Vnircrxitij. 

1. IntroductioH. — Although tli« classieiil olecl rou theorios 
of metals, d(!Voloped hy Drude, Lorcntz, 'I'honisoii and others, 
have given us a fair account of the various oulstaudiug physical 
properties of metals, — such as the heal and electrical conduc- 
tivity, the Peltier-olfcct, tluj Thomson -effect, the Richardson- 
elTect and so ou, the various secondary hypotheses which have 
been advanced to explain these phcmoniena arc seldom convinc- 
ing and are often in absolute contradiction with one another. 
The most obvious difficulty, however, is the question of the 
heat-capacity of metals. If the ‘ free ’ conduction electrons 
could claim their full share in the equal distribution of kinetic 
energy, then this share of energy should be plainly noticeable 
in the atomic heats of these laxlies. Such an increase in the. 
atomic heats of metals as compared to metalloids which 
contain vanishingly few free eh'.ctrons, has never been dis- 
covered. Further, as Lorentz has pointed out, the classical 
electron theory invariably leads to Raleigh's Ian' of radiation. 

Ill recent years, the ideas have been d(!veloping that the 
law of equipartition of energy for the metallic electrons, has 
got to be abandoned in . favour of IManck’s quantum law. 
The difficulty, hoivever, lies in properly (piantizing the motions 
of the metallic electrons and In explaining the thermal 


‘ Read before Bangalore bcsbIou of Indiun Sciunco Congrciis, 1023. 
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conductivity of metals and the correctness of Wiedemann- 
Franz’s law on such a quantized tlujory. Prof. Lindemann ' 
has pointed out that tlie expression ‘free’ electron suggesting 
or intending to suggest an electron normally not under the 
action of any force, is really a contradiction in terms. If the 
electrons be not attracted by atomic residues (and this 
assumption is essential to prev(‘nt re-combi naticjii) the repul- 
sion between the electrons themselves will prevent their being 
free in the true sense. It is, therefore, conceivable that 
metallic electrons instead of forming an ideal gas, really 
constitute a condensed solid. In continuation of the concep- 
tions of Born and Kdrman, one may suppose that a metal 
crystal is constituted of inter-locked spacfe lattices of electrons, 
atoms or atomic residues. Prof. Lindemann ’ has, already, 
chalked out a theory of nndallit; state on the basis of t.he.se 
ideas. Prof. J. .1. 'rhomson * has, recently, developed such and 
similar ideas in his electron theory of solids. 

The object of the prosmil paper is to consider statistically 
the laws of emission of ions or electroiis from hot metals on 
the basis of the supposition that the metallic ions or electrons 
behave in all manner like Plaiuik’s line vilnators while the 
emitted ones constitute an ideal monatomic gas. 

2. Teiiipemtiire I'jtiKiUlinnm helux'i'u the emitted Ions or 
Hlectroms with eoiitthnj MeM -'I’he problern before 

us is to determine statistically the temperature ocpiilibrium 
of a hot metal-crystal with the radiant tmergy of icther and 
with an atiui 'Sphere of gaseous ions or electrons contained 
in a vacuous enclosure of volume V and maintained at a 
temperature T°A. The assembly for our present statistical 
calculations <‘mbraces various types of systems — mther, 
free gaseous ions or electrons, and condensed electrons. 


‘ ‘ I'hil. Vol. 2il, 191.-,, p. 127. 

» Ik.cM. 

* rhil. Mob , Vol, 4S, p. '721, 1922, 
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atoms or atomic residues in the solid state. One ' can 
formally include all the various systems into the statistical 
calculations. It will, however, conduce to brevity and clear- 
ness if one assumes that the sublimation of ions or electrons 
takes place (|uite independently and does not alter the average 
distribution of energy amongst other systems of the assembly. 
'I’he distribution of energy in any type of systems in an 
assembly depends on the motion of that system alone so long 
as it is not too frequently interfered with, — such an assumption 
of limited interference being fundamental to all statistical 
calculations. 

Ijet us limit our considerations to any example of an 
assembly of M ions or electrons of which 1,2... N are in the 
vapour phase while + are in the solid phase; so that 
the number in the solid phase is S = M-N. We will suppose 
that the particles in the vapour-phase form an ideal mon- 
atomic gas while those in the condensed state constitute 
Planck’s resonators capable of taking energies in multiples of 
quanta e,=/!e, (<=1,2,3, etc.). The mechanism by which the 
resonators pass from the condensed phase to the free gaseous 
state, is not known. It may be either rtuliative or due to 
collision. Statistically we may suppose that (f> is the work 
done at the absolute zero of temperature in taking out a 
particle from the solid to the vapour phase. Now if q’s and p’s 
specify the positional and momenta (fo-ordinates of the gaseous 
particles, their energy content with respect to a standard zero 
state of energy, may be written as, 


, 8=.3}ir 
E, = / § 
1=1 


... ( 1 ) 


The energy of the resonators in the condensed solid phase may 


^ Messrs. Darwin and FowWa new statistu*:!.] inethoil loluls itself to bo utilised for a 
more elegant treatment of tU« preaent aubjcci. (Phil. Mag., Vol. 44, September and 
November, 1922 ; Vol. 45, January and March, IQ23, and other subsequent papers). 
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be written in the form, 

i=8S 1 't=3S 

E,=S ti=;r 2 ... (2i 

t=l i=l 

where, j^’s specify the natural frequencies of the resonators. 
The probability that the particles 1, 2... N are in the vapour 
phase while N + 1,...M are in the solid phase, is according to 
Boltzmann’s theorem. 


Now, since the gaseous particles are governed by the 
classical laws of mechanics, we have. 



h 


_ :>N 

=? ... (4) 

where,the integration has been carried throughout the volume 
V (neglecting the volume of the metal crystal) from p=°‘ to 

■p=.-<x. 

In order to evaluate the integral 


1 


e 


K, 


in the light of the quantum statistics, let us introduce the 
auxiliary variables f and iji defined by, 


|j=Wi(]r, V2m 



... ( 5 ) 
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So that we obtain 

t,=fi •+>»(’ ... (C) 

and hence 


$i = POS 'j 

Vi=\/ti sin <l>i j 

where, is a parametric an^le. we have thus, 
(V<'V<= ^ 

TTU , ZTTV : 


( 1 ) 


( 8 ; 



Planck’s quantum stsitisticsof the oscillators require that e,- can 
assume only discrete values, so that d£,=hu,, Houce the 
integral (9) changes to the sum, 


OC 

«=o 


ilhvt 

kT 


V, 



(10) 


Hence the probability takes the form, 


_ ^ :ix 

a)=A-£ i2ir,H/.T) “ 


,as 




... ( 11 ; 


where, ^38 denotes the product of such functions as 

^ hvi 

(^{l-e ^ )[*=1,2,3S]. 


I^t US now consider tho two special cases of relation (11). 
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Case 1. In the case of resonators for which hu, is large 
compared to AT, we have the probability, 

(i)=e (2ir)}it'T) ^ h ,,, (12) 

Case 2. On the other band if the frequencies of the 
I’escnators be so low that //v, is small compared to AT, we have 


^>0 

IcT 


3N 



(13) 


where, v is the geometric mean of the spectrum of frequencies. 
Now the total number of M particles can be made into 

groups of N and S in ways while the S particles inside 

the metal-crystal can be arranged i)i lattices in S! ways. 
Hence the total probability becomes. 


\V= 



0) 


(14) 


The equilibrium state of an assembly corresponds to the state 
of maximum probability for which wo must have 


aN 


or 


a 

ciN^ 


lofc \v=n. 


ITencc using Stirling’s approximation in the form 
N! *= N log N N, we obtain in the first case 


, X 0 „., ClirmlcTf'^ 


(15) 


and in the second case 



AT / 


(Ki) 
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3. Law of cm'mion of Ekdrons. — The electron space- 
lattices may possess a large number of pi'oper frequencies and 
as Prof. Lindemanii has pointed out, Planck’s infinite number 
of resonators may have a physical meaning. One would, 
however, require special assumptions to calculate the proper 
frequencies of the electron siiaco lattices. The experimental 
fact, namely that the electrical resistance of metals is altered 
only by alternating currents of very high frequencies of the 
order of 10 “ periods per second (as when infra-red light is 
reflected from metals), points to the fact that the metallic 
electrons must possess very high frisquencies. ()no hmvever 
docs not know the lowest limit of the electronic frequencies. 
One may tentatively suppose that the observed frequency of 
the photoelectric threshold sets a limit to the lowest frequency 
of the metfvllic electrons. Ultraviolet light impinging on an 
electronic lattice, lets loose the electrons and projects them out. 
This can residily happem only when the natural frequencies of 
the electronic space-lattices are in resonance with the imping- 
ing light Avave. In any case it is quite conceivable that 
metallic electrons, owing to their small mass, possess extremely 
high frequencies the lowest limit of which ranges from 
10 “ to lO'"’ for dilTerent metals. If this be so, then for the 

metallic electrons 7 ,,,' will be nmch larger than unity at all 

A’ I 

temperatures available in the hiboratory. Hence we can write 
for the oquilibriura-concentration of electrons near a hot 
metal crystal at temperature T’A, 

If 

... (17) 

As l^rof. Richardson' lias pointed out, in thermionic current 
measurements, we do not I'csilly measure the equilibrium 
concentration of electrons, but the number emitted per second 

’ ‘‘The KniisMioii of Kloolrifity I'loni Hoi Kodii'-,’' — 2 im 1 I'hl., 1021, p]>. Xll siml 


__ (*j7r/iu/iT) 
/r’"” 
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per unit area of the hot body. This number n'.. is equal to 
(1-r) times the number reaching the body per second, where ;• 
is the fraction of the incident electrons sent back by reflection. 
According to the kinetic theory of gases, 






•T" 


AT 


... (18) 


Hence the thermionic emission of electrons per second per 
unit area, is given by the expression,' 


-i- 

l_=«'j=(l-,) f ... (19) 

where, S »= electronic charge. 

t. Thermionic Emission of posiUce Ions . — The positive 
ions, owing to their larger mass, would possess much lower 
frequencies and for temperatures within the range lOOO'A 
to 2000°A, one may reasonably suppose that hv, is small 
compared to Vi, and so ne have for the equilibrium- 
concentration of positive ions. 



... (- 3 ') 


The thermionic emission of po.sitive ions per second per unit 
area is 


K 





'/'I 

AT 


fil) 


In the absence of any further knowledge of i/, we cannot 
put expression (21) to an experimental test. But the relation 
(19) contains no unknown constants except the work-function 


* l.auc has worked out the saino expression liy thcriiiudyimTnicnl arguments (Julirl>. d. 
UndioactiviUt 15, 205 U 257, 1018 i and Ann der I’hys. Vol, 68, 1919, p. (196). Dushman, 
Phys. Rev., .lime, 1923, 
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a knowledge of which should enable us to predict theoreti- 
cally the rate of emission of electrons from different metals 
at various temperatures under perfect vacuum conditions. 

5. The Nature of the work-fnncimi fact that 

the emission of electrons is attended by a cooling effect while 
al)sorption results in a heating effect, suggests that the 
emission may be regarded as a process of sublimation of 
electrons from the solid to the gaseous phase and we can 
designate jr in heat units as the ‘ heat of sublimation ’ or 
‘ heat of condensation ’ of electrons at the absolute zero of 
temperature. On the oth(*r hand this work-function in 
equivalent volts should be analogous to the ionisation 
potential of gases and vapours. The recent work of Compton 
and others on low voltage arcs in gases and vapours, ha.s 
brought to light the interesting fact that the ionisation 
potentials of vapours arc not constant but may be much less 
for atoms brought to an abnormal condition by absorption of 
radiation generated in other atoms. The ionisation potential 
thenifore may be shifted back to the first resonance potential 
as its limiting value. The closeness of atoms in the condensed 
state will certainly loosen the electrons on the surface of the 
atoms. We should, therefore expect the ionisation potentials 
of elements in tlu? condensed state to be much diminished. It 
is unfortunate that we know very little as yet about the exact 
nature of ‘ loosening ’ of the electrons inside a metal, or about 
the mechanism of omission, which may be either radiative or due 
to collision. Tt is how'ever quite probable that both radiation 
and collision are simultaneously operative in the actual 
processes involved. But it would introduce much simplifica- 
tion into the theory if one single mechanism could explain 
the emission. The argument against the view that the 
thermionic emission may be regarded as due to the radiation 
of the hot body itself is that the magnitude of the auto-photo- 
electric currents is much lower than the thermionic currents. 
This Ls, however, to be expected. For by impinging 
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radiation from outside on metals, we do not really attain 
to the condition of radiation due to the hot body itself. 
If thcrmioniu emission of olcetrons were due to the radiation 
of the hot body itself, tlien the type of arguments advanced 
hy Prof. Richardson* in his statistical theory of photo-electric 
effect, should apply to tlie case of thermionic omission. 
Accordin'? to his statistical theory the avera|?e kinetic energy 
of electrons emitted hy radiation of frequency v is given by, 

T=/tp--</) ... f‘22) 

Hence for electrons emitted with zero kinetic energy, we 
should have. 


0=hv„-4,„ ... ( 2 :() 

whore, is th(; frequency of the photo-electric threshold. 
There is no a priori reason why and . should not be 
identical. But the experimental observations on both 
thermionic and photo-electric effects are so hopelessly 
conflicting and uncertain that no one can as yet pronounce 
any decision on this point with any degree of certainty. It 
appears to me that if some theoretical expression could bo 
found for the calculation of the long-wave-length limit, it 
might serve some useful end in this connection. One such 
way is indicated below. Prof. Iliehardson’s - statistical 
theory of photo-electric eff<!ct leads to the relation, 

... 

where v,„ is the frequency of the maximum selective photo- 
electric effect. Prof. J. J. Thomson'* in his recent develo])- 
ments of the electron theory of metals, has given us a method 
of calculating the frequency of the selective photo-electric 


' i’In'l, Mhk., VoI. 2.'), p. l!U2; Vol. 2.), p. .’iTi, 1012. 

■ ftnr. r{f, 

/wOf, cif. 
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effect. In the ease of monovalent alkali metals, 


2irm J V ’ 


( 25 ) 


Avherc V is the atomic volume of the elements. Combining 
(21) and (25), we obtain an expression for thnlon"-wave-len»th 
limit of alkali metals in the form, 

X„=-9!)42xl0‘'’ ... (2fi) 

This expression appears to apply quite satisfactorily to a large 
number of metals irrespective of any question of valency. 
But to assume that the electronic structure of all these metals 
is the same as that of alkali metals is certainly far from 
convincing. One should, however, find no difficulty in 
working out similar expressions for polyvalent metals with 
different arrangements of electrons on the lines indicated by 

Prof. J, J. Thomson, The multiplying factor of V- in the 
expression (2(5) on numerical computation, however, yields 
nearly the same value with various different arrangements of 
electrons except for the divalent elements. Apart from the 
question of valency and structure, the validity of such 
calculations of rests on the !i.ssumption of the existence of 
selective photo-electric elTect in all metals. One docs not 
know whether the selective effect is due to peculiarly 
numerous proper frequencies within a .small region or due to 
other intra-atomic electrons. In any case, there is, n priori, no 
reasoji why all metals should not show selective photo-electric 
(‘iVect. 

In the following pages are given certain calculations based 
on the photo-electric and thermionic data of various reliahle 
observers to test the identity of photo-electric and thermionic 
work-functions. 
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0. Method of ealonlatiom . — For most metals r has the 
value ' • 5 nearly. And since the exponential factor in the 
expression for emission is relatively more important, the 
percentage of error introduced in the value of I_ will be 
in appreciable on putting r equal to -5 even in cases of metals 
in which its value differs from this by a small amount, irencc^ 
taking ?•= -5 generally in the expression (19), wo have, 


■ 


using th(i values, 


we have, 


/, = 1 • :}7:^ X 10” ^ •’* orpfs/de" 


// =(J • 55 X 10“ * ' ei’^r/set*. 

//< =S -1195 X 10~ * ^ ‘grains. 
r'=4-771.xl0''“‘ K S r. 

A=!)xUO'* K S ir 

= • 1 n nif V«? *'* 


.. (:^7) 




|.7.s.;+2 k.fr.„T- 


Thermionic work-function, 

=--'- S(i2xlO-’/. v.ilts 

Photo-ehictric work -function, 


, hv., 12*li0 1 ^. . , 

^ 1 i = -— =-r X 10 volts 


.. (27) 
.. (2S) 


.. 1 29 ) 


m 


A, (jJohitR (Aiiij. d. 36, f»05, 1!)11). 
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where X„ is the loii" wave-length limit of the metals in 
centimeters. 

7. Compansou of theorclicul und experimenUd mines. 
Heavy Metals. 

1. The experimental determination of the 

long wave-hmgtii limit of platinum has been made by different 
investigators. Otto Koppius ' gives the value 'lolpp. for 
Messrs.' Kober, Sende and Simon have found the value to lie 
somewhere between 2G0ju./4 to SCOjuju some of their determina- 
tions being at 28il/i/x and iSopp. Richardson'' and Compton’s 
determination from the maximum energy of the photo-electron 
fixes the value at 2S0pp, Avhile that from the mean energy 
leads to the value '2i)lpp for X#. The two observers, however, 
consider that their determinations from the mean energies are 
more accurate. 'I'aking all these facts together one can 
reasonably suppose that 291/i/x is the most probable value for 
the long wave-length limit for platinum. According to 
Richardson- Thomson rule, 

A„= !>9-l.2xl0-n-^ 

-•iWms. 

Relow are given R. Sidirmann’s ‘ and W. Sehlichter’s^ 
data on emission from platinum under the best vacuum 
conditions. 

R. Suhrmaiui’s data on emission from platinum. 

Length of the Pt-foil=21 w/n. 

Breadth of the foil =2 mm. 

1 = ’ Hinnji 

aren 

r(,i’ t7,s'(i+L^ J.I 

> PhjH.Rcv., Vol. xvril, Xo.(i, I!t21. 

- l)i'/»erlatiou Drcstlcn, 1‘.)17 (A.us7.ug I’liys. /oitsdio), Sol)2.r)0:^, ll), 11)15. 

* Phil. Mag., XXIV, p. 570, 1012. 

Zoifcs f. Pliysik, 13. I anil 2, j)|). 17-31, 1023. 

Ann. (lei* Pliys., Vol. XLVIJ, p. 573, 1915. 
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Tahi.k I. 


T'A 

1 

' 1 


i log 1 III 

1 _ 1 


17CO 

\ 

5-8 1 

I 

3-19x10 » 1 

8* 1959 

' 1 

-G-(-*5038 

48330 

mn 

IIS 

0-19x10 » I 

3-2051 

-6+ -8122 

48300 

IfiSO 

22-2 

I-221 xin = I 

3 *214(5 ! 

1 

1 -:)+*0867 

48300 

1672 

42-2 

2-:t2l X 10 5 j 

3-2232 1 

— 5 + ■ 3657 

•18360 

losn 

.58-0 

iMOOxto “ : 

3*2277 

-5+ *5038 

■lS3r,0 

1722 

‘Hi -6 

ri-313xlO * ' 

3-2.360 

— 7253 

I8.‘)0<» 

I7:ii) 

121 •() 

O-OHSxlO ' 

3*2102 ■ 

-5+ -82.53 ! 

485S0 


Miiiitii &„=1'8480 

^ihvvm 

\„=iiniV7/x/x 


AV. Schliehters data on Emission from platinum. 
Area = 23 cm-. 

T.\hlk II. 


T-A ’ 

.1 

! 

1 ; 

1 




1195 

l -5x JO 

6-5 xio ! 

( 

3*0774 

-II + -8129 

19060 

1227 

7*8 X 10 '■ 

3-4x10 •” ‘ 

3-088S 

— lo + ■ 5315 

48370 

1243 

1-35x10 ' 

5*9x lU-‘" ‘ 

:i-o!i4l 

-10 f -7709 

I8'180 

1291 

ti-30x 10 ‘ 

2*7 4 X 10 -• 

3*1109 

-9+ -4378 

18340 

1355 

■l-70xlO ’ 

2-04x10 “ 

3*1310 

-8+ *3006 

48180 

140;i 

l-liSxlO" 

7*30 X 10 ’ 

3*1470 

-8+ 

48190 

1151 

5-50x 10"” 

2-.39X 10 ' . 

3*1617 

-7+ •.3781' 

48220 

14‘M) 

1-43x10 ■' 

6*22 X Hr* 

3*1759 

-7+ -7938 

48150 

i 


moan =48410 


AQ=29G‘2yx/ii. 
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2. Tungsten. — Davission ' and Germer’s emission data 
for Tungsten filament. Area=0 • 1826 cm-. 




Taiu.k 

III. 



*rA 

J 

T 

•oglJ 

1 

i 

1 

^1 

1»2» 

.. 

9 -841 X 10 ■’ 

5-12x10 * 

8-2840 

-++ •7091 

; 50200 

1973 

1-978x10 « 

l OlxlO • 

8-2952 

-3t 0340 

1 50160 

1 

2U2I 

8 -967 X 10 * 

2-12x10 =* 

8-8056 

-3+3373 

1 5()05(» 

2U(i9 

7'656xl0‘ 

1-20 X 10 " 

8-8158 

-3+ •9228 

1 49960 

2113 1 

' 1-302x 10 ‘ 1 

j 

7 - 40x10 ■« 

1 ' 

8-3249 

-3+ '8729 

49780 

2192 1 

2-588x 10=' 

i-.39xn»*^ 

8-8840 

! -2+14:13 

-19790 

2207 ! 

4-450 X 10 • 

2 - 42 X 10 

8-8488 

-2+ -3828 

49720 

221.7 ! 

0-875 X 10 ^ 

3-77x10 

8-3516 

' -2+-. ->791 

49720 

229H 

9-792x 10 •' 

5-87 X 10 ‘ 

1 

8-8618 

j -2+ '7207 

50UK) 





mean l>„ 

= 409 - 1 . 2 . 


'^Ihevm volts 

Calculated from Langmuir’s* data, do=dfl'200, and 
‘/'therm =1' ' 23 volts and hence Xo = 292 ■ 2/x/x. The atomic volume 
of Tungsten is a little greater than that of platinum. Hence 
X„ for Tungsten should be greater than that for platinum. The 
only direct observation of the long wave-length-limit of 
Tungsten is due to M. J. Kelley and Ilagenow* and the 
indication of their experiment is that the wave-length of the 
photo-electric threshold is near about 230ftfi. This result 
probably gives us only a preliminary idea of the magnitude of 
the long wave-length limit for Tungsten. Mr. K. K. Smith’s * 
thermionic current measurements are, however, in good 
agreement with llichardson-Thomson rule. 

> Pliys. Kuv., Vol. XX, lil22. 

Laiigiiiilir’s tRinperaliii't' hiv'iU' has bcRii accuptod. 

‘ Phys. Zeit. Jahiw. 15, p. 525, 1914. 

♦ Phys. Rev., Vol. XI 11, No. 6, p, 15, 1019. 

» Phil. Mag.. Vol. XXIX, p. 811, 1915. 
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Mr. K. K. Smith’s emission data on Tungsten— 


Table IV. 


rA 

I 

logioT 

logiol 

K 

1100 

2-56x10“ 

3-0414 

1 -12+ -4282 

48460 

1200 

1-69x10-“ 

3-v792 

-10-4-2279 

48140 

1800 

5-83x10® 

3-1139 

-9+ -7657 

47720 

1400 

l'22xl0 ' 

3-1461 

-7+ -0864 

47»50 

1500 

1-70x10 • 

3-1761 

I -6-4 -2304 

47000 

1000 

1-71 X 10* 

3-2041 

-.■j -4 -2330 

1 46630 

1700 

1-32x10 ‘ 

3-2.304 

-4-4-9079 

46500 

1900 

1-88x10“ 

3-27a3 

-3+ -2742 

47100 

2100 

6-70x10-“ 

3-3011 

-2-4-8260 

1 

4.1130 

2300 

6-74x10 ‘ 

1 

3-3619 

— 1 + -5265 

4G01U 


mean 6o=47010. 
^theiTO =■‘•0'^ 
\„=m-2nn. 

According to Thomson-Richardson law, 

J. 

= • 99-1.2 X 10- ‘ X ^ y chw 

=:306'2/x/4. 

03 volts. 

3. Tantahm. — The long wave-length-limit of Tantalum 
has not been directly observed. But according to Thomson- 
Richardson law 

X„ = '9942xl0-( y=328'3/i,* 


Computed from Langmuir’s' thermionic data of Tantalum, 
volts, which corresponds to Xo=307fi/i nearly. 


> Fbyi. Rev., Vol. 11, p. 460, 1913. 
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Sahrmann’s' very recent emission data of Tantalum are 
however, in very good agreement with Thomson^Richardson 
rule. 


I.=6*5 

Table V. 


T“A 

n 

! 1 

logioT 

logi.I 

4, 

1440 

8*0 

... 

3 1684 

1 

-6+ *6436 

48610 

1497 

220 


3 1753 

-5+ *0828 

43950 

1549 

59*2 

... 

3*1900 

-5+ *5127 

44020 

1600 

1300 

... 

3*2041 

-6+ *8543 

44220 

1628 

190 0 


3*2116 j 

-4+0192 

44520 

1651 

273*0 

.• 

3*2178 

-4+ *1766 

44650 

1679 

370 0 

... 

3*2251 

-4+3016 

44870 


mean 6,, =44400. 
^them =3-^*2 volts. 

Xg =323*4/1^ 

Langmuir’s and other observer’s emission data on Molybdenum, 
Thorium, etc., have been tested in the same manner. They 
arc not elaborately dealt with here, so as not to extend this 
paper unduly. The computed results will, however, be 
included in a table at the end of this paper. 

Alkali Metals. 

Both photo-electric and thermionic experiments on the 
alkali metals are extremely difficult on account of the great 
susceptibility of those metals to contamination. While many 
attempts have been made to determine the frequencies of the 
photo-electric thresholds and also of the selective effects, the 
results obtained by the various investigators are very discordant. 
On the other hand, very few attempts have been made to study 


' loc.cie. 
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the thermionic emission of electrons from these metals. 
Nevertheless, we must test the applicability of the present law 
with whatever experimental data we have at our disposal at 
present. 

1 . Sodium : — 


Observers 

1 Folil and Prin«;sheim ^ 
Richardson and Compton^ 
Richtmeyer * 


320/it/A— 340fi/i 

860 fifi 

460 /yt/yi 


X .IX 

/Vo — 

480fi/A— 510 /A/A 
540 /A/A 
690 /A/A 


But according to Thomson’s theory X,„ is 324 /i/i which 
corresponds to a value 486 /ii/i only for Xj. Thorason-Bichardson 
law, therefore, appears to have failed in correctly representing 
the characteristic photo-electric behaviour of sodium. Such 
a conclusion would, however, be superficial. Bor this law is 
in good quantitative agreement with the photo-clcctric 
measurements on all other alkali-metals. It is conceivable, 
however, that sodium contains oscillators possessing natural 
frequencies of two or more particular values so that the 
emission might be maximum at two or more points, when the 
stimulating frequency might be greater or equal to the 
characteristic frequencies. 

One could naturally suppose that the direct determination 
of the long wave-length-limits of sodium might lead to some 
decision on the point. But one is simply disappointed hy the 
widely discordant result of the different investigators. 


Observers. 

Richardson and Compton’ 
Sender® 

Millikan 


r)77/A/A-583/A/A 
>623*5 /A/A 

680 /A/A 


‘ Verb. d. DeutBch. Phys. Goa, XI, r. 1030, 1910. 
Phil, Mag. 26, 549, 1913. 

Phya. Rev, Vol. XXX, 3, 1910. 

« Phil. Mag., 26, 649, 1913. 

» Phil. Mag., 25, p. 676, 1912. 

* Phya. Rev., Vol. VIT, lit Beriea, 1916. 
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Observers. X„ 

Rielif iiieyer ' 598 /i/i— 633 fifi. 

If one accepts Richardson and Compton’s value 5S3ju./i for 
^o» <^phot becomes 2*12 volts. 

The only thermionic data on sodium are due to 
Fredenhaagen and Richardson. Fredenhaagen failed tc 
remove gaseous contaminations and his results are, therefore, 
useless for a quantitative test of the present theory. 
Richardson’s experiments on sodium are also not very reliable. 
He obtained thermionic currents of the order 10~* amperes per 
sq. cm. at SOO^C. Calculated from his data, comes out 
to he 2 '01 volts. The order of correspondence between the 
theory and the observations of the various investigators is not 
very unsatisfactory. Yet it appears as if this alkali has kept 
concealed in itself some mystery yet unrevealed. 

2. 0(Bmm . — Very little is known about the photo* 
electric behaviour of this alkali. According to Cornelius’s ^ 
observations \o is greater than 750/Afi. Pohl and Pringshein® 
gives the value 650ju.ju, for X,„ which corresponds to a value 
826/i/i for Xo. According to Thomson-Richardson law, 

X„ = -9942xl0-x( y .ms 
=838 /A/x 

Calculated from Langmuir’s * recent data for emission from 
emsium, b is 16930 and hence is equal to 1-38 volts. The 
agreement Iwtween and ^ph„, for emsium is quite good. 
The absence of any thermionic data for other alkali metals 
handicaps me in examining them in the light of the present 
theory. 

• Phys. Bov., Vol. XXX, No. 3, 1910. 

• Phys, Rev,, 1013, Vol. 1, second series. 

* Loc, cif. 

* Science, 57, pp 68-60, Jan, 1923. 
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A summary of the computed values of and the 
characteristic photo-electric constants either calculated 
according to Thomson-Eichardson law or directly observed, is 
given below for comparison. 


TABtK VI. 


o 

© 

Ttiermioxic. 

1 PlIOTO-ELKCTBir. 

Richabdson- 
Thomson rule. 

11 

a® 

in volts. 

Art in nn - 

A„, in /ig (obs.). 

A„ in fifi (obs,). 


^o=5W 


1-18 (Sahrmann) 

4 -17 (Sehlichtcr) 

(296 7 

(29«-2 

i ■ 

291 (Rioliurdaon) 

197-3 

296 

wj 

4-23 (Langmuir) 

4 '06 (Smith) 

r292 2 

(300- 2 

1 

230 (Kelley) 

206-0 

307 

Mo 

3*93 (Longmuir) 

3151 

... 

i 

215-3 

323 

Tfl 

3*82 (Suhrmann) 

323 ‘4 

... 

... 

218-7 

328 

Th 

2 ’74 (Langmuir) 

45M 

1 

! 


304-7 

457 

Na 

K 

2 09 (Richardson) 

614-9 

( 320-340 ( Pohl. 583 (BidmrdHon) 

1 etc.) ! 

(460 (Kichtme}-cr)j598-633 (Biohtmey- 
1 er). 

440 (Pohl. etc.) 1 

1 324 
41G 

486 

669 

Rb 

... 

... 

480 ditto j 

... 

494 

741 

Cs 

1'38 (Langmuir) 

896 

550 ditto ! 

1 

>750 (Comelins) 

559 

838 


4*52 (Langmuir) 

4 •51-4 *97 (Pring 
and Parker). 

274 

25r.270 

1 

] ■■ 

255-260 (Hughes) 

t 

168-178 

252-257 


Concluding remarks.— It would be premature at present 
to pronounce any definite opinion on the question of identity 
between photo-electric and thermionic work functions, 
specially in view of the uncertainties in the determinations of 
the long wave-length-limits. The data collected in Table VI, 
however, points to a general correspondence between the two. 
The universal applicability of the ttichardson-Thomson rule, 
used here empirically to a large number of metals, is probably 
doubtful. But it certainly indicates the possibility of a 
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theoretical estimation of the long-vrave-Iength limits from the 
space-lattice arrangements of electrons in different metals. 

The thermionic work-function <^_ in volts may be looked 
upon as the sum of two potentials /<,_ and fi_ is the 
electron -affinity inside a metal, and is essentially related to 
the nature of elcetron-binding with atoms or atomic residues. 
if/_ is the surface-potential of the metal and is due to the 
work which an electron has got to do in escaping from the 
surface of the metal against the force of attraction of its 
image-point which at a distance d from the surface is equal 

g 

to It is, of course, implied that the concentration of the 

emitted electrons is so low that any potential difference arising 
out of their space-charge is negligible. If the emission 
becomes copious, the space-charge potential cannot be 
dismissed as being negligible. 

Itussel has pointed out that the ionisation potential of 
gjises and vapours is a periodic function of the atomic number. 
One would, therefore, expect the same remark to apply to the 
ionisation potentials of elements in the condensed phase.' 
Now whatever view be taken of the thermionic work-function, 
the figures in column I of Table VI, appear to make it 
abundantly clear that the work-function (/>_ is a function of 
the atomic volume. 

* W.Schottloy, Zoit. 

== Phyfi. 14, 63, 1923. 

’ Astr. IMiyy, J oiini,, Vol. VI, l‘J22. 
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On the colours shown by “ Nobili’s Rinsfs/* 


By 

B. N. Chuckemutii, D.Sc., P, R. Sttjdeht, 
Asmtaut Professor of Physics, Calcutta University. 

Introduction. 

When a polished plate of platinum, silver or brass, 
connected with one pole of a battery is immersed horizontally 
in a suitable electrolytic solution and a vertical wire of 
platinum connected with the other pole is held in the solution 
about a millimetre distant from the plate, then on passing a 
strong current through the circuit so made, beautiful rings 
are formed upon the plate with the platinum point as the 
centre. Such rings were noticed first by Nobili ‘ and since 
then they have been obtained by Schonbein * with a passive 
iron wire as the positive pole in a lead acetate solution and 
by Fechner ^ upon a silver plate using a solution of copper 
acetate and a zinc wire point as one electrode. Later on 
Becquerel ^ obtained the rings on a German silver plate. The 
rings obtained with copper sulphate solution were not much 
coloured, but those obtained employing other solutions 
showed beautiful colours, and Becquerel observed that the 
rings showed colours like Newton’s rings in white light 
and from that similarity he proceeded to determine the 
diameter of the rings from the consideration of the current 


* Nobili-Bibl. Dniv. 33, p. 302, 1820. 

Fogg Add., 10, p. 892, 1827. 

• Sch5nbein-Pogg Ann., 40, p. 421, 1837 

* Fechner — Sohweigg Jouru. 55, p, 442, 1829. 

• Becquerel — Ann do chim et de phys (3) 13, p. 342, 1815 Archives 1 ’ El 4, p, 82. 
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density about the platinum electrode. His results were 
verified by Beetz ' later on. 

Although the phenomenon was observed so many years 
ago, yet no satisfactory explanation about the origin of such 
beautiful colours in tliose rings seems to have ever been 
attempted. The similarity of colour sequence in these rings 
to the white light Newton’s rings, suggested the explanation 
that here also wo had the phenomena of interference and the 
colours are due to the interference of light by thin films 
deposited upon the metal plate whose thickness diminished 
as one moved away from the centre, the point just below the 
vertical electrode. 

The present author in a previous paper " made a complete 
study of the Colours shown by tempered metal surfaces. As 
the colours in the present instance have many properties in 
common with the colom’s shown by heated metal surfaces, 
it at once suggested that the underlying cause may be the 
same in both phenomena. In the present investigation, an 
attempt has been made to explain the colours from the 
stand point that the films deposited upon the metal plates for 
the formation of Nobili’s rings during electrolysis are disconti- 
nuous and granular in structure and hence the colours must 
originate from the scattering of light by those granular 
particles upon a polished metal surface. 

2. Production of Nobili’s rings. 

The proper metal plate for the production of rings is 
to be selected. In fact different metal plates have been 
employed by different investigators in connection with 
different solutions. The present author tried to get rings 
with saturated solutions of copper sulphate, lead sulphate 
and manganous sulphate and plates of brass, silver, copper 

' Beeti!— PogR Ann. 71, p. 70, ISW. 

„ „ 97, p. 22, 1856. 

• B. N. Chuckcrbntti— Proc. of Ind. Assoc, for the CuUiTntion of Scionoo, Vol. VJI, 
Puts III and IV, 1022. 
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and aluminium. The rings are very beautifully obtained 
in cases where the metal plate is connected with the negative 
terminal oi the battery. 

In experiments with copper sulphate solution, the rings 
obtained upon a brass plate are almost colourless, there being 
dull-red rings of copper separated by brighter intervals. 
But some colouration is obtained, however, when sufficient 
time is allowed for the oxidation, in contact with air, of the 
liberated metal during the interval between the taking out of 
the plate from the solution and cleansing by tap water. Such 
colours are however formed only at places sufficiently removed 
from the centre because it is there that we should expect 
small particles not yet set upon the metal bed, whereas the 
layers near the centre are not aifected at all. It was possible 
however to get an entire set of coloured rings in the case of 
copper sulphate solution and a negative plate of silver by 
allowing the current to pass for a very short time and then 
taking out the plate immediately. The succession of colour 
in such rings was from the centre outwards— dull-red, 
yellow, green, violet. The rings obtained with lead sulphite 
solution and a negative brass plate, however, surpass all 
description in gorgeousness of colour. About four or five 
complete rings were distinguishable. The arrangement of 
colours was from the centre outwards— dull-red, yellow, 
bluish-green, violet-red, green-yellow, blue and reddish violet. 
Similar coloured rings were also obtained with manganous 
sulphate solution and a negative brass plate. 

In the case of negative aluminum plate in a copper 
sulphate solution, the alternate rings of metallic copper are 
beautifully seen against the whitish back-ground. But it 
requires rather a greater time for the formation of rings in 
this case than in the cases cited before. Attempts were also 
made with a copper plate. But in this case although the 
deposition was in alternate rings, the contrast was not good 
and moreover the rings were very near together. 
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The current to be employed in all these cases should be 
sufficiently high and the whole phenomenon is complete 
within 10 to 16 seconds. A feeble current gives only a 
deposit without formation of any definite rings. The current 
employed in all cases was about 2 amperes from a main 
of 220 volts. 

For the best production of coloured rings it is essential 
that the metal surface should be highly polished. It is 
impossible to get the well-coloured rings with a rough surface, 
but only a nonuniform deposit is obtained. Another impor- 
tant point for success in these experiments is that the vertical 
electrode should be as near the plate as possible but never 
touching it. For, otherwise, although the other conditions 
might be satisfied, no rings are formed even if the current 
is passed for a sufficient time. 

3. Microscopic observation of the metal plates. 

That the structure formed upon the metal surface during 
electrolysis is not continuous but granular, can be seen at 
once if the plates be subjected to a microscopic study. The 
difficulty lies in the fact that the metal surface being in the 
background, the granules cannot properly be illuminated. 
The difficulty can, however, be overcome by employing light 
from a high candle power source incident very obliquely upon 
the plate. Beginning the observations from the centre of the 
ring system to the farther side, the variation in the nature 
of the structure in different parts is marvellously shown. At 
a distance are found the minute particles quite separate 
from one another but sometimes forming clusters. But as 
the centre of the system is approached little by little, the 
size of the particles also increases. It should be noted, 
however, that the regions of bigger particles are not quite 
free from the presence of smaller granules so common at the 
distance. It is possible to measure the size of the granules 
with the help of a micrometer eyepiece. Thus for the smallest 
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particles the diameter comes out to be 276/xju. (or /I; g=: 1'35, 
where a is the radius of the particle, \= wave-length 

of light) and for the biggest particles obtained, the diameter 
comes out to be 500ju./u,. Thus the size of the particles 
obtained in the present circumstances is of the same order 
of magnitude as the particles formed upon a heated metal 
surface.’ 

4. Detailed study op the puenomena observed. 

(A) Colour and Polamation of Reflected Light. 

If a beam of white light is allowed to fall upon the ring 
systems and the reflected light observed then, the colour 
and polarisation of the reflected light vary with the angle of 
incidence and the position of the ring, in a very remarkable 
way. On viewing the reflected light with the naked eye the 
reflected colours are most lively at or about normal incidence, 
and become less and loss saturated as the obliquity of 
incidence is increased and, at very oblique incidence, it is 
impossible to distinguish the colours in the different rings, 
the proportion of white light reflected being very great. 

On employing a nicol for observation it is found that at 
small obliquities only the last two rings are affected in colour 
and intensity as the nicol is rotated about its axis, but the 
rings near the centre show no apprecLable change at all. At 
more oblique incidences, however, the colour of the rings near 
the centre show striking changes as the nicol is rotated from 
one position (namely, principal plane perpendicular to the 
plane of incidence) to the position normal to it. Thus, in the 
first position of the nicol the colours are vivid but less intense 
and in the second position their intensity increases but they 
become less strongly coloured. It is further to be noted that 
for oblique incidences the colours observed in the two positions 
of the nicol are complementary to each other. 


' fi, N. ChucIcerbuUi, loc, ctV., p. 80. 
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The arrangement of colours in the ring system observed 
in reflected white light incident normally, upon the Nobili’s 
rings formed upon a brass plate with lead sulphate solution 
is as follows. 

Centre — Dull red. 

First ring — Yellow, bluish green. 

Second ring — Green, Violet-red. 

Third ring— Green yellow, blue. Reddish-violet. 

{£) Colour and Polarisation of the Scattered light. 

It is a very important feature of the deposits upon metal 
plates which give rise to Nobili’s rings that they scatter 
light very profusely. As a general rule, it may be observed 
that the colour of the scattered light in directions near 
about that of the regularly reflected light is complementary 
to it. The behaviour of the scattered light for various angles 
of observation, when white light is incident normally, can be 
observed with a certain amount of exactitude, if the plate be 
mounted normally upon the tabic of a Cornu polarimeter 
fitted with an analyser and also polariser. The apparatus is 
essential in such experiments and also in other experiments 
on the polarisation of light. The observations may be divided 
under two heads as follows : — 

{i) Polarised White Light incident nomallg, — When 
polarised white light is incident normally upon the rings, 
the scattered light in directions very near to the direction 
of the normal to the plate cannot be quenched in any position 
of the analysing nicol but the intensity shows fluctuation as 
the nicol is rotated through various positions. But at angles 
very near to the surface the colours can entirely be quenched 
by the analysing nicol but re-appejir again on further rota- 
ting the nicol. In viewing with the naked eye, it is found 
that the colours in different rings take up different tints, as 
the angle of observation is changed. 
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(ii) TJnpolarised ichite light incident nornuillj /. — ’In 
viewing with the naked eye in directions contiguous to the 
plane of the plate, the number of rings distinguishable is not 
very great but as the angle is increased most of the colours 
come to view. As one proceeds towards the normal to the plate 
the colours of the rings pass through several fluctuations and 
in directions near about the direction of the regularly reflected 
light, the colours in the rings an» complementary to thase 
of the scattered light. 

The scattered light shows first traces of polarisation at an 
angle of about 60" with the normal. In that position tho colour 
of the external big rings shows tho complementary tint on 
rotating the analysing nicol through a right angle but the 
colours of the inner rings are not affected much. T'hen from 
that position as tho direction of tho surface of the plate is 
approached, the colour of all the rings changes remarkably on 
the rotation of the nicol. 

5. Explanation of thk Euotocjrapiis. 

The Photographs (Plate I) were obtained to show tho 
complementary nature of the rellected and scattered light in 
certain directions. To obtain these, light from a 1,000 
candle-power electric lamp after passage through a monochro- 
mator (k=6260 A. U.) was mivde to fall upon the plate 
containing the rings. Two such metal plates were used, 
namely, tho brass plate showing the rings due to lead sulphate 
solution, and also the brass plate showing the rings due to 
copper sulphate solution. Figs. 1 and 2 give the photographs 
of the rings on the first metal plate by the regularly reflected 
light and the scattered light in a direction near about to that 
of the reflected light, respectively. Similarly, Figs. 3 and 1 show 
the rings duo to copper sulphate solution in the reflected and 
scattered light respectively. On account of the feebleness 
of the scattered light, the negatives were not much dense 
even after an exposure for twelve hours. The contrast is thus 
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not very clear for rings sufficiently removed from the 
centre. 


6. Discussion and conclusion. 

The similarity of the different observed facts in connection 
with the metal plates employed in the present case, with the 
metal'plate-colours obtained by heating, is quite apparent. 
The experiments in the present case however, could not be 
pushed further and all attempts for a quantitative study 
of the intensity of the scattered light and its verification 
according to the theory developed by the present author in 
the previous paper mentioned before, proved unsuccessful. 
The difficulty lies in the fact that the rings are so near 
together and the different colours are thus blended with one 
another that it is impassible to select a portion of moderate 
dimensions which would show uniform scattered colours duo 
to the particles of similar dimensions. The method proved 
quite unsuitable for the present ciise and can only be used in 
cases where the entire metal surface is coloured uniformly 
giving the same tint. In spite of that, the complementary 
nature of the reflected and scattered light as shown by the 
photographs and the qualitative study of the reflected and scat* 
tered light at once suggest that the colour must be due to the 
granular deposition of particles liberated during electrolysis. 
As it is metallic copper which is deposited in case of copper 
sulphate solution, wc get no colour except that of the metal 
itself. But in the other cases it is the oxide of the metal 
which is deposited and hence the root cause of the colours is 
identical with the case of heated metal surfaces. 

(t) In the present paper an attempt has been made to 
explain the colours shown by Nobili’s rings. All observed 
facts support the view that the colours must be due to the 
diffraction of light by the granular structure formed during 
electrolysis. 
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(ii) Photographs are given showing the complementary 
nature of the reflected and scattered light which fact supports 
the idea of Diffraction as the origin of the Colours. 

The best thanks of the author are due to Prof. G. V. llaman 
who suggested this work. 

University College of Science and Technology, 

Calcutta, India. 




Prevision of Earthquakes 

By 

Hemchandra Das-Gupta, M.A., F.G.S. 

It has been pointed out by Davison ' that, though a 
prediction of earthquakes is not possible, we may attempt at 
their prevision, prediction being an accurate form of forecast, 
while prevision is only an approximate form of it. Dr. Davison 
has referred to two methods of prevision, both of them 
being applicable to the earthquakes of tectonic origin. One 
of them is due to Prof. Eeid * and consists in erecting “ a line 
of piers, say a kilometer apart, at right angles to the direction 
which a geological, examination of the region, or past 
experience indicates the fault will take when the rupture 
occurs; and a careful determination, from time to time, of the 
directions of the lines joining successive piers, their differences 
of level, and the exact distance between them, would reveal 
any strains which might be developing along the region the 
line of piers crosses.” The second method which we owe to 
Dr. Davison himself consists in carefully recording the 
fore-shocks and the after-shocks and depends on the hypothesis 
that “ the increase in seismic activity along a known fault, 
and the tendency of uniformity in the distribution of that 
activity along the fault, may be heralds of the great 
crust-movements which cause disastrous earthquakes.” ’ It is 
clear that Davison’s method of prevision depends entirely, 
on a careful recording of the fore-shocks and the after-shocks. 


* Science Progress, Vol. IX, pp. 639-6-J5, 1914-1915. 

* Reid, The California Earthquake of April 18, 1900, Rei)oi t of the State Earthquake 
Investigation Commission, Vol. II, p.|31, 1910. 

* loc, citf p. 646.- 
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The Indian secomic tract No. 8 of Count E. de Montessua de 
Ballore comprising the Eastern Himalayas, Assam and Lower 
Bengal must have experienced a large number of shocks in the 
past as shown by the big shocks of (») the 10th January, 1869, 
(ii) the 14th July, 1886, {in) the 12th June, 1897 and 
(tv) the 8th “July, 1918, but any systematic recording of the 
earthquake shocks was, evidently, seriously undertaken only 
after the great earthquake of 1897. The following figures 
have been published regarding the number of shocks recorded 
at Shillong ‘ : — 


Year 

1897 (Aug.-Dee.) 

1898 

1899 

1900 

1901 
190 ^ 

1903-1908 

1909-1913 

1914-1917 


No. of shocks. 
444 
486 
246 
193 
164 
135 

No Ogiires available. 

16 

114 


These figures clearly show the evidejice of renewed seismic 
activity during 1914-1917 which began during 1909-1913 
and these shocks were hut the fore-shocks or the fore-runners 
of the Srimangal earthquake of 1918. This earthquake 
originated in the seismic tract No. 8 and furnishes an evidence 
supporting Dr. Davison’s method of earthquake prevision. 

While dealing with the question of the prevision of the 
earthquakes in India all of which are of a tectonic origin, 
attention may be drawn to one important consideration. In 
the tectonic quakes the transfer of load from one part and 
•its re-deposition in another pjirt in such a way that a consider- 
able amount of strain is set up along lines of comparative 
instability arc the chief originating factors. So far as the 


^ Thcflo figures have been obtained from (t) Mem. Geol. Surv. India, Vol. 30 
pp, 1-102, 1900, («) Mem. Geol. Surv. Ind., Vol. 36, pp. 117-160, 1903, and (in) Pror 
Asifttio Boo., Bengal, Vol, XIV, pp. xxii-zziii, 1918. 
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Indian earthquakes are concerned the redistribution is carried 
on chiefly by running water, the transporting power being 
dependent upon various factors including its own volume. 
The amount of the available running water will depend 
primarily upon the amount of the rainfall and snowfall, Avhile 
with an increase in the number of wet days, there is the 
chance of a decrease in the amount that may be lost by 
evaporation. The denudation work in an arid land is 
different from what prevails in a moist one and, on the 
Indian side of the Himalaya Mountains, in the work of 
denudation the most prominent part is played by rain and 
snow. It is, accordingly, not unlikely that in a country of 
tectonic earthquake, where the main work of denudation is 
carried on by the running water, there may be some sort of 
cause and effect relationship between the amount of rainfall 
and earthquake periodicity. In other words, it is not 
impo88il)le that in such a country, after a number of years, the 
tratisfer and re-deposition of the load may be in such a 
proportion that a groat strain is produced resulting in an 
earthquake due to the formation of a fault. A little consi- 
deration, however, shows that the question is not really so 
simple as it appears to be. Thus, for example, in the case 
of earthquakes of this nature it is quite likely that in the 
same tract the amount of the removed material need not 
always be approximately of the same load in all big earth- 
quakes of tectonic origin. AVheu the isostasy has been 
once established after the occurrence of a big earthquake, 
the crustal condition has certainly undergone some changes 
and, for the causation of the ne.xt earthquake, it is quite 
possible that the load, the redistribution of which may give 
rise to the shock, may be of a magnitude quite different 
from what was the origin of the preceding shock and 
eventually a time w’ill come when the. factors contributing 
towards the isostatic disturl}ance will disappear and there 
will be no earthquake. This mode of prevision is merely 
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a suggestion, but I think that it is worth testing. The idea 
is not a new one for 1 find that the late Prof. Knott was also 
inclined to believe in the same way ' and the late Prof. Omori 
pointed out that in the whole of the Meiji area in Japan 
there was a remarkable coincidence between the frequency 
of the earthquakes and the amount of rain and snowfall/ 

The tract No. 8 of Count P. de Montessus de Ballore is 
the most unstable portion of India and is also characterised 
by an abundance of rainfall. For a critical examination of 
the hypothesis outlined above, the seismic activity and the 
amount of rainfall of this region should be compared, but 
unfortunately from the incomplete earthquake and rainfall 
data nothing definite can be established at present regarding 
this relationship, but if careful observations are commenced 
now, and continued for some length of time, then we may 
arrive at some definite result.^ It appears that each of the 
big shocks experienced in this arc^a since 1869 occurred' after 
a big interval during which disturbance of the isostatio 
condition was possible and in this disturbance, the denudation, 
transportation and deposition of the materials had certainly 
some share and they depended chiefly on the amount of 
rainfall. This hypothesis is, however, tenable only on the 
assumption that the earthqimk(!s originate at a small distance 
from the surface of the earth.* 

* Physics of earthtiunko iiheiionicna (1908), p. 129. 

* Nature, March 20, 1913, p. 65. 

» Thouffh a list of (isirthfinakcs was prepared and puldishcd by the late Dr. Oldhaii ’ 
(Mem. Geol. Suit. Ind., Vol. XIX, pp. 163-215) datincf from 893 or 894 A.D. no reliance can 
bo put on tho shocks clironicled as the data are extremely incomplete. Between the 
chronicled first and second shocks there is a frnp of a little over 600 years. 

* There seems to bo nt present a considerable diflereiice of opinion regarding this 
point. Mr. Walker (Phil. Tran. Hoy. Soc. Scr. A, Vol. 222, pp. 45-50, 1921) put the focus 
of an earthquake shock as low as 1250 km. though his results have boon challenged by 
Dr. Banerjoe (Nature, Jan. 26, ]i. 108, 1922). In a paper read before the Geological Society 
of, London (Q. J. G. S. pp. 231-236, 1923.) Mr. B. 1). Oldham has come to the coiiclusioa 
that tho ultimate origin of tho earthquake of the 7th August, 1805, in Northern Italy, 
must have been of the order of 100 miles or more. 



On the Motion Generated in a Viscous Liquid 
by the Translation of Certain Quartic 
Cylinders. 

SUBODH CUANJ)KA MiTllA, M.A. 

Introduction. 

1. It was first ])oirited out hy Sir G. Stokes ' that the 
two-dimensional ‘inotion of a circular cylinder with uniform _ 
velocity is impossible, when the equations of motion are 
simplified by the neglect of the “ inertia terms.” 'fhe explana- 
tion given by him suggests that the problem is insoluble for a 
cylinder of any form, if the “ inertia terms ” are neglected. 

In a recent paper, - published in the proceedings of the 
Royal Society, an imperfect solution of the problem, when 
the moving body is an elliptic cylinder is given. Here the 
inertia terms are neglected, the condition of jio tangential 
slipping at the surface is satisfied, but the velocity at 
infinity in one direction is infinite, which is contrary to 
experience. 

In the present paper I have investigated the motion of 
cylinders whose cross-sections are 
(j) the inverse of an ellipse, and 
(ii) the elliptic liraacon. 


' Stokes Mathematical aiul Pliysiosil Papers,’ Vol. 3, p. (>5. 

■* A, Berry and Mias L. M. Swain— 'On the Steady Motion of a Cylinder tlirouph 
Infinite Yibcoub Fliid,' Proc. Roy. Soc., Series A, Vol. 102, No. 710, p. 766. 
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It is seen that the condition of no slipping is satisfied 
at the surface exactly; the velocity vanishes at infinity; 
it is everywhere finite and continuous and last of all a definite 
value for the resistance is obtained. 

The motion of the cylinder whose cross-section is an 
elliptic limacoii, parallel to the axis of // (i.e., in a direction 
perpendicular to the line of foci) presents difficulties with 
regard to continuity of motion along the double lines t;= 0. 
The treatment of this case is reserved for a subsequent 
communication. 


SECTION T. 

Tub Inveiisb ov an Ellipse. 


Let 

JH. The Tramformatiou. 


■' +?'/=f‘See 

Then 

r./r* =cosIi ?; cos f 


njjr'^ = si nil sin L 

and 

2c^//'* =oosh 2’q+vo^ 2f 

‘■Kf ) < 0 - 


■=(o()sli 'Jy-j-cOit 2f)*/2r’'(co.‘<Ii ms 2f). 

The curves and are the inverse of a family oi 
confocal hyperbolm and ellipses. 
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S. The SlrecitH’FiiHcfion. 


Wlien the inertia terms are no^locted, the stream-function 
for two-dimensional motion satisfies the equation 

V*^^=0. 

where V® has tho usual meaning. 

To find a solution, let us write 


^ = ir, sin sin f/(cosli*2); + cos 2fl. 


where JI, and Hj are fiinetions of t) alont*. 
Tlien 




(rn.«;h + )* 

\co.sli 2/; — eos 2^) 


Bin f. 


Operating on both sides by 8-* whicli stands for 

^ +^-L 
a-;’’ 

we have 

2f*S« = ^ . f(H'-r) CO.S» 2 ^ 

(cosh Jiy—cos 

— (F^- t’osh 27/+12P' siiih 2i; f 20 I* cosh 2»/) cos*2f 
+ |(r"— 41’) cosli®2»/+lGP-S sinli 2//x 
(P' cosh 2iy4-21’ sink 2?;)} cos 24 -+ ( P” f'osli ‘Ji; 

•f 4P' sink 2i;+4P cosk 2q) co!?lr27|+32P cosk 2 t; 

— P ((!Osk 27;+ cos 2^)®(co.sk 2>y—co.s 2() 

-4P (1+cos 2i)(oosk 2i;+cos 2()[3 cosk 27;-coa 2^)] 

where P is written for H"j— 11- 
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Similarly 


2c‘ CH".(co8h 2,f cos 2f. 
(cosh 2i;— COS 2^^ 


— 4H'a sinli 2 t;+H,( 3 cosh 2>j+4— cos 2^)]. 


therefore 

2r’*^* = , — c “ (cosh * 2i;— cos* 2f) 

(cosh 2iy— cos2f)* 

-HH,'" siiih 2ri cos24+16H,"-8H," cosh 2i;(l+co8 2f ) 

-Kj." (cosh *2l;-co8*2^)-4H,"' sinli 2>;-(cosh 2>;-cos 2f) 

— lt)H ,"( 1 — cosh 2?; cos 2f)+ KJJI ^ ' sinh 2iy(l + cos 2f ) 

+411^' sinh 2ry(cosh 2iy— cos2|)+3(llj"— Jl,)(cosh2>/— cos2i)* 

• + 2 H 2 "( I+cos 2f )(cosh 2 );— eos 2 f)— 8 Il 2 \sinli 2-»y(l + cos 2f) 

— Sll 2 (cosh 2yi cos2f— 1)— 2Hj(l+cos2^;(cosh 2?;~c()s 2f) 

+ 2 H 2 "(^?o.sh 2?;— cos 2f)— BHg' sinh 2?/ 

+ 8H j (cosh !^rj + cos 2f) —8 J-f ._j ( 1 + <'os 2f ) 

— 2Hg(cnsh 2>;—c()s2f/|. 

Adding 8”V-\^, and and equating to zero the 

co-efftcients of the several powders of cos 2f, we are led to the 
following equations. 

i'"-!n"=o ... (1) 

([’"cosli 2ij+12r' siiili 2 j>+ 20P cosh 2i;) — Pcosh 2 t; 

+ 4P(2co.sh2i?-l)+H,‘'-2II,''+H,=0. ... (2/ 

1(P"— 4P) cosh* 21^+16?— 8 sinh 2i/(P' cosh 2ij+2P sinh 2i;)} 

- P cosh •2i)-4P(3 cosh*2i)+2 cosh 2r,) -4H,'" sinh 2,; 


(«) 


+4H,''cosh 2i;+4H,'sinh 2i;— 4H, cosh 2i; 
-4H,*+411,=0. 
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co8h*2Ty(P" cosh 27j+4P' Hinh 2 tj+ 4P cosh 2rj) 4 32P cosh 217 
— P C()sh*2i7— 12P cosh*2i74-H, ' " cosh ^2yj — lH,'" sinh 2rf cosh 2r/ 

+ 4H', sinh cosli 27/4-H ^"(2 oosh*27;— 4 cosh 2r;j 

+ H j (4 cosh 2rj—*S cosh *27/) =0. ,,, (4) 

Solving we get 

P= A cosh 3?/+ B sinh ih/. 

Therefore 

H 1 = J(A cosh sinh Ii7/)4-(y cosli >/+!)) sinh »/. 


iJ , = — }q( A cosh 57/4 B sinh 07 /) -j- J A cosli •{»/ 

4- B sinh 37/)4’B cosh 7/4- P sinh 7/4 - (t 7/ cosh 7/4- 1 1 7 / sinh 7 /, 

Substituting in the two equations (3) and (4) we get 

G=0. 

The stream-function can therefore be written in the form 

^=:{J(A eo.sli3i;-|-B sinli L' wish >/+D sinh »;}.sin ^ 

+ { — }„( A eosli S tj+B siiili '"wd-h-lrttA cosh H jj+B shili ih/i 

+ E cosh M+t’ sinh sinh );} . 

(cosh Jiy+cos 

Let us suppose thiit the cylinder is moving along the axis 
of X with velocity U and that its cross-section is given by T;=j8. 

If we write 

«=-^ 

dy ‘ 01 

then since at the boundary of the cylinder 

I! = 11, C=0, 

the boundary conditions are, when rj=^ 


®i' = -2*rr ^ 

0 ( (cosh 2/3 4- cos ) 


cosf-h- I 

‘'““'^(cosh‘2^-t.cos2^) ) 


— 2cLT ^coshtf- i^shih/isiuh2^ 7, 

. 0l ■ ^ (cosha^-hcosaf) 1'“^ 
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]3ut from the cxpressiou for the stream- function, we 
have, when 

={J-{ A cosh 3p+\isinh C msh 

•t-D sinh P\coH ^ + { ~ } A cohIi 5jy + sin h 5/^ ) 

-f } ( A cosh 3/i+ li sinh 3/i) + K cosh /34- 1^’ sinh 
I no • I o) \ I 2 sin f sin 2^ 

+(.„.h2/(TS2i; 


= {-J- f A sinh 3/J + B cosli 3/!^ j + C sinh /!^ + lJ|cosli fi}x 

sinf+{ — ;a(A sinli 5/3+15 cosh 5/3; + *-,^(A sinli3/:i 
+ li cosh 3/3) + E sinh /3+ F cosh /3+ ll(sinh /3 

-h/icosh /n( - -21 -ii,( a co.si. s/^+b ..luh hp) 

+-}h(A- cosh lip+M sinh 3/i)+Eco.sh /3+F sinh/3+lJ/3 sinh /3} X 


sin ^ si nil 2/3 ‘ p 

(cosh 2/3 + cos 2f ) * ^ 

From (a) and (ft) wo arc led lo the folio win eciuations — 

J(A cosh 3/?+B sinli 3/Sj + Ucosh/33- D sinh /3=0 ... (5) 

— -; j,(A cosli 5^ + ii.sinh 5/3)+ [^(Acosh 3^+Bsinh 3)3) 

+ E cosli /3+F sinh )8+ 11/3 sinh /3=: -2fLJ sinh P ... (^6) 

J( A sinh 3/3+ B cosh 3/3j + C sinh /3+1) cosh /3=0 ... (7; 

— 5 a(A sinh 5/3 +B cosh 5/3)+|a(A sinh 3)3 
+ B cosh 3j3) + E sinh )3+ F cosh )3 + H(sinh )3 
+ )3 cosh )3) = — 2cU cosh p. 


... ( 8 ) 



On tee motion in a viscous liquid 

The orthogonal components of velocity are 


-7.9'^ and /.pi. 

Ov 

At an infinite distance from the boundarv, 
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r]~iri and f=" — 6'f, 
cosh 2?j+cos 

In order that 

hH 

0^ 

may vanisli at infinity, tlio (expression 

{ — } y f A tjosli -|- B siuli 5»; ( A cosh 3?/ + B sinli 3>; ) 

+ Vj cosh F .si nil //+ 11 // .siiili»/} 

must be of the second (;r(ler of small quantities. 

* 

This requires that 

E=0, -J-E+F=0. .. (9) 

In order that 

h^'l' 

Oq 

may vanish at infinity the numeral or of the I’xpression 

H -^*1 -i- cosli 5v/) + i’',-. ( A sinh 3i; 

+ B cosh 3//) -f- E siiih i/ + F cosh >] H- .1 1 ;sinli 


+ );C031 m;)}-- 

(ms 1 1 


.si nil 'J?; 

V,l + COH 2^) 


{ - TOS'' S'? 


+ B siiih 5 j/) + ,'„('Acosli -Jv+B siuli3i;) + Kcosli rj 


+ F sinh );+ IIi; sinh )j} 

must be of the third order of small quantities. 
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We tlien f^et the equations 

H=0. -1B+1<’=0: 

which are identical with the equations obtained above in (9). 
At a point near the foci, 

^=8^ or 

!iii(l eosli 2'r/+cos 2^=2. 

In order that tlic velocity at this point may be Unite, the 
expression 

5( A cosli siiili + C cosh D siiili >; 

. + J { — i\,(A cosli 5?/+ H sinli 5//) + A cosh sinh 3?;) 

+ K cosh i;+ 1^’ ‘Siiih »;+ I h; sinh y)\ 

must be of the first order of small qifaiitities. 

This gives the adtlitional equation 

iA+('=o. aiji 

Solving the equations (.')), ((}), (7), (8), (!)) and (10) we have 



B=Sl-’=- 


n; 


f:osh 2/y. 


ri: 




U'osh 2)8+ 2) 
(cosh 1) 


taiih ji. 



Whence we get the equation 


A+2H=0 


(IJ; 
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The Conlinnity of Motion. 
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4, If the motion is uontiimous ivlong tlio double lines 
)j=0, the derivatives of i/f will either vanish when or 
change sign in passing from one side- to the other. Mow from 
(&) it is seen that 



when we write tj=() instead of T; = j8 in (A), by virtue of the 
equations (9) and (10). 

is easily seen to chang(' sign when we write 2:r — f or 
ov 

for f 

Hence the motion is continuous along the line rj = 0, 
extending from the points = y=0) to infinity. It eati 

also be .shown that the vorlicity is iiuile everywhere. Further 
if H, V be the velocities parallelto the axes of .r and // respc'c- 
tively, then it can be shown that tlu' velocity-gradients, ri;., 

0 « 0 4 

0'’* dif 

(‘tc., are finite at all points. 


T/if? Pressure, 

0 . We know that /xV’i/# and p aro conjugate functions. 




27’' 



sill I'osli 07 ;— 


sill t; cosli If 


^ ‘2sin i cosh t) 
(cosii 27;— cos 2f) 



sin sinli •h] 


— I sin f sinh i; | + H | — 2 sin f cosli t;+ 


4 sin f cosli >; 
(cosh 2?;— cos 2f) 
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Making use of equation (11), we find 

j” A ^ cos 3^ sinh 3;;— cos f siuli ii | 

+ H{ — f COS rosJi r;3 — a cos f cosli j^} 

— 211 cos ^ sinli rj] + JT^j. 

where is the pressure at infinity. 

It is at uncc clear that the pressure is finite everywhere. 


The lleahlancc. 

fi. The rates of elonf^ation of the shear are given l)y 

\ 0 ^ dv on di J d^dn 

^ \ -1- ^ 0 
\ dn* o^V/ dn on bi bi 


when = 


2c* 


d( ■ 


: — 2 sin 2^ cosli 2^ + cos 2^) 


(3 cosh 2^— cos 2f) 
(Cush 27 i— cos 2f>* 


2o* 


a/^*_ 

bv 


2 sinh 2)3(cosh 2/3 + cos 2t) 


^, ( cosh 2/3 ~ 3 cos 2^) 


( cosli 2/3 — cos 2f ) * 


=2fTJ sink p 

d(dv 


I 2 I»n«: 4^sinh 2p 
( (cosil 2/3 + cos 2f 


+ 


8 sin ^ sin 2f sinh 2/3 
( cos J i 2/3 + cos 2^ ^ ” 


-(2cU cosh /S) ; 


( cos ^ 2sin^sin2f 

C ( cosh 2/3 + cos 2^) (cu.'^h 2/3 + cos 2^)* 


* Ibhetson, Elasticity, p. 242. 
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+4 

0^ ^ l (cuslj :i/^+ous 2f) (cosh 2j8+ cos 2f)* 


, psinf si n*2f 
^ (cosh 2/i+cos * 


^2^ 

01?* 




(cosh 2)S+cos2() 


where 


+ 8cU^ — — IG Psm\\*2psu\( 
i^cosii 2p 4- cos 2f ) • (cosh 2)8 + cos 2{) • 


and 


cosh 3^+B siiih 3)8) +C cosh )8+D sinh )8. 
M()8) = — A cosh 5)8+ B sinh 5)8 ^ 

+ A cosh 3/J+B sinh 3/3 ^ + F sinh )8 
+ 11(2 cosh )8+)8.siiih )8) 


0l/r 0Jr 

■0i ’ 01? 


are given by (a), 
substituting we find e=zf-0. 


V= r — ^ 

^ L 2c* (cosTr2/3-cos2f7 ^ 

,M()8) (cosh 2^+ros 20 > g U sinh )8 sin ( 

2c* 'cosh 2)8— cos 20 c (cosh 2)8 —cos 20 

. U (sinh 3)8 sin f +sinh )8 si n HQ 
c ' cosh 2)3— cos 2f) 


lyU sinh )8rcosh 2)8+ cos 2^^ . * 

"" *0 (cosh2)8— cos2f; 
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The rwistance oa the cylinder is given by 

*=j(<'s-0 

where Ws/uy, and the integriition being taken round the 
boundary of the curve. 

Integrating, 

B=-»<Lco 8 hj 8 j L0S)+M()8)+2cD8inhj8j 

— 2ii^sinh)S A Hinh 3)3+1) cosh 3j3^ 

+^ ^ A sinh 5j3+B cosh !^/3 HsinhyS 
=4r/xU./3, 

or restoring the values of the constants. 

It is remarkable that the resistance is independent of o. 
The motion parallel to the axis of y can be obtained in an 
exactly similar manner. 

SECTION II. 

Elliptic L 1 MA 90 N. 

7. The transformation. 

If 

f+»))=2sec~* /y/ ( 

then 

4r*/r' =1 +cosh y cos (, 

4e^/r* =sioh sin 
rs4c/(co8h v+cOB ^). 
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and 


< cosh iy+ COS f»* 

ItJc* (cosh i;-- cos f) 

The curves >;=: constant arc elliptic linia9on8, while the 
curves ^^constant are hyperbolic linia 9 ons. 


8. The Oiirrent -function. 

To investigate tbo motion parallel to the axis of x {i.e., 
the line joining the foci), 
let us assume 


^=U, sill II, 


sill ^ _ 

(cosh i^+cusf 


+ H* 


sin ^ 

(cosh cos 


=^i+'i'»+^v 

where Hi, Ha and H, are functions of i; alone. 
Then 


16c* V'V'i f 


«' cosh iy + c.)s f)' 
(cosh t;— cos J) 


(H.-'-H,). 


Operating as before by 8“, we have 


16c*8*V’^, = ,— — r.r (coshij+cosO’x 

(cosh ly— cos f L 


{2(cosh 2);-f-cos 2f--8coshT;cos^+8)P 
+ 4 sinh )^( cosh i; — 2 cos () P' + ( cosh * — cos 
— 4(2 cosh -cos J)cosfP— (cosh*);— cos*f)P}]. 

where 

p=H,"-n.. • 

similarly 

10r*VV* = \ V+oosf)*H, 

(cosh i;— cos f) L 


— 2 siiih i;(co8h ly-f 
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Therefore 

16e*8*7Vi= r.r 'Oosh •i;-cos*f)x 

(COSIIT^— COH f )* L 

{(cosh i;+co8 i 'II I ' +2 si nil rj 11,'"+ (cosh ij— cos J iH,"} 
+4(coah ly+coa i) H,"— 4 sinh lycos f{(cosh rj+cos f /IJ,"' 
+sinh ti H,"} + 4 cosh rj' 1 —cos *f .11," 

—2 sinh ij{(co.sh cos ’i)II/'--4 sinh iy coafH,"} 

— 8sinh 4cosli 7/{(cosh "ly— co.s*f)Il," 

—2 sinh iy cos JH,'} — 2 sinh fj'cosli *iy— cos 
— 2(cosh ij+cos J)(H cosh ly—cos f) cos JH," 

+ 8 si nh iy cosh rj cos f H ^ — f cosh rj + cos f ) • (cosh ly — cos J )H 
+2sinhiy(cosh *iy— cos ’f)U,'] 

Also 

16fJ* V *^g = . - - - - - r I (eo.sh )y + cos OH*" 

(cosiny— cost j L 1 


—4 sinh iyH 3 ' + 4(co.sh iy— cos i )H,+4 cos fH, 


Therefore 


— (cosh ly— cos 


16 c*S*V ’^3 = , P r (cosh»)y-cos*t)H,** 

(cosh ?y— C0.4 tr L 

—4 sinh iy— cosfH,"'+4H3"— 4 sinhiy'cosh ly— cosf)H,"' 
—8(1— cosh iy cos 11,"+ 4 cosh ly-cos 0*11^' 

+8 sinh ly cos 4 cosh iy cos f 11," 

— 4(coshiy-cosf ;*llr, +4 sinh ly cosh ly-cos f)H,' 

-(cosh *iy-cos *f)II,"+4(cosh ly-cos () cos f( H*"— H, ) 
—8 sinh yj cos f H ,' + 8( 1 - cosii ly co.s f II, 

— (cosh ‘ly — cos * {)1I ," + 4 sinh ly cos f H 
-iH, +4 cosh iy cos fH, + (cosh ‘iy— cos*^)H,]. 
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Adding 

8*VY. »ntl 8‘V*^. 

and equating to zero the 00-6010101118 of the several powers of 
cos we obtain the following equations 

P''-9P=0 ... (12) 

6coHhijP+8(.inhi,P'+2co»hT,P"+lI,"-4II,"=0 ... (13i 

(2 cosh2ij+14)P+4sinh ijcosh ijP'— 8 cosli i) x (lOcosli ijP+Ssiiih ijP' i 

— 8 R08h*i^P— cosh lyll, * '■ —4 sinli tjW ,"' k*osh — i;Il / 

-H,'-+2H,"-.TT3=0 .. (14) 

2 cosh rj{(2 cosh ji; + 14) P + cosh • r/P"} — 26 cosh * i; P 

+cosh*i)H2 * lcosh*i)lI,"— 4sinh cosh 

+ 16 siiih i;coslnjH,'=:0 (15,1 

cosh ( 2 cosh 27;+li!)P+4 siiih lycosh >yP' + cosh*iyP"} 

— cosh^iyP+cosh^iyllj ”'+8 cosh Ssinli 

— 4cosh’''i)H./'+cosh*ijH,‘ " — 4113"— Isiiilny cosh i/Ii,"' 

+2cosh*i;H,"— 3cosh*?yll3+4sinhiycosh i;H,'+4H5=0 ... (16) 

isolving the equations we get, 

P=A cosh 3ij+R sinh 

Therefore 

H, = |f(Acosh3i;+D .siuIi.3iy) + C cosh t; + D sinh vf. 

H , = — i( A cosh 4)j + 11 sinh Aij) + K cosh 2i; 

+ F sinh 2iy+GT/+H. 

. H3=V9('A-C0sh5»j+Jlsinh oiy) — 3’.j(Acosh 
+ B sinh 3i)) — i(E cosh 3i) + F sinh 3i)) 

+1 cosh i;+J sinh ly+Kiycosh i^+Li^sinb 1; 
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substituting in the equations (15) and (16) we obtain 

G=0 
K=o > 

Therefore 

{^(A cosh 3ij + B sinh 3ij) + C cosh ij 
+Dsinhij}8ini+{— ^(A cosh 4!i}+B sinh 4ri) 

+ B cosh 2i>+F sinh 2i)+H} 

(cosh ly+cos f) 

■f { A cosh 5rf+ Ji aiiih t5iy— A cosh sinh 3ij) 

— |(E cosh iiiy+F sinh Stj'. + 1 cosh ij+J sinh ly 


( 17 ) 


+ Lm siiihwL- — = 5 

^(coshiy+cos f)* 

Let the cross-seetiou of the cylinder be denoted by 7;=/8 and 
suppose that it is moving with velocity U parallel to the axis 
of X 

The boundary conditions are when r}=j3 

^=-4rU8inhflr — + 1 

L (cosh jS+cosfi* (cosh j8+ cos {)* J 


9i=-4rU8infr 1 

Qrf L (coshjS+cosfj* (cosh /3+ cos f)* J 

because ««=:U and t7=0 at the boundary. 

We then obtain the following equations (C) 

i(Acosh3/3+B8inh3/8)+Ccosh/S+D8inhj8=0 ... (18) 

— ^(Aoosh4/3+Bsinh4j8)+Bcosh2/S+F pii*h2j8+H=0 ... (19) 

A cosh 5)8+ B sinh 5)8— A cosh 3J3— B sinh 3^) 

—|(E cosh 3/5+F sinh 3)8) +1 cosh j8+J 8irib)8 
4*Lj8trinh jSss ... 
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}(ABmh3/3+Bcosh3j3)-t-Ciuihj8+Dcosh/3sO ... (21) 

— |(A8inh4j8+Bcosh4j8)+2E8inh2j8+2Pcosh2j3=0 ... (22) 

,V(Asinh 5/8+B cosh 5/J)-^(A sinhS^S 

+ B cosh 3;8)-l(E sinh3/J+P cosh 3)3; 

+l8inh^+J cosh )8+ L(8inh)3+)8 cosh )8)=—4cU cosh )8 ^23) 

At a point near infinity 

cosh i;— cos f=2 

>•1 2 2 3/2 

h=(16c) (8, +8f ; . 

In order that h may vanish at infinity, the expression 

j*j{(a cosh 5)j+B sinh 5i))— (A cosh 3 j)+B sinh 3>))} ’ 

— ] (E cosh 3i)+ P sinh 3ij) + 1 cosh 7+ J sinh 7+ L7 sinh 7 

must be of the second order of small quantities. This gives 
the equations 

-iE+I=0 
•^B— JP+JssO 

In order that h may vanish at infinity, the expression 

(cosh ri+QOB sinh 5iy+B cosh 5i;) 

—^3 (A sinh 3i;+ B cosh 3iy)— -J (E sinh St; 

+ Fco8h3Ty)+l sinh t;+J coshT;+L(8inh i; 

+ri cosh 7f ) } —2 sinh i/faVC A cosh i)i;+ B sinh 5i;) 

•".tV(A cosh Siy^ B sinh cosh 3i; 

+F sinh 3i;) +1 cosh nf+J sinh ij+Li; sinh t;} 

<&ust be of the third order of small quantitiw. 
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This gives the additional equations 


-5E+T=0 

+ J=0 


... ( 25 ) 


which are identical with the equations (24) 
At a point near the external focus, 


and 


cosh i;+cos^=:2 

-12 2 - 1/2 
A=:c (8ij ) 


In order that the velocity may be huite at this point, the 
expression 

{I A cosh 3i;+Rsiuli Sijl + C cosh i;+Dsiiih >;} 

+ -j { — ^ A cosh 4i; -f U si nil 4); i + (E cosh 2^ 

+ F siiih 2i/ 1 + 11 } + -j [ j’j ( A cosh 5i; + B sinh 5ij 
— Acosh.Sij— 3 siiih 3ij)— J-,E cosh 3);+P sinhSi;) 

+I coshi}+J sinli ij+Lijsiuhij} 
must be of the first order of small quantities. 

This gives the equation 

YVA + C + jE+iII=0 ... (2(i) 

•where we have taken into account the equation (24). 

We have not yet obtained suiUcient number of equations 
to determine all the nn-known constants. In fact we have 
obtained nine equations, viz., (18), (19), (20), (21), (22), (23), 
(24) and (26) but there arc ten un-known constants in the 
expression for iji. The remaining equation follows from the 
continoity of motion. 
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It is easily seen that ^ changes sign in passing from 

one side of the double lines to the other. Hence it is 
continuous along the line >;=(). 

But does not change sign when we write for 
Hence in order that the motion may be continuous, must 

Of 

be zero at i;=0. 

This gives the two additional equations 
5-A+C=0 ) 

( 27 ) 

-JA + K + H=0 ) 

From these two equations the equation (26) follows at once. 

Thus wc get ten equations to determine the ten un-known 
constants. 

Solving, we have 

A= -8C =8 H = (IrU/Slsinh 2/i 
B=(-4cU/S)cosh ip 
D=(cl72S)(eosli 2P+2) 

K=1=0 
l!' = (-cU/S) 

J=(cU/|.Si(r.sh 2/8-8) 

L=(— rlJ/S)HinU 2/3 

and S=: {{jSsinh 2/3— (f*»)sh 2/J— 1)}. 

It is easily seen that 

A+4lj=:(t (28) 

It may he remarked that the vorticity and velocity-gradients 
are finite everywhere. 
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The Pressure, 

9. Since /*V’^ and p are conjugate functions, we find 
after a little simplification that 

p= [A{ — i sinh 3ij cos 3^— siiih 2i/ cos 2( 

luC 

siiih rf cos ^ + B{ — \ cosh cos I3J 
—cosh 2ri cos 2f— i cosh cos f } — F{2 cosh 2i/ cos 2$ 

4- 8 cosh Iff cos ~'2L sinh vf cos + IIq. 

It is clear that the pressure is finite everywhere. 


The Remtance, 


10. When tj=j8, 


1 (cosh -f cos 
0 i 8c*. (cosh jS— cos f ) * 


(2 cosh cos f ;sin ^ 


0/i* 


1 (cosh j8 + 00 sf :* 
8c* (cosh j8— cos f)* 


•' cosh fi—2 cos f) si nil /i 


~l^^=--4cU siiili 
0^* 


L (cosh j^H-Posf )* 


G sill f cos f Gsiii*f ‘I 

(cosh P + cos f ) * I cosh p + cos i)* j 


0 *f/r _ ” cosh pcoH f 2 cosh jSsin*^ 

0i0>? ^ . ^cosh j3+cos<f;* ( cosh )8+ cos f)* 


2Hinh*/8cosf _ 6sinh*)8 sin*f "I 
(cosh cos f)* (cosh jS+cosf)* J 
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+ 

(cosh /i+c. 0 B i) 


(cosh ;ff+COH 




+24fU _24 cU 1 

(cosh /3 + cos 0 " < cosh /i + cos f ‘ J 


while and ^ arc given by (C) and 
Of OV 

fi(P) = {li^ 8/HH siuh :>/^) + C cosh /8+ DsinhjS} 

= <*<^‘'^h ‘I'/i-f B sinh 4/:?)+4F sinh 2fi\ 

= 5)5 4-B sinh 5/^)— .,\-(A cosh .5/5 

+ B siidi 5/5)— fF sinh .5/3+, T sinh p 
+ L(2cosli ^+/Sainh /5)}. 

Substituting in the expression for the rates of elongation of 
the shear, we find that 

fl=fc=0 


ain i 

16c* 



(cosh /5+cosf)* 
( (jasii /:?— cos^) 


+;*(/?) 


(cosh /S+cosf)* 
(cosii /5— cosf) 




(c osh /5+cos ^ .1 I 
(cosh /5— cos I ) ' 



sinh sin f 


I cosh 

(cosh /5— cosf) 


The resistance is given by 



where the integration is taken round the boundary of the 
elliptic limagon. 

Integrating, we have 

Rn-tir/iU/ljS— tan hfi) 

My best thanks are due to Dr. N. M. Bose for the interest 
he has taken in the preparation of the paper. 
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iVofe.— Although it has been shown that the velocity is 
everywhere finite and continuous and the rate of change of 
velocity everywhere finite, yet it is found that the rates of 

changes of velocity, »*«., and are discontinuous across 

the double lines ij=0. Therefore the surface traction is 
discontinuous across 17=0. It is probable that the motion is 
due to a prescribed velocity across the lines r^= 0 . The pheno- 
menon is a matter for subsequent examination. The detailed 
examination will follow later on. 
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The Reduction of Unsymmetrical 
Dichloracetone by Yeast. 

BTT 

Ueacenbka KuMAft Sen, 

Kuher Wilhelm [nslitiite, Dehlem. 

The reduction of chlorinated ketones does not appear 
to have been studied hitherto, althoui'h the reduction of 
aldehydes and ketones in general by yeast has been the 
subject of thorough investigation by Neul)erg’ and his 
co-workers. 'I’heir work conclusively proves the value 
of yeast as a reducing agent, which must play an 
important part in ordinary fermentation as also in natural 
syntheses. The first important example of bio-chemical 
reduction of this nature was furnished by Linter,' Liebig, 
and Luers who reduced chloral hydrate and made the 
preparation of trichlorethyl alcohol accessible in the 
laboratory. The importance of reducing monochlorace- 
tone, or indeed, of any of the unsymmetrical chloracetones 
by means of yeast, lies firstly in the fact that these 
acetones after reduction give rise to alcohols containing 
an asymmetric carbon atom as is evident from the 
following : 

Jl. 

— > chcuuhohcu,. 

Secondly, these chlorinated secondary alcohols would 
form the liasis of urethane derivativc.s, valuable as 
soporifics. In ordinary chemical reduction it is the 

' C. Noiibnrg iitul J. Kerb. Her. W, 222.5 (IUI3). 

■' C. J. niiili'i- and II. .1. v. r,ifibi« n. 72, iW (1911): Liutor and Liuirfi. H. s'S, 
122 (IttUS) 
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racemic form that is invariably obtained, as the chance of 
formation of the dextro-form is equal to the chance of 
formation of the laevo-form. In the case of biochemical 
reduction, the chance of obtainin'? optically active 
components is usually great due to the selective action 
of enzymes, and if in any way the preponderance of one 
isomer over the other can be secured, the resulting 
compound should exhibit optical activity (compare 
Neuberg and Kerb; Neuberg and Nord). An early 
example of the selective action of ferments or bacteria 
is to be found in Le Bel’s work on the fermentation 
of inactive propylene glycol by hnelormn ffinuo. A 
further example of interest is to be found in the 
work of Perd,' who studied the biochemicial oxidation 
of propylene glycol in contact nith fi/mtlwi.r Icnuh. 
It is significant that this investigator obtained a dextro- 
rotating propyl glycol, as distinct from the laevo rotatory 
propyl glycol obtained by Le Bel. The explanation 
must evidently lie in the use of different bacteria, which 
would seem to indicate with a degree of certainty that 
the action of the two bacteria upon racemic propyl 
glycol is selective. 

The particular reaction described in these pages is 
a case of reduction by yeast in a fermenting solution 
of sugar. Here also the yeast exerts a selective action 
and from unsymmetrical dichloracetone gives rise to an 
optically active dichlorisopropyl alcohol. The rate of 
this reduction, however, in the case of dichloracetone is 
relatively rapid as the reduction is probibly completed 
in 24 hours if not in 12 hours. The operation of adding 
a 20 per cent, alcoholic solution of 10 grams dichlo- 
racetone to a fermenting solution of sugar requires 3-t 
hours, after which the mixture is allowed to stand 


dc JiiHtitut PaHtpiir, 1800, 11, OiKKH. 
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overnight in an inculiator at 35°C. Next morning the 
odour of dichloracetone is scarcely to Ije noticed in the 
reaction mixture, and the sugar is also found to have 
disappeared to the extent of 96-97 per cent. The further 
addition of yeast, or of yeast and sugar, is only to secure 
certainty of reduction of any dichloracetone that might 
have remained unacted upon. Dichloracetone does not 
seem to be appreciably poisonous to beer-yeast and the 
yield of dichlorisopropyl alcohol is not affected l)y the 
rale of addition of the dichloracetone to the fermenting 
sugar solution. In one e.xperiment in which accidentally 
the stopper of the dropping funnel was dislodged, about 
half of the alcoholic solution of dichloracetone fell at 
once into the fermenting sugar solution without markedly 
alTeclijig the rate of fermentation of the solution. This 
non-j)oisonous character of dichloracetone is convenient 
and also interesting in view of the fact that Willstsitter 
has recenlly found bromal very poisonous to yeast and 
Nouberg {ho, cif.) found it necessary to add the 
aldehydes with which he experimented, very cautiously 
to the fermenting solution in order to get a good 
yield of reduction product. Also in some experi- 
ments with monochloracetone the rate of addition 
was found to be very important. The first experiment 
was conducted with monochloracetone supplied by 
Messrs. Kahlbaum of Berlin, an alcoholic solution of 
which had to bo very cautiously added in order to 
maintain the fermentation of the sugar solution. In 
fact even with the utmost care, it Wfis diflicult to 
maintain a brisk fermentation throughout the addition, 
and towards the end the addition of monochloracetone 
had actually to be suspended, in view of the considerably 
decreased rate of fermentation. It is to be observed 
here that in course of further investigation, it was 
found that the monochloracetone supplied by Messrs. 
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Kahlbaum was not pure, but contained a considerably 
higher percentage of chlorine than is required by the 
formula. This may lie due either to the presence of 
some dichloracetone, the boiling point of which closely 
approaches that of monochloracctone, or to small 
quantities of higher chlorinated products. The conclusion, 
therefore, is that cither monochloracetone or the very 
small quantities of tri-, tetra-, or penta-, chlor derivative 
of acetone, are poisonous towards yeast, dichloracetone 
itself Iiaving scarcely any injurious etfeet. Experiments 
with monochloracetone alone could not l)e completed on 
account of the difficulty in obtaining a pure specimen of 
the substance. Its preparation has now been undertaken. 
In the case of monochloracetone something different 
occurs, as the peculiar ])cnetrating odour of this compound 
remains for over a week, and indeed does not then entirely 
disappear. In our experiments wo followed the 
conversion of monochloracetone into monochlorisopropyl 
alcohol by the disappearance of this unplea.sant and 
tear-bringing odour. As already mentioned, the poisonous 
nature of monochloracetone or any component with 
which it is contaminated, is so marked that a little 
carelessness in the addition of its alcoholic .solution 
to the fermenting sugar solution speedily stops the 
fermentation. It is significant tliat monochloracetone 
has a fatal action upon yeast, whereas dichloracetone has 
practically no such injurious action. A careful comparison 
of the various chloracetones with regard to their action 
on yeast would be of interest and it is hoped that a 
future (iornmunication may be made thereon. 

Whilst in the cases cited above (Neuberg, Pere, Le 
Bel) the rotation in two experiments was not constant, 
with dichloracetone however, this has been found to be 
the same in five separate experiments that have up to 
now been performed. 
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An additional interest in o1)taining unsymmetrical 
dichlorisopropyl alcohol hy the hiochemical method lies 
in the ease with which a good and cheap yield of this 
alcohol can bo ol)lained, rendering the process thereby 
suitable for practical applicalion. 

Several experiments have up till now been performed 
both with the alcoliol itself and its urethane derivative, 
upon rabbits, which justify the expectation that they 
will lie valuable as soporilics. It is to be observed that 
<tichlorisopropyl alcohol is likely to have an advantage 
over chloral, being poorer in chlorine, and move 
effective than trichlor ethyl alcohol, being a secondary 
alcohol. All experiments, that as yet it has been 
possible to conduct, show that both the alcohol and the 
urethatie derivative are without any injurious effect 
upon the animal system, and that the difference between 
the narcotic and toxic doses is faii’ly considerable. A 
more detailed report of the investigation in this direction 
will be shortly oomiminicated. 


Exveuimkntal. 

250 grams of starch sugar or ordinary cane .sugar 
were (lis.solved in 2‘5 litres of tap water at l-O’ in a 5 
litre bottle. To the solution 250 grams of pressed beer- 
yeast wore added. In about tifteen minutes the liquid 
was in brisk hirmentation, when a 25 per cent, alcoholic 
solution of 10 grams dichloracetone was drop by drop 
added to the fermenting mixture, care being taken not 
to suppress the vigorous fermentation by too quick 
addition of tlu' dichloracetone solution. In three to 
four hours the addition is complete, during which time 
the bottle is shaken from time to time. The reaction 
vessel is then allowed to stand over-night in an incubator 
at 35°C. Next morning the odour of dichloracetone 
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is fouud to have practically disappeared, and the sugar 
also almost fully used up. In order to ensure more 
complete reduction, about 100 grams more yeast are 
added and left again in the incubator for two more days, 
at the end of which the licjuid is llltcred, the residue 
washed two or three times and the combined filtrate 
distilled under vacuum on a boiling water-bath. The 
ethyl alcohol, dichlorisopropyl alcohol and any unchanged 
dichlorucetone being volatile in steam, collect in the 
receiver which is constantly kept well-cooled by a rapid 
current of tap water. The distillate is now shaken up with 
two litres of ether, the ethereal layer separated, dried 
over ignited sodium sulphate, and distilled olf from a 
water bath. The I’esiduc which now amounts to S cc. is 
fractionated from a small distilling flask, when 5‘2 grams 
of dichlorisoj)ropyl alcohol collect steadily at Il(r-lt8" 
[compare Wohl and Roth, Ber, tO, 217 (1007)]. The 
fore-fraction also contains about a gram of the dichloriso- 
propyl alcohol ideutifi(!d by its optic^al rotation. From a 
large scale experiment with 18 grams of dichloracetone, 
26 grams of the pure alcohol were obtained, which corres- 
pond to a yield of 5-1 per cent, of the theory. 

Dichlorisopropyl alcohol is moderately soluble in water 
and very .soluble in ether and alcohol, ft has a burning 
sweet taste, and a pleasant ethereal odour, having a 
density of 1’33. The pure li([uid in a one decimeter tul)e 
rotates the plane of polarisation by — 1 l‘88'’-[a] D is 
therefore --9''. 


Found C=27'H3, ll=4-7<>, Cl=5l'*0; i*eqiiire.'i 

C=27 D1, l[=l dr), 01=55-0 per cent. 

Oil, 

The urethane derivative I is pre- 

CHCl.-CH-OCO-NH, 

pared by mixing an ethereal solution of carbamyl chloride 
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with the calcukted (luantity of diohlovisopropyl alcohol 
also in ethereal solution. The solution is allowed to stand 
at room temperature for 15 minutes, after which the ether 
is expelled on the wator-l)ath. 'rhe residual oil soon 
solidities on scratchina: with a glass rod and can then he 
crystallised either from ether in which it is extremely 
soluble, or from water in which it is soluble only to the 
extent of 2 per cent, at ordinary temperature. This is a 
decided advantage as the loss in crystallising from ether 
is excessive. The urethane cr.v.st.alHsos in white needles, 
melting at Cr-GJf C. 

0*1330 gave N = 9*4 cc., at Kf'C and 755 mm. press ; 
N«=8*20; C(ll 702 NCL requries X^S'l t per cent. 0*75 
gram of the urethane ilissolved in 25 cc. of water and 2 cc. 
of glycerine when given to a ral)bit weighing 1*5 pounds 
caused an uninterrupted sleep for LI hours. The parent 
alcohol given in 0*5 "ram caused an undisturbed sleep in 
the same animal for a period of one hour, without spasms. 
The urethane derivative is also optically active, rotating 
the plane of polarisation to the left. 0*333(> gram dis- 
solved in 2 cc. of absolute alcohol, rotated the plane 
through — 2*22(r in a 1 dcui. tube. The reduction of 
raonochloracetone (from Kahlbaum) by a method similar 
to that adopted in the case of dichloracetone, resulted in 
a yield of not more than 25' per emit. In fractionating 
the final product of reduction after extraction with ether, 
the first part of the distillate, after expulsion of the ether 
distilled under 100*^0 and contained mostly ethyl 
alcohol ; the fraction distilling between 100'^ and 125° 
contained unconverted monoch lor acetone and also a small 
quantity of monochlorisopropyl alcohol, CILCl. CH(OH). 
CHj the boiling point of which latter is 127°. Then 
came a fraction boiling between 120° and 132' which may 
be taken as more or less pure monochlorisopropyl alcohol, 
but the thermometer then rose rapidly, a product boiling 
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between ISS"" and 152 ® was collected which probably 
marks the boiling point limits of a mixture of mono* 
and dichlorisopropyl alcohol. After this the thermometer 
rose steadily up to 180 ° and a few drops of liquid of 
unknown composition wore obtained. 



On An Experimental Test of Thermal 
Ionisation of Elements. 

BV 

Meghnad Saha and Nalintkanta Sub, 
Department of Physics, AUohuhad Zhiivei'sity. 

Though the theory of thornial ionisation of gases has 
been given by one of the authors in a number of papers ‘ 
about three years ago, its application has hitherto been 
confined mostly to the realm of astrophysics. The theory 
still lacks experimental conlirmation in the laboratory, 
and the prescmt communication is the outcome of an 
attempt just to remove this d<;sideratum. 

The underlying idea may be thus stated : — 

If we take any element in the vapour state, and go on 
heating it, its electrical and optical properties will under- 
go a gradual change. To visualize matters, let us start 
with Car vapour at 800°C. At such a Ioav temperature, it is 
most probably a non-conductor of electricity and Avill 
show only the lines X='r227, 1S-2P, X = 6573, lS-2i)s 
and other lines of the principil series in absorption. If 
we go on heating the gas, a stage will come when an 
appreciable fraction will be ionised. The vapour space 
will now conduct electricity, and will show the principil 
lines of Ca, X=3968(H), and X=31)33(K) in absorption. 
Between these two stages, the lines of subordinate series 
of Ca may also come out in absorption. 

For sometime past, one of the authors has been trying 
to follow this process in the laboratory. The first attempt 

* Pi-oc., Roy. Soc. Loud., Vol. SM), p. et. svq, Zh, f. Ptiysik. Vol. ti, p. 4l». 

2 



10 


M. N. SAHA AND K. K. SUR 


was made with the vaponrs of the alkali metals, because 
as these elements possess the lowest ionisation-potentials, 
it was expected that they would he copiously ionised even 
at such low temperatures as 800°0— 1000°C. Hut it may 
he mentioned here that these metals are not suitable for 
the spectroscopic test, as their chief ionised lines lie far 
down in the ultraviolet. 

The experiments on the electrical conductivity of 
heated alkali vapours were first nndertaken at the labora- 
tory of Prof. Nernst at Berlin, and the preliminary results 
which we obtained quite confirmed our expectations. It 
was found that Cjs-vapour' at 12o(>°C possessed an 
enormous specific conductivity of (50 ohin)’ which dimi- 
nished gradually as the temperature was lowered, and at 
850°C, was certainly smaller than (10000 ohm)"'. It 
was also found that the specific electrical conductivities 
were in the order Cs>ll >K>Nff, just as their ionisation- 
potentials would lead us to expect. 

The furnace in which these experiments were carried 
out was not suitable for combined electrical and optical 
investigation as described above. Moreover, according to 
theory, the fraction of atoms ionised is a function of not 
only the temperature, but also of pressure. Hence it is 
desirable that a furnace be designed in which both 
temperature and concentration can be varied at will. 
In Nernst’s furnace, jiressure could not bo varied 
at all. 

In order to remove these defecls, another arrangement 
was devised, which is described below. 

This consists of two furnactes in vacuum. The 
material Avhich is experimented upon is placed within the 


' l.owiK reports in his Thorniotiynftmifs (p. 4fX)) thnt Urey enrried out at his siig- 
^pfitiiiii a similnr oxp^rimont nn tho olectrical conductivity of heated Cs-vapour. The 
fall details of the pnper nre not yet available. The experiniont mentioned above is 
fully deseribed in the Jonni. Dept, of Science, 1022, Colcnttn University. 
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small furnace, which is heated to a varying temperature.. 
The vapour pressure of the substance is known from this 
temperature. The sulwtance in the vapour form is led to 
the bigger furnace which is maintained at a higher tem- 
perature. The volume within the big furnace containing 
heated vapour forms the experimental space, of which the 
electrical and spectral properties are studied. The great 
advantage in this type of furnace is that they allow both 
the temperature and concentration to be varied at will, 
which is not possible in the type used by A. S. King in 
the Mount Wilson Solar Observatory. 


The Puhnack. 

The furnace is shown diagrammatically in fig. 1. It 
is simply an adaptation of Prof. Compton’s furnace 
(described in the Journ. Opt. Soc. America, Oct., 1922), 
with some modification to .suit our convenience. 

B«A rectangular hollow brass base, made of thick 
sheets of brass cooled by water, by inlet and outlet pipes 
at P and P‘. 

T= Heavy box of cast iron in the form of a rectangular 
parallelepiped, open at the bottom, and provided with 
flanges on all sides at the bottom for air-tight contact 
with the bras.s base. The joint was kept airtight by a 
preparation of resin and bee’s wax. 

M, M’=Projecting tubular pieces, of one piece with 
the box, and closed by gia.sa or quart?; plates, which arc 
cemented to it by means of shellac. 

. L«» Removable circular lid with a ground conical 
periphery and fitting into a ground, and sloping circular 
opening on the top of T. By taking out L, easy readjust- 
ments could be quickly made in the interior. This was 
just to avoid taking off the whole box T after every 
experiment for the necessary readjustments. The two 
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surfaces of contact were grouud with great care till they 
fitted exactly into each other. 

FssEurnace which in the preliminary experiments 
consisted of a sheet of iron rolled into the form of a 
circular tube. It was clamped by means of a headpiece 
and screws on the water*cooled stands, — S and S' which 
consist of thick iron tu1)es with a rectangular top of 
solid iron. The stands were water-cooled as shown in 
the diagram. 'I'he surface of the sheets was cleaned 
by the pickling process used in enamelling and then 
smoothed by emery paper. 

D=:A thick wire of iron, clamped on the stand at 
one end and sliding in a groove at the head of the stand 
« at the other end. 

About half the space inside the furnace F was clear. 

A current of 500-1000 amperes was applied to F 
under 6-10 volts directly from a battery of accumulators 
with a sliding resistance of mercury. Owing to the 
large size of the furnace, and the limited energy supply 
at our disposal, the temperature could not be raised 
higher than 1250‘^C, as eye observations would indicate. 
A low tension transformer as used by King w'ould have 
been much 1)elter, but as we had nut the means to buy one, 
we had to make the best use of a set of discarded storage 
cells. One great disadvantage was that after about 5 
minutes the connecting wires liecame very hot, and less 
current flowed through F, and temperature rapidly fell. 
This defect would probably be cured if the furnace could 
be heated by current from a low-tension transformer, 
with very short and water-cooled leads. The furnace 
was evacuated by a Gaede oil pump, which was kept 
continuously running during the experiment. The leak 
was so small, that even at a temperature of 1260°, iron 
did not appreciably oxidise though the experiment lasted 
from 5-10 minutes. 
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/= Another furnace of much smaller dimensions, 
heated directly by current from accumulators, the 
substance which was to be vaporised was kept inside the 
furnace here. The ends were blocked by iron-plugs, 
through one of which passed a thermo couple of iron and 
constantan shielded by pyrex glass tubing. 

Small porcelain tubing, leading the vapour through 
an orifice at the top of/ to the heated space inside F. 

The connections to / for leading the heating current 
consisted of thick copper rods (not shown in the 
diagram) passing through an India rubber cork, which 
closed an orifice at B. The leads for thermo couple were 
also taken through this cork. 

The temperature to which / was heated could l)e 
obtained from the readings on the millivoltmeter to 
which the couple was connected. Then from the data 
on the variation of vapour pressure with temperature, 
the pressure in/ could be obtained. The pressure in F 
is equal to that in F, if the free flow could be prevented 
by stopping the ends of F by quart/, plates. This has 
not yet been attempted. 

By this arrangement, it was hoped that the vapour 
of any element could be maintained at a definite pressure 
for any length of time. Experimental difficulties have, 
however, not been completely overcome, but the progress 
hitherto made has been sufficient to justify the expecta- 
tions placed in this arrangement. 

Description op tue areanobment por measuring 

THE ELECTRICAL CONDUCTIVITV. 

The arrangement for moRsuriiig the electrical con- 
ductivity is shown in diagram No. 2. 

B— Battery. 

V — ^Voltmeter for measuring the potential difference 
between the central wire and the furnace. 
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F — Furnace. 

R — Resistance for varying the voltage. 

K, K* — Two three-way keys. 

M. A — is a milliamperemeter placed between one set 
of knobs of Kj and K2. 

Mic. A — is a microamperemeter placed between another 
set of knobs. 

G — is a sensitive galvanometer placed between another 
set of knobs, with a variable megohm in series. By 
manipulating the keys K,, K^, the furnace may be 
connected either through the milliamroeter, the microam- 
raeter or the galvanometer. Voltage divided by the 
current gives the resistance of the vapour-space in 
the furnace. 


Actual Expbkiment. 

The results which are comm u nictated here are only 
of a preliminary nature. 

The actual procedure w'as as follows : 

Firstly, the central furnace was heated, and the 
thermionic current lietween the furnace and the central 
wire was measured. In most cases, this could l)e done 
by means of the galvanometer.' The thermionic current 
is a very good indication of the temperature of the 
furnace F. Then current was applied to the small 

' It will be interoHtiiif' in thi.s couiioctkm to recall the experinieiitti of Pring and 
Parker who investigated the thorni ionic emission from largo carbon rods by heating 
them with the aid of very large currents. They found that with larger currents 
thermionic omission died down. Richardson iM)inted out that this was due to the 
largo magnetic field of the heating current , which prevented the electrons to escape 
from the heated surface. Tn our exporiment, though we are using currents of the 
order of 10" Amp, the experiment is boiiig performed inside the heated space, whore 
the magnetic field is zero, so tliat there is free thermionic emission. Tucidentally, 
it may be mentioned that in this method the tempemtnrc of the emitting surface 
can bo more precisely measured, if wo direct the optical pyrometer to the interior, 
for radiation coming from inside the fnniaco approximates to the black body 
condition. The point is receiving attention. 
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furnace /. The substance vaporised, and the vapour 
passed into F. Then the observer at the galvanometer 
noted whether the spot of light in the galvanometer 
scale shifted its position. Simultaneously, another 
observer noted the readings on the inillivoltmetcr 
connected with the thermocouple. 

If the spot of light went off the scale, the galvano* 
meter circuit was shunted oft', and the microammeter 
circuit was put in, and the current observed. If this did 
not suffice, the milliammeter circuit was inserted. 

The pump was kept running during the whole course 
of the experiment, which generally took from 5 to 10 
minutes. 

When experiment with one sulistance was finished, 
and the furnace cooled down the lid was taken off. Then 
the small furnace / was replaced by a fresh one, liecause 
the old furnace is generally contaminated by deposits 
, of the metal with which the previous work has lieen done. 
The big furnace F was replaced, only if it was broken, 
as frequently happened, prolwbly owing to stress 
developed during expansion. 

Series 1, Expei iments loith Eg, Cd and Zti. 

These three metals are interesting, becau.se the electri- 
cal conductivity of their vapours in a flame were 
investigated by McLennan^ a few years ago. The 
electrical conductivity of heated mercury vapour has 
formed the subject of investigation by many workers 
including Maxwell, Hittorff', J. J. Thomson and Strutt, 
but the results were mutually contradictory. McLennan’s 
results also were quite indecisive. 

We have proved decisively that when vapoui-s of 
these elements are introduced into the furnace, between 


* Proc. Roy. Soc„ Lond., Vol, !)2, p. 592, 
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the temperature 860°C to ISOO'^C, the thermionic current 
remains completely unaltered. The voltage a:pplied was 
I •34, and at the highest temperature employ^ by 
us (1300° as judged by visual ol)Servation), the 
thermionic emission was 10 microamperes, with R== 9000 
ohm in series. The temperature of the small furnace was 
660°C, corresponding to a vapour pressure of S7'23 mm. 
of Z«. It was found that when Zn-vapour was evolved, 
:.therc was not onlv no increment in the thermionic current 
but there was actually a slight falling off, owing probably 
to the cooling of the furnace by the passing Z« vapour. 
The same phenomena was observed with Hjr/ and C<f, 
the last being operated at a temperature of 740°C, 
vapour pressure=5r)7’2 mms. of mercury.' 

These experiments prove conclusively that vapours 
of 7m, C(l, and H// are not ioni.sed at all by heat up to 
temperatures of 1260'’C. This is quite expected as the 
ionisation-potential of these elements are rather high, 
riz., 9' 15, 9*40, I0'4r) volts. 

Experiments mth Mg and Ca. 

Magnesium . — The small furnace was heated to 750° 
(measured), and the large furnjvce to alwut 1300"C (not 
measured). The thermionic current was 10x10“" 
amperes. On putting M//-vapour, the current rose to 
of a milliampere, or 200 X 10“* or by about 20 times, 
so that magnesium vapour seems to have been ionised 
at 1300°C. 

Calciim . — The small furnace was maintained at 
920°C (me-isured), hut the storage cells having run down, 
the temperature in the big furnace F could not be 
increased. It was probably ]150°C. The thermionic 
emission was less than a microampere, but on putting 

' These fiffnres nro tnkeii from Tiandolt niid Jlfnipleip's tiibirs, filh editioi:. 
pp. ]a32.]m 
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Ca«v»pour, it t ose to 30 microamperes. This proves that 
Ga'Vapour is appreciably ionised at 1100°C. 

Sodium. 

Sodium . — The small furnace was maintained at 470®C, 
corresponding to a vapour pressure of about 2 mm. of 
mercury. The temperature in the big furnace was about 
900°C. The thermionic emission amounted to 40 divisions 
on the galvanometer scale corresponding to a total 
resistance 5 X 10’ ohms. As one megohm was put in the 
galvanometer circuit, the resistance of the furnace>cell 
was approximately 4 x 10* ohms. On putting Na-vapour 
the spot went off the scale at once, so that the micro- 
ampere circuit was put in. Even this went off the scale. 
Then the milliarapere-meter circuit was put in with no 
resistance in series. The current was — of a milliam- 
pere, so that the equivalent resistance with Na-vapour 
was only 13100 ohms. Thus at 900°C the conductivity 
of the space increases about three hundred times, when 
Ka-vapour is put in. 

The only objection which can lie raised against the 
view that Na or Ca- vapour is ionised by heat is that the 
electrons emitted from the surface of the furnace E in 
falling to the central wire, produce fresh ions by 
collision. This possibility is excluded by the fact that 
the potential difference between the furnace and the 
central wire is only 1'34 volt, much lower than the 
ionisation potential of the elements investigated. But 
it may he contended that since the total potential fall 
between two ends of the furnace is from 6 to 10 volts, 
electrons emitted from the negative end may just slip 
along the surface and come out at the end with an energy 
corresponding to a voltage drop of 6 to 10. 

Though we can think of such an eventuality the 
probability of its affecting the main results seem to be 

8 
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rather remote. At least, in future experiments, efforts 
will be made to free the arrangement from the possibility 
of such an objection. 

In conclusion, we wish to record our thanks to our 
colleague Mr. S. Bhargava, Reader in this University, for 
useful help in designing the apparatus and to Mr. K. 
Majiimdar, Research Scholar, lor help in taking 
observations. 



The Colour of Complex Diazoles. 

Part I. 

BY 

GoPAli Cn.VXDBiV ClIAKIlA-VAim. 

1 : 2-Orthobenzoylene-l : S-^enzdiazole is obtained in a 
good yield by the fusion together of phthalic anhydride 
and o-phenylene diamine (Bistrzycki and Lecco, Helv. 
Ghim. A.cta., 1921, 4, 425 ; compare also Thiele and Falk, 
Annalen, 190(5, 347, 112; and JlupeandThiess, Ber., 1909, 
42, 4287). Bistrzyeki and Lccco (loc. oil.) applied the 
same method to the condensation of o-phenylene diamine 
with tetrachlorophtbiilic acid, and with quinolinic acid. 
1 : 2-o-Benzoylene-l : 3-benzdiazole 



has been recognised to be a powerful ebromophore and 
contains a fused pyrrol-iminazole ring in its skeleton. 
Both the diazoles, tetrachloro-l : 2-o-benzoyleue-l : 3- 
benzdiaozle, 


ct 



^ I 


and 1 : 2-(a.j8)-picoliuoylene-l : 3-benzdiazole, 
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contain the fused pyrroldminazolu ring systems but whereas 
the former is coloured greenish-yellow the latter is 
absolutely colourless. This absence of colour in the piooli- 
noylene compound may be due to the strong hypsoohromic 
character of the pyridyl nitrogen atom (compare Ghosh, T., 
1919, tl5, 1103) which neutralises the chromophoric 
nature of the pyrrol-iminazole system. These important 
chromogenic properties of the fused heterocyclic system 
led the present author to investigate the properties of a 
series of analogous compounds which contained the 
pyridine-iminazole skeleton: With this view, as also with 
the object of studying the influence of additional fused 
ring systems on the depth of colour of these compounds, 
intermediates already containing fused rings such as 1:8- 
naphthalic anhydride and 1 : 2-naphthylene diamine have 
been employed in the condensation. Phthalic anhydride 
combines with 1 : 2-naphthylene diamine in alcoholic 
solution (compare Hans Lieb, Monatsh, 1918, 39, 873), to 
form I' : 2'-naphthiminazole-2-phenyl-o-carlx)xylic acid, 

which on treatment with acetic anhydride or on being 
heated to a high temperature looses a molecule of water and 
is converted into 1 : 2-o-benzoylene-l : 3-naphthadiazole, 



The latter crystallises in beautiful orange-yellow prisms. 
1 : 2-(l' : 8')-Naphthoylene-l 3 :-benzdiazole, 
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derived from naphthalic anhydride and o-phenylene 
diamine has an intense yellow colour. 1;2-(1':8')- 
Naphthoylene-1 : 3-(-2"-) methylbenzdiazole 



(IV) 


obtained from naphthalic anhydride and orthotoluylene 
diamine is coloured deeply yellow. The colour of 
1 : 2-(l' : 8')-naphthoylene-l : 3-(l" : 2")-napbthiminazole 



(V) 


obtained by the condensation of naphthalic anhydride 
with 1 : 2-naphthylene diamine is orange-red. All the 
compounds with formula; III, IV and V contain a pyridine 
ring fused with an imitiazole, one and all of them are 
itnensely coloured. Thus like condensed pyrrol-iminazolc 
ring systems, the pyridine-iminazoles also possess marked 
chromophoric properties. This is also borne out by the 
experiments of Bistrzyeki and Tiissler (Helv. Cbim. Acta,, 
1923, (i, 519) who find that the compound obtained by the 
condensation of homophthalic anhydride with o-phenylene 
diamine is coloured. 

1 : 2-Orthobenzoylene-l : 3-(2')-methyl-benzdiazole 



obtained by the condensation of phthalic anhydride with 
1:3: 4>o-toluylene diamine is found to resemble 1 : 2- 
o-benzoylene-l : 3-benzdiazole in colour. It thus appears 
that the effect of the presence of increasing fused ring 
systems is to deepen colour and that the naphthiminazoles 
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are generally more strongly coloured than the henzimina- 
zoles. A comparison of colour of these compounds will 
make the point clear. 

1 : 2-orthobenzoyIene-1 : •‘)-benz>liazo1e 
1 : 2>orthobenzoy]eDe-l : 3-mcthylbcnz(liazole ... 
t : 2>o-benzoyIene>l : 3-napiitiia(iiazoln 
a/9-diphenylacryIunebenziminazole 
(Bistrzycki and Fasslcr, hte. cit.) 

0<phenyleneacetyl-‘2 ; 1-henziinidazoIe 
(Bistrzycki and Fassler, loe. cil.) 

Tetrachloro-J : 2-o-bcnzoylenc-l : 3<benzdiazo1n ... 

(Bistrzycki and Lcoco) 

1 : 2-(r : 8')-naphthoylene-l : 3*bcnzdiazoIc 
1 :2.(l': 8')-naplilboylenc- 1 : 3>inethyl-bunzdia* 
zole ... 

1 ; 2-(r ; 8')-naph(.lioylane-l : 3-naphtliiininazoIe 

Expbrimbxtal. 

Co>iden8afion of Phthnlio Anhydride with 1 ; 3 :4-o-Toluy- 
leiie Diamine. The Formation of Tolnyle^ieamidine- 
beuzenyl-O’Carhoxylio acid . — 

N 

-coon 

N'n 

Identical with the compound obtained by Bistrzycki (B. 
23, 104i2-101i6) by the treatment of o-toluylene diamine 
with phthalaldehydic acid, is prepared by mixing together 
3 gms. of the anhydride, 2 ’6 gms. of the diamine and 
40 c.c. of absolute alcohol. The mixture is refluxed on 
the water bath for nearly 3 hours and allowed to cool. 
The residue is filtered off, washed with a little alcohol and 
ether and crystallised from 50% acetic acid. It has the 
melting point 260-262°. It is insoluble in water, chloro- 
form, acetone, ether and toluene. It dissohes fairly in 


Yellow. 

Do. 

Orange-yellow. 

Brown. 

Yellow. 

Greenish-yellow. 

Deep yellow. 

Do. 

Orange-red. 
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mineral acids and also in alkalies and alkaline carbonates. 
(Found: C=7118; H-4-51. requires Css 

71 '43; H = 4'76 per cent.). 

1 : 2-Oi'thobemoylene-l : B-methylhenzdiazole (VIJ . — 
The amidine carboxylic acid described above is heated in a 
dry tube when the diazole partly sublimes aud condenses 
on the cooler part of the tube. This is scraped oil and 
erystalli.sed from absolute alcohol. The crystals are yellow 
and mc'lt at 160”. 'J'hey dissolve in concentr.ated sulphuric 
acid giving a yellow’ solution with a green tint. (Found : 
C*=7G-75 ; II= t-5(). GisIIjoJ^mO requires C=7C-92 ; 
II = 1*27 per cent.). 

1' : 2'-2i'(q)hthmin(izole‘2-phevylortho/‘firboai/lie Jcid 
(Ij . — Lieb (/«e. nV.) obtained this ccmjjound as a bye- 
product during the jweparatioii of diphthalyl-1 : 2-napli- 
thylene diamine. Jlut by boiling an absolute alcoholic 
solution of phthalic anhydride and 1 : 2-napbthylene 
diamine in equiinolecular quantities for three to four hours, 
nearly a quantitative yield of the acid is obtained. The 
product of the reaction is cooled, the precipitate filtered 
off and repeatedly extracted with hot alcohol and acetone. 
The residue is then finally crystallised from nitrobenzene. 
The crystals melt above 800". (Found: 0=75*21; 
11 = 4 • 80. CiJl isN.Oj requires 0 = 75 • 00 ; H *= 4 ■ 16 per 
cent.). 

CoinleiisaHon of Naphthalic Anhydridr iciih Orth&phcny- 

lene diamine — the Formation of Orthoaminonaph- 

ihalanil : — 



Three grams of (he diamine are dissolved in 60 c.c. of 
absolute alcohol and five grams of naphthalic anhydride 
arc then added to it. The mixture is then boiled under 
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reflux for 6 — 8 hours. On cooling the precipitate is 
filtered of! and crystallised from acetone. The product is 
treated with sodium carbonate solution. The undissolved 
residue washed with hot water, melts at about 245° with 
decomposition with previous softening. ( Found : 
0 = 74*02; If = 4*25 ; X=9*r)7. CisHi^^oO* requires 
0 = 75*00; H=t*16; and N=0*72 per cent.). The 
alkaline extract on acidilication with concentrated hydro- 
chloric acid yields silky needles of benziminazole-2-naph- 
thyl-8'-carboxylic acid melting at 265 — 269°.* (Found : 
N =9*61. CisHiaNgOj requires N=9*72 per cent.). 

Acetijl Denpatioe. — The orthoarainonaphthalanil is dis- 
solved in pyridine, acetyl chloride is added to it drop by 
drop and the mixture allowed to stand for about half an 
hour. On pouring the liquid into water and stirring 
with a glass rod the acetyl derivative solidities. It is then 
crystallised from glacial acetic acid. It has the melting 
point 224°. (Found .* 0 = 72*50; H =4 *63. CmH^NjO, 
requires 0=72*72 ; H=4*24 per cent.). 

Benzoyl Derivative. — The orthoaminouaphthalanil is 
dissolved in pyridine and drop by drop an excess of benzoyl 
chloride added to the solution. It is allowed to stand for 
10 minutes and a small quantity of hot water is added to 
it. The benzoyl derivative which crystallises out in yellow 
needles is recrystallised from pyridine and water. It 
melts at 209°. (Found : 0=72 * 86 ; H=4 * 52 *. O^HigNA 
requires 0 = 73*17 ; H=4*40 per cent.). 

N- Ethyl Derivative. — The orthoaminonaphthalanil is 
heated under reflux with excess of othvl iodide for 6 — 8 
hours. Then the excess of ethyl iodide is evaporated of! 
and the product crystallised from alcohol It melts at 
235—37°. (Found: 0 =75*69; H=6*36. 0«,Hi,NA 
requires 0=75*95 ; H=5*06 per cent.). 


All those coinpouii(l<4 on heating nro transformed into the corresponding diazoles. 
He' melting points often are found to be not very sharp. 
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1 : 2->(T : fi'J-Naphthoylene-l. .• H-henzd'mzole (111 ). — 
The ortlioaminonaphthalfiTiil or the benzirainazole-2-naph- 
thyl-8'-carl)oxylic acid is heated at a temperature of 
210 — 220" in an oil bath for about 2 — 3 hours. The 
substance gradually softens and finally becomes liquid. 
It is allowed to cool and extracted with absolute alcohol 
from which medium the diazolo crystallises in deep yellow 
needles m. p. 19S'\ (round: C=79-93 ; IT=5i-88. 
C„II,„N..O requires C= 80’ 00 ; 11 = 3-70 per cent.). The 
same change occurs if cither the anilide or the acid be 
boiled with acetic anhydride. 

ComlenmUoH of NophthoHo Anhydride mlh Ortho- 
lotnylene DiomUie . — 1 gms. of naphthalic anhydride are 
mixed with 2-0 gms. of orthotoluylene diamine and 60 c.c. 
of absolute alcohol. The mixture is boiled on the water- 
bath for 0 hours. After allowing to cool the precipitate 
is filtered olf and washed with a little alcohol. It is then 
extracted with boiling xylene. The xylene solution shows 
intense green tluorescence and on cooling deposits bright 
yellow crystals of orthoaminotolylnapbthaliinide, 



m.p.lOG". (Found: C=75-31 ; 11=1-52. 
requires 0=75-50 ; H=l-63 per cent.). 

Tolmuiazole-2(V )-naphihyl-S' -earboxylio Acid, 



NHv 

C.C H,. COOH 
N ^ ‘ 


The residue after extraction with xylene in the above 
experiment is dissolved in alkali, filtered and the solution 
neutralised with hydrochloric acid. The colourless crystal- 
line product is filtered olf, washed with water and dried. 
It melts at 273 — 75°, (Found: C=75‘58; H=l-81. 
requires 0=76-60 ; H= t.-fi3 per cent.). 
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1 : 2-(l': H'J-Naphthoylune-i : fi-wefhjlhenzdiazole (IV). 
—When the o-aminotolylnaphthaliraide is heated in a tube 
a deep yellow product boils over and condenses in the 
cooler part of the tube. The latter is crystallised from 
alcohol into deep yellow needles ra. p. 187°. (Found : 
C=80-ll ; H = 4’60. CtflHijNoO requires C = 80-28 ; 
H=4‘22 per cent.). 

Comlensniion- of Naphthnlic Anhydride and 1 ; 2-Naph- 
thylene Diamine — (he Formation of 2'’Amino-N- (!')- 
haphthylnaphthalimide . — 



N.C H ■?>!«, 


10 e 


Equimolecular quantities of the anhydride and the diamine 
are mixed with absolute alcohol and boiled for 10 — 12 
hours. The brown pi’ecipitate is filtered off and extracted 
with alcohol, acetone and carbon bisulphide. The rp.sidue 
is finally crystallised from nitrobenzene. M. p. above 300". 
(Found : 0=77-79; H=3-98. CJIuNA requires 
0=78-10; H = 4- 14 per cent). 

1 : 2-{ /' ; 8'yNa2}hthoylene~l ; ii-naphthimhmzole (FJ.~ 
The naphthalimide described above distills over on heating. 
The solid product is extracted with absolute alcohol which 
on cooling deposits beautiful orange-red crystals m. p. 256°. 
It dissolves in concentrated sulphuric acid giving an 
yellow solution with intense green lint, (Found ; 
0=82-24; H=4-51. C.«H| 2 N..O requires 0=82-50; 

H=4-37 per cent.). 

Furthur investigation to establish a relation between the 
colour and constitution of the diazolcs is being carried on. 

In conclusion, the author’s best thanks ai-e due to Sir 
P. 0. Rhy for his kind interest and encouragement during 
the progress of the Investigation. 

Cjirmk'al Laboratory, Oollkoe of Science, 

University of Cat, cotta. 

[Received Hay S9, S14.] 



Thiodiazines. 

Part I. 


Condensation of Thiosemicarbazide with 
((•■Bromacetophenone. 

BY 

PRAVUIiTiA KirMAR BoSK. 


Thiodiazole derivatives have been studied by numerous 
investigators chiefly by M’ax Buscli and his collahorators, 
but there is lack of informatiou regarding the chemistry 
of thiodiazines. An examination of the literature showed 
that of the six possible classes of thiodiazines, a few 
representatives of the following three types only are 
known, nam 



l;a:l. 1:3:1. 


Tliiudia/iiit'- Tiiiutlia/ino Tliiodiiizin 


Schrader (J, pr. Chem., 1S)17, [2], 911, 180) obtained a 
derivative of 1 : 2 ; 3-thiodiazine by condensing o-cyano- 
benzenesulphonyl clilorido with hydrazine. Again a 
derivative of 1 : 2 : l-thiodiazinc has been obtained by the 
oxidation of 2-plienylimino-3-phenyl-tetrahydrothiazole, 
(Kucera, Monats., 191 1, 35 , 137 ; compare also Schrader, 
J. pr. Chem., 1916, [2], 95, 392),- while the only derivative 
of 1:3: l-thiodiazine is that obtained by Prerichs and 
Pdrster (Annalen, 1910, 3n, 230, 20.5). It might be men- 
tioned here that the so-called 1:3: 1- thiodiazines obtained 
by the condensation of potassium aryl-sulphocarbazinates 
with ethylene dibromide (Busch, Ber., 1891, 2^, 2509, 
2516; Busch and Lingenbrink, J. pr. Chem., 1899, [2], 30, 
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219, 225) have afterwards been proved to be arylhy- 
drazones of cyclic dithiociirbonic ester (Busch and 
Lingenbrink, J. pr. Chcm., 1902, [2], b'J, 173), Another 
so-called thiodiazine derivative, 2-aniino-Jli-pheayl-5-keto- 
dihydro-1 : 3 : 4-thiodiazine obtained by condensing 
phenylhydrazino with siilphocyanacetic acid (Harries and 
Klaiut, Ber., 1900, 'JS, 115 1<) has boon shown by li’rerichs 
and Torstor (loo. cU.) to be a thiohydantoin derivative. 
Evidently, excepting the very few derivatives of the 
thiodiazines referred to above, no other representatives 
of this class of compounds are known. An investigation 
has therefore been taken up with a view to obtain 
further knowledge on the sul)joct. In the present 
communication, Avhicli is of a preliminary character, the 
condensation of thiosemicarbazido witli M>bromaceto- 
phenone has been described and the constitutions of the 
reaction products determined. 

On boiling an alcoholic solution of the reactants in 
molecular proportion, the hydrobromide of a base of the 
empirical composition, CalisNsS (m. p. 125' ) separates in 
brownish-yellow needles melting at 19(> , while the 
mother liquor on being Itoatcd with acetone in the cold 
gav(5 a crystalline hydrobromide (m. p. 225-20 not sharp,) 
of another compound of the empirical formula CiiH|,N,S 
which melted at 1 . 

The condensation of w-broniacetophenone with tliio- 
seniicarbazide mij'ht load to the tonnatioii of the 
following possible isomeric comptiunds. 


/S-CHx 

H,N.C )C.PK 


;C.PK 


y.NH-CH 

U 

^N — C.PK 
I 

rvr 

nc 


IMH— CrlM.NN- 

f I * 

s / 


CH 


iai 


HN=C~ N.NH, 

I ( 

S C.PK 
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The absence of acid chavactoi* of the substance, (in. ji. 
125'^), coupled with its inability to loosij sulphur when 
boiled with alk.aline load solution or freshly jirecipitated 
yellow mercuric oxide, precludes the possibility of its 
possessing a -Xll-CS-NH or -N11-CS-N= residue in the 
molecule as represented in formuUe (11) and (III) 
(compare Guha, .1. Am, Chem. Soc,, 1922, II, 1511). 
Moreover, it is well-known that a halogenated ketone acts 
on thiocarbamides forming compounds containing sulphur 
atom in the ring (compare Walther and Iloeh, J. pr. 
Chem,, 1913, [2], S/, 27). Again the compound under 
discussion has been found lacking in the capacity to 
condense with acetone or anisaldchyde, which should not 
be the case, had it possessed any free hydrazine group 
as formulated in (IV) and (V). On the other hand, 
the chemical evidence based on its actions towards 
phenylthiocarbimide, carbon disulphide and benzene 
sulphonyl chloride points definitely to the presence of 
a free amino group in the molecule. All these facts 
are best interpreted by the formula (I), which has 
consequently been assigned to the compound. 

2-x\.mino-r)-phonyl-l : 3 : 4-lhiodiazine (1) is a strong 
monoacid ba.so and forms w<*ll-de(ined salts with acids. 
It gave a picrate and an aurichloride. 'I'he acetyl and 
benzoyl derivative's are soluble in alkali. 

Attempt was made to prepare the isomeric acetyl 
compound, 2-amino-5-phenyl-3-acetyl-l : 3 : t-thiodiazine, 
by the action of w-broniacotophenono upon 1-acotylthio- 
semicarbazide. The reaction took placi; readily in 
alcoholic solution producing the hydrobromide of an 
acetyl compound which is soluble in alkali. 'Ihc alkaline 
solution, however, unlike that of its isomer, develops a 
beautiful greenish-blue colour on exposure to air, which 
turns pink on being acidilied. On boiling with an 
excess of dilute hydrochloric acid, the acetyl compound 
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suffered a smooth hydrolysis yielding a crystalline base 
(m. p. 167-68°) Isomeric with 2-amino-5-phenyl-l : 3 : 4- 
thiodiaisine (1). On further examination it was found 
to behave like substituted liydrazine since it readily 
condensed with aeetone and anisaldehyde. The acetone 
condensation product appeared to be identical with the 
base, OjoHiaNsS (m. p. 123°) obtained by adding acetone 
to the condensation product oi thiosemicarbazide and 
w-bromacetopheuone {e'ule supm). [t might, therefore, 
be reasonably assumed that the reactions in both the 
cases have proceeded in such a way that the hydrazino 
residue of the thiosemicarbazide has been left unattacked. 
Consequently the constitution of the base, m. p. 167-68°, 
might be represented by (TV) or (V). 

In order to obtain clear evidence in support of one 
or other of those two formuUc, acetonethiosemicarbazone 
was condensed with <u-bromacetophenone. The resulting 
hydrobromide, as also the base proved te be identical 
with the acetone condensation products mentioned 
before. Now acetonethiosemicarbazone has been shown 
to react with alkyl halides producing compounds of the 
type NH^-CCSAlk) : N.N: CMc^ (Wilson and Burns,!’., 
1922, 12], 870). In other words, the hydrogen atom 
attached to the nitrogen atom in position 2, is responsible 
for the tautormeric thiol-forra. b'rom the close analogy 
therefore, one might expect that the condensation 
of w-broniacetophenone and acetonethiosemicarbazone 
proceeds thus : 

NH, CS.NH N. CMc,+ Qr.CHj.CO 


NO — C-N,N.CM?, 

II * 


SI 


+ H,a-f HBr 


The base, C,3n:,.,N,S, ra. p. 123° is thus proved to be 
2-ketO'4-phenyl-2 : 3-dihydro-l : 3-thiazole-isopropyleue 
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liydrazonc (VI), and the base, Ci,H|,N;,S, m, p. 167-68”, to 
l)e 2-keto-4-phenyl 2 ; 3-dihydro-l : 3-tluazole hydvazone 
(IV). The condensation of thiosemicavbazide Avith m- 
broinacetophonone liecomes tlierefore interesting in as 
much as it leads to the simultaneous formation of a livo- 
membercd as well as a six-inemljered Jielerocyclic ring. 

With respect to the mechanism of condensation, the 
author suggests that the ftrst stage consists in the addition 
of the bromoketone to the sulphur aloin of the thiosemi- 
carbazide with th<! formation of an intermediate sulpho- 
nium derivative'. (( 'Ompare, Dixon and Taylor, T., 1912, 
101, 2502; AValther and Hoeli, J. pr. Chem., 1913, '2], 
87, 27). This is followed by the elimination of hydro- 
bromic acid forming S-i)henacyllluosi'raicarba/,ide, which 
in the final stage loses a molecule of water resulting in 
ring closure, which might occur in two ways, thus : 

NH,.CS.NH,+ Br.CHi.CQ.Pk — * NHj.C . MH . NH. 

Br.S.CH.^.CO.Pk 


-HSr 


NHj. (■(':. ChjCO I>k) r N. NH,. 


mh' 


HN- 

I 

f>hC 


•C=N. NH, 

t 

S 


CM 


The proportion of the thiodiazino and the tliiazole 
derivatives, the author is inclined to think, will depend 
on the relative basic character of tlie two amino groups 
present in the tliiosemicarbazide molecule. Since the 
basic character of the 1- amino group is much more 
enhanced than that of the t-amino group, the main 
product of reaction is the thiodiazine, tluj yuantities of 
the thiodiazine and the tliiazole derivatives being actually 
in the ratio, 5 : 1. It follows from what has been assumed 
that the condensation of tliiosemicarbazide derivatives in 
which the basic character of the 1-amino group hiis been 
suppressed will result in the formation of a tliiazole 
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derivative, I’lio production of th(5 acetyl derivative of 
2-keto--l-phenyl-2 : 3-dihydro-l : 3-thia/,ole liydrazone from 
l-acetyl-tliiosomicarbazide and w-broniacetophenone oou- 
firins this deduction. 


Experimental. 


Tluospuiloin'hazitle and M-lh'onmeolojthononn : Fomia- 
iion of 2- Kelo- f-pliennl-2 : S-diliifdro-l ; Ihfhiazole-isopvo- 
Plflene hi/dnazona (Vi) and 'i-Ainino-o-pfmnj/l-J : 3 : d- 
fhiodinsine (I). — 1.5 j'rains (I mol.) of thioseraicarbazido 
aud 10 iframs (I mol.) of w-!)roinacetopli(?iione wore 
heated under reilu.K with 50 c. c. of dn/ ethyl alcohol for 
15-lM) minutes. 'I'hc dark reddish-brown solution was 
then concentrated to nearly one-third its valume and 
cooled, when clusters of brownish yellow needles of the 
hydrobroinide of (1) began to appear. 'I’hose wore freed 
from the mother liquor, washed with dry ethyl alcohol 
and finally with acetone. Tho yield of the crude hydro- 
bromide, m. p. 192-95'', was about 8 • G grams or about 
61<^ of the theoretical. The mother liquor was diluted 
Avith its own volume of dry acetone and the colorless 
plates (m. p. 225-26'’) of tho hydrobromide of (VI) Avhich 
immediately began to appear, weia* collected after an 
hour. The yield was about 2-1 grams or about 1 of 
the theoretical. 'I’lie latter hydrolirornide was dis.solved 
in hot water containing a few drops of methyl iilcohol, 
filtered and the solution made alkaline with sodium 
carbonate. The crystalline precipitate of 2-Ieeto-i-pheni/l- 
2:3-d}lnjdro-l:3~lhiasole-isoproj)fflane hi/drazone (VI) was 
crystallised from dilute methyl alcohol in colorless 
hexagonal plates melting at 123”, which turned reddish 
brown on exposure to light for some time. (Found : 
0=62 ’20; 11 = 5 '85. 0i..lI|;,N,S requires 0 = 62-35; 
H = 6-63 per cent.). 
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TI\o tornior liydrobromido (ni. p. 19;N95'') separates 
From a 5)5^ alcoholie solution by the addition of ether, 
in snow-white lU'odles melting at 1!)7 after the usual 
treatment with animal charcoal. (Found; N = ir»-27; 
]lr = 29'8(); S = U':U. requires K =15- .ot ; 

Ur = 2h)’ ll. ; S-^11'77 per cent.). To obtain the free 
thiodiazine the crude hydrobromide (S’ 9 grani.s) was 
dissolved in abo\it 150 c.e. of warm wat(*r and alloweil to 
stand for an hour. 'I'lie solution was theii littered to 
remove a small amount of a brownish yellow impurity 
and made alkaline wilh a solution of sodium carbonate. 
The solution at once; turned milkv and within a few 

I' 

minutes gave a mass of colorh'ss mu'dles of ti-nmiuo-H- 
jtheuijl-i :ii : i-l (\). These' were tiltered after 
half an hour, washed with cold water and dried on a 
porous plate. Th(; compound was puritied by repeatedly 
dissolving in cold dilute hydrochloric acid filtering oif 
any insoluble mat t(;v and precipitating with dilute sodium 
carbonate solution, ft melted at 12r)-2t)'\ (Pound: 
C=5G’80; Il=4.’(59; i\=22’05; S=17’07. OpH^N^S 
requires C= 5(5 ’55 ; H = 4’71; X=21'99; S = lG’7(i per 
emit.). The base is very soluble in most organic media 
from which it is dillicult to obtain it in the crystalline 
form on dilution with suitable solvents. On exposure 
to air, (especially w'hen moist) or in solution, it gradually 
turns brown owing to o.vidalion. 

'I’he hiidroclilorUle of the base si'parates from a 
mixture of alcohol and ether in colorless rectangular 
plates melting at 205" dccomp. (Found: C1=I5’I'I'; 
8 = 1.418. CpIIiflNjtSCl require.s C1~IO GO; S = ll'’07 
per cent.). The picrate was obtained in the form of 
golden yellow' plates melting at 215" decomp., on mixing 
the components in alcoholic or acetone solution. The 
anrichlorkJe w'as obtained by treating a hydrochloric acid 
solution of the base with a dilute aqueous solution ot auric 
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chloride. It crystallised from hot water in golden yellow 
needles melting at 166-67“ decomp. (Found : Au = 37’19 ; 
01=26 *30. OjTIinNaSCliAu requires Au=36'98; 01= 
26 ■ 79 per cent.). 

The (weti/l derivative was obtained by treating the 
base with acetyl chloride in pyridine solution in the cold. 
From glacial acetic acid it separates in colorless needles 
melting at 172-73". (Found : N=18 07. 0„H,i0N,S 
requires N=18'03 per cent.). Tho benzoyl derivative, 
obtained in a similar manner, crystallises from dilute 
pyridine in colorless needles melting at 170". (Found: 
N=14! • 7 ; CjiiHigONsS requires N=14 • 21 per cent.). The 
acetyl and benzoyl compounds are soluble in aqueous 
alkali; acids precipitate them from solution in white 
amorphous mass. 

2-AmmO‘t)-phenyl-l : 8 : 4-thiodiazine and Methyl 
Iodide. — A methyl alcoholic solution of the base was 
heated with an excess of methyl iodide under reflux for 
6-6 hour.<« on the water bath when the hydroiodide of 
2-mothylamino-5-phonyl-l : 3 : l-thiodiazine (?) separates 
in colorless needles. It was recrystallised from 95^ alcohol 
and ether in colorless prismatic needles melting at 223" 
decomp. (Found : N = 13 • 09 ; I =39 • 1 1 . C,„H,.,N,ST 
requires !N’=12-62; 1=38- 14 per cent.). The hydro- 
iodide of the ethylation product, which crystallises in 
colorless rectangular plates and melts at 234° decomp., 
could he similarly obtained. These hydroiodides are 
soluble in hot water. On treating the aqueous solution 
with alkali or sodium carbonate colorless oils won' 
obtained which failed to crystallise. 

2-Amino-5-2ihcnyl-l : 8 ; d-thiodkizine and PhenyUhio- 
carbimide : Vormation of 

CH,v 

PKNH.es. \.PK. 
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The reactants were heated in alcoholic solution in mole- 
cular proportion for a few minutes, when yellow crystals 
of the above thiocarbamicle separated out. From pyri- 
dine it was obtained in bright yellow plates melting 
at 179-80°. (Found: N=16-85. C,«H,tNA requires 
N=l7 '18 per cent.). 

2‘ Pheu!ilmdplion!ilninim-5-plienyl-l : 3 : 4-tUiodiazine . — 
To one molecule of the above base were added two mole- 
cules of alcoholic caustic potash and then with constant 
shaking an alcoholic solution of one molecule benzene 
sulphonyl chloride. The reaction was completed by 
heating on the water bath for a few minutes. On cooling 
colorless needles were obtained. These were recrystallised 
from alcohol, the first fraction being rejected. The 
product which appeared to be the potassium salt of the 
complex sulphonamide was however not very pure. 
(Found: S = 9'82, CuIIisOaNsBlv requires S=8'08 per 
cent.). It was very soluble in water. The free sulpho- 
namidc could not be obtained pure owing to its hydroscopic 
nature and extreme solubility in water and other organic 
media. 

2-Amim-ii-pheniil-t :3: Uthio(.Uazme and Carbon Di~ 
mlpJiide: Formation of 


A mixture of the base (I mol.), alcoholic caustic potash 
(1 mol.) and carlwn disulphide in excess was heated on 
the water bath under reflux for 8-10 hours. The excess 
of carbon disulphide was distilled oil’, the liquid separated 
from a small amount of an oily residire and the free 
dithiocarbamic acid precipitated by acidifying with dilute 
hydrochloric acid. The yellow product was dissolved in 
aqueous alkali, trejited with animal charcoal and 
roprecipitated by hydrochloric acid. From absolute 
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alcohol it separates in yellow noodles tuelting at 181-82“ 
decomp. (Found : N=15-97 : 8=85-30. C,„11„N«S, 

requires N = 15 -78 ; S == 85-90 per cent.). 

The motiomelhyJ derivative was obtained by dissolving 
the dithiocarbamic acid in the calculated amount of methyl 
alcoholic potasli and heating under reflux for half an hour 
with an excess of metlivl iodide. The reaction mixture 

c 

on being concentrated by evaporation deposited the 
jnetbyl ether in briglit yellow hexagonal ))lalcs, which 
melted at 159“ after crystallisation from dilute pyridine. 
(Found -. C = 16-7(); H = l.-09. recpiires C = 

46'98 ; H=3'92 per cent.) 

l-Aceh/Ifhiosemicai‘h(izkk' and wBrouiucafopItenone : 
Formation of 2- Ket o- i‘2)hen])l-2 : S-dih j/dro-l : iUlMazole. 
rt(?e/^/Ay^/rrtcoy/e. -Eqnimo'.ecular (quantities of the compo- 
nents were heated in dry aleoholie solution for a few 
minutes. On cooling the hydrobromida of 'i-keto- ByhrnyU 
2 : 8-dihydro-l : S-fliid'o/e-aoefyl hydrnzone was dciposited in 
colorless needles melting at 234-35“ decomp. The h^vdro- 
hromide was .lissolved in 80 qxn- (jent. alcohol and treated 
with an excess of aqueous ammonia when the rre(! acetyl 
compound was obtained. It separated from hot aU-ohol, 
after treatment with animal charcoal, in pinkish necHlles 
melting at ^90-97“ decomp. (Found; 0=5(5-08; 11=5-1(5. 
CaHiiONsS requires C=50‘(55 ; ll~4'72 per cent.). The 
acetyl compound is soluble in alkali. The alkaline 
solution develops a hcninliful greenish blue colour in 
presence of air, which turns pink when aciditied. The 
colour totally vanishes after a few hours. 

.Uydrolym of 2-Kelo-4-plirnyl-2 : 8-dihydro-l :3-thia- 
zote-acetylkydrazone. — I'he acetyl compound u'as heated 
with a large exc(?ss of dilute hydr(.)cliloric acid (2N approx.) 
for about an hour until a te.st portion on being made 
alkaline with caustic soda and shaken with air did not 
turn blue. The whole solution was then made alkaline 
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with caustic soda when 'i-kelo-i-pheuyl-'i :ii-(UliijdrO'i :ii- 
thidzole hi/clrdsoue (IV) was precipitated in dirty white 
needles. This was rapidly liltercsd at the pump, redissolved 
in dilute hydrochloric acid, liltcred from a small amount 
of brown oxidation product and precipitated with sodium 
carbonate solution. It was Unally crystallised from alcohol 
in loii^ colorless needles meltini' at l()'7-08‘’. (Eouiul : 
C = 5(1 • (jO ; 11 = 4 • 24. (',11 ,,K,» requires = 5(5 • 55 ; H = 
l-‘71pcr cent.). It ])os.sesse.s strong' ha.sic pro 2 )ertie,s and 
forms wcll-delined salts with acids. The moist base on 
exposure to air turns brown owing to oxidation. 

2-KelO’i-pJieuifl-2 : H-diliydro- 1 : 'd-lUidzolo. /ii/ih'dsave 
and .Iceloiie : l''on)idfwii of (VI). — The reactants were 
boiled together for a few minutes and the solution 
evaporated to dryness. 'J'he brown residue was taken up 
with methyl alcohol, decolorised with animal charcoal, 
and precipitated by cautious addition of water in hexa- 
gonal plates melting at 12.T . The substance turns brown 
on exposure to light. (Found: N=17’87. 0|o]T|;jN;,S 

requires N=18‘18 per cent.). 

2-Kclo-4-pheuyl-dihiidro- 1 .- H-lhidzole’d.nml hydrozone. 
—This was obtained by the condensation of 2-keto- 
4-phenyl-2:3-dihydro-l:3-thiazole hydrazone and anisal- 
dchyde as a beautiful yellow compound when a dilute 
hydrochloric acid solution of the hydrazone was shaken 
with anisaldehyde. From alcohol it separates in 
pinkish Avhite needles jnelting at 225' decomp. (Found : 
N = 13 • 35. CijlIiiNijS requires 13 ' 5U per cent.). 

Condensation of Aeetonethiosemkdnbdzone and M-liro- 
macetophenone ; Fonnalion of (VI). — 1 '3 grams of the 
former and 2 grams of the latter were boiled under reflux 
with 30 c.c. of dry alcohol for about 15 minutes. The 
condensation inodnct separated frou) the boiling mixture 
in colorless plates melting at 235 ’ decomp., and appeared 
to be identical with the hydrobromide (m. p. 225-2(r not 
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sharp) obtained by the addition of acetone to the mother 
liquor of the condensation product of thiosemicarbazide 
and <u-l)roinacetophenone. The hydrobromide was dis- 
solved in very dilute (lOj^ ) methyl alcohol and poured into 
a dilute solution of sodium carbonate. The crystalline 
precipitate was thoroughly washed with water and finally 
crystallised from dilute methyl alcohol in hexagonal 
plates melting at 123" (Found: C=62‘80; H=5'86. 
C| 2 H,jN;,S requires C = 62‘35 ; H=r)-(i3 per cent,). 

Hydrolysis of 2-Keto-4-i)he}iyl-2 : 8-dihydro-t : 3~thk(- 
sole-isopropylene hydrozone : Formation of (IV). — The 
hydrazoue was boiled for a few minutes with concentrated 
hydrochloric acid and the .solution was evaporated to 
dryness on the water Imth. The residue was taken up 
with cold water, filtered and made alkaline with sodium 
carbonate. The resulting base was several times 
reorystallised from alcohol until the melting point reached 
168°. (Found: N=22'03. ObH 9 N;,S requires N=21’99 
per cent.). This compound w'as found to be identical 
with the product of hydrolysis of 2-koto-l-phonyl-2:3- 
dihydro-l:3-thiazole-acetyl hydrazone {rule supra). 

The work is being continued with substituted thio- 
semicarbazides and monochloracetone, mouochloracetal 
and esters of a-halogenatcd acids 

In conclusion, I take this opportunity of expressing 
my sincere thanks to Sir F. C. Euy for his keen interest 
throughout this investigation. 

College uv Science, 

Univeksity of Calcutta. 

[^Received May 29, 24). 



Varying Valency of Gold with respect 
to Mercaptanic Radicles. 

Part I. 

nv 

Sir Prafui.lv CirA.NM)u\ JlAv. 

In continuation of the study on the vai’vin" valency 
of platinum (lliiy, T., 1923. /2y, i:W) that of gold lias 
recently been undertaken. In the pre.sent communi- 
cation have been described some hi-, ter-, (|uadri-, and 
quinque-valent gold compounds, showing thereby that 
the valency of gold like that of platinum is variable 
with respect to mercaptanic radicles. 

Bi-, and Qnadri-vnlent Gold. 

The starting mercaptanic derivative in this case 
also was diethyldisulphide, which on treatment with 
gold chloride (chlorauric acid), yielded a crystalline 
compound having the empirical formula KtS.AuCL, to 
which may at first sight bo assigned the graphic formula, 
Cl 

KtS.Au< the gold behaving as fervalent. This 
ci 

formula seemed to be unlikely as it would imply that 
during the reaction, the disulphide had undergone 

scission, thus : EtS ; SEt. Moreover, the product of 

the corresponding reaction with platinic chloride had the 
formula EtAPtCI, which has lieen .shown to he a 
derivative of quinquevalent platinum and a sulpho- 
nium compound as well {loc, cit^). It ivas natural to 
suppose that the simple formula of the gold compound 
should be doubled, that is, it should be Et. 2 Ss. 2 AuClj. 
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Determination of tlie molecular weight by the freezing 
point method has justified this conclusion. The com- 
pound can thus he represented as 

'AuCl AuCl 
I I 

Et-S — S-Et- Or 

I I 
Cl Cl 

according as the gold is taken to function as hi- or 
([uadri-valent. This constitutional rormnla of the chloro- 
mercaptide brings it into intimate relationship with th<‘ 
numerous sulphoniiim io lomercaptide derivatives, which 
the author has been studying fluring the last ten years 
(T., 1910, 109, 131, 003; 1917, til, 101, etc.), where it is 
shown that the so-called “ inolocular compounds ” of the 
type RaSa’IIgL’llT are in reality “atomic compounds ” 
of the sulphonium type. Diethyldisulphide also furnishes 
another compound with gold chloride having the 
empirical formula EtjSq' Au,Ci... Its constitution may be 
represented as 

Au Au 
11 II 

Et-S S — Et 

II II 

AuCl AviCl 

Avhere sulphur is sexavalonb and gold alternately bi- and 
ter-valent. Instances of chain compounds of sexavalent 
sulphur have already been given (RAy, T., 1919, Itl, 548). 

Bivalent gold evidently occurs in the compound 
AUgCl (0201482)2 — the product of the interaction of the 
monopotassium mercaptide (RsVj 1923, 12H, 133) and 
gold chloride. It may he graphically represented as 

/ S.Ci s V 

^AuCl 

^ S.C, H..S 


Et— S — S— Et 
II II 

Au Clj . AkjlCAi 
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one atom of Sf’Ul behaving as bi- and tho other as 
ter- valent. 

Benzaldiethyleiie tetrasulphidc (ItiW, T., I2~t, 

ll l-l) on troatmeiit with gold chloride yicilded the com- 
pound, conforming to tin^ formula 


be repre- 
sented as 


( . S'CjH^* S \ 

C«H 5 -CH( 1 ) ^AujGl^, which ma> 


Cl . I 


A li d 




Au 

11 


Cl 


1 

AuCl 


> 


the gold functioning alternately as bi- and quadri-valont. 
AVlicn, however, benz ildiethyleno trisnlphide is similarly 
treated it has the structure broken up according to the 
scheme : 


, 5 jT-Xj K 4 . ^ 

*s- 




C.Hc.CHC ' ; s 

‘ ® Vs-C^H,/ 


/ 




->S' ;s 


diethylone disulphide (L: I dithian) being tlie degradation 
product. Kvidently this scission takes place on account 
of the molecule being loaded with the heavy radicles of 
gold chloride. It has been shown in the previous 
coramuuieation (loo. oil.) that mercuric chloride and even 
a light radicle like methyl iodide brings about similar 
rupture. Representing the dithian molecule by A, tho 
following compounds have been obtained : (a) 6A, AuiCI) ; 
f) 
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(b) uAjAuaCl.,; (<?) 4A,Aii8Cl4; (d) ‘lA.AujOL; 

(e) 3A,AusCl2 and (/) SAjAujClg. l?i all these cases 
the temperature of the reaction varied as a rule from 
28° to 66°. In one special case both the component 
solutions were heated to 78° and the resulting compound 
had the formula 3(02H4S2).A.UsCL (g), the 1 : di-dithian 
molecule yielding a still simpler degradation product, 
namely, ethylene disulphide. It might be urged that 
there is the possibility of some of these compounds being 
contaminated with traces of reduced gold or of being 
mixtures. An alcoholic solution of gold chloride has, 
no doubt, been sometimes found to turn slightly turbid 
in course of a quarter of an hour or so, but tlie reactions 
involved were finished in less than a couple of minutes; 
moreover, within wide limits of temperature and concen- 
tration of the reacting components as also in both 
alcoholic and ethereal solutions the identical compound, 
e.g., compound (a) has often been obtained. Hence the 
chances of their being mi.vtures are precluded. 

The anomalous nature of these chlorides can be easily 
explained if the atoms of gold be taken as hi- and 
ter-valent respectively as in the instances cited above. 
Thus 6A, Au^Cls may be represented as 





c,h// 

Cl — s Au- 

-5- 

— A U S A u 

— S — Au S — Cl 

/"x 

A 

A 

A A 

^2 ^2^ *1- 

C, 

ri^ CjH., 

C,H^ CjH,^ CjH., CjH^ 

\/ 

V 

\/ 

\/ ‘ V/ 


S S s 


in which only one atom of sulphur of each of the dithian 
molecules becomes quadrivalent, the sulphur atoms at 
the extreme ends of the chain taking up the chlorine 
atoms, thus converting it into a sulphonium compound. 
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6A, AugCls may from this point of view he looked upon as 

Cl — s — Au — S — Au — s — Au — S — Cl 
A /S /\ \ /\ 

S-Cl 

/\ 

The other complex chlorides may similarly be graphically 
represented. It will thus be seen that the determining 
factor in the formation of these chlorides is the greater 
affinity of sulphur atoms for those of gold — the latter 
preferring to enter into combination with it and liberating 
chlorine (compare, Kfly, T., 1923, iSSy 13 1). 

Quinqiievaletit Gold. 

Triethylcrie trisulphide (llhy, T., 1920, 117, 1090) by 
interaction with gold chloride has yielded two compounds, 
namely, (C3TTiS)3-2AuClj, and (CjIItS):,- AuClg. The former 
may be represented as 

s 

0 

Cl, All = 3 =Au Cl 3 

in which the gold fanctioi;s as quinquevalent ; similarly 
the second compound may be represented as 

A 

s Js-AuClg 

in which the gold functions as quadrivalent. 

Direct proof of the quinqucvaleiicy of gold has also 
been obtained by the formation of the compound 
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by the intemction of sodium dithioethyleno glycol and 
gold chloride in acetone solution. The corresponding 
platinum compound has also been isolated. The disodium 
mercaptide was also treated Avith an ethereal solution of 
gold chloride. It Avas anticipated that the reaction 
AA'ould proceed as folloAA's 

CHj— SNa CHa-?: 

I + ^AuCl — > I NauCI 

CHj— SNa Cl CHj-S ' 

but the compound actually obtained had the formula 
(02 H.j8o)4.Au 3C1. The reaction no doubt takes place 
according to the equation ; 

4(C2H4SoNa.) + aAuCl:,=8NaCl + Au,,Cl(C.,lJ ,S ,)4 


Ex1'ER1.MBNTAL. 

Bi-, and Quadn-r,tt/eui Gold. 

Action of Gold Chloride on .l)iclhi/l Divdphide. — The 
disulphide AA^as treated with an excess of an aqu(?ous solu- 
tion of gold chloride and continuously stirred. At first a 
pasty deep yelloAA' mass was obtained, Avhieh on ‘teasing ’ 
with a rod solidified into a cry.stalline product. It Avas 
further purified by recry stallisation from boiling toluene. 
(Found; Au = r)9-90; Cl=21-39; S-l()-25. C,li,„S,Au.,Cl, 
requires Au=59’90; Cl=2l '."iS; 8 = 9-73 per cent.). The 
determination of the molecular weight by the freezing 
point method (in uaphthaleiie) gave the result as 655, 
666 • 8 and 670 • 3 respectively, the calculated molecular 
AA^eight being 658. Tho compound Avhen dissolved in 
naphthalene slowly deposits particles of gold ; care should 
therefori; be taken to finish tho operation within half an 
hour. The determination of the molecular weight by the 
ebullioscopic method (in toluene) gave unsatisfactory 
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results for similar roasoiis. In fact, the separation of 
pfold in this case is much more vapid. The compound 
slowly darkens on exposure to lii^ht due to separation of 
line particles of i^old. If, however, the above reaction 
be not allowed to go beyond the pasty stage and the mass 
extracted with ether, a portion goes into solution and the 
ethereal extract on spontaneous evaporation deposits a 
white amorphous powdm-, which conforms to the formula 
EtSa, Au,C)o (Found : Au=79-W; CU7-io ; 8=7-70. 
Theory requires Au=80-33; Cl = 7-2('; S=6-o3 per 
cent.). The crystalline insoluble residue was found to 
be identical with the previous compound. 

Acfiuit of (told Chlonile on iJinodiitin Difliio-eHin- 
lene Glycol. — To the dimercaptido suspended in ether was 
added an ethereal solution of gold chloride. Reaction at 
once commenced and the mixtu)-e was heated under reflux 
for 3-1) hours. A light brown precipitate put in an 
appearance. It was filtered and washed with water 
several times and dried in a vacuum over sulphuric acid. 
(Found : Au =09 • 90 ; 8 = 25 • 55 ; (fl = 3 • 75. Cslf i^SsAu;,Cl 
requires Au=5!)-I2; 8*= 25*71- and Cl=3-57 per 

cent.). 

Aclion. of’ Gold Chloride on, Jloiioiiotomii u Dithioethy- 
lene Glycol -h\ the case of platinum it has already been 
found that the particular valency which the metal might 
take up depends upon the concentration as also the 
temperature of the participants (Ray, T., 1923, /2>7, 133). 
Similar modus operu nd’i was adopl(.‘d in this case. 12 c.c. of 
gold chlorine solution (I c.c. = 0-02(50 gm. Au) were added 
to 0-5500 gm. of the potassium salt of dithioethylene 
glycol dissolved in 15 c.c. of water at 5’, 28', 65 ’ and 80” in 
different preparations. A brown ])reeipitatc was formed in 
each case. It was washed with Avatei-, alcohol and ether 
and dried in a vacuum. All the preparations were found 
to be identical in composition. (Found: Au=G2*23; 
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Cl = 4 • 66 ; S = 21 ' 18. CjHgSiAujjCl requires Aii=62 • 39 ; 
Cl=5-62 and S=20'27 per cent.). 

Action of Gold Chloride on Benzaldiethylene Tetra- 
sulphide. — An alcoholic solution of gold chloride was 
added in a thin stream iinder vigorous agitation to an 
ethereal solution of the sulphide. A llocculent reddish 
precipitate was formed. It was washed with ether and 
dried in a vacuum. It had the formula 2 [C„H 3 CIIS,t(C 2 lI.,)g], 
AusOl,, (CoHO.O.* (Found: Au =42 -40; Cl=10-53; 
S=19‘70. C.jjH,sOSsAu3C1j requires Au=43‘62;Cl= 
10' 48; S = 18 ‘89 per cent.). The same compound was 
also obtained when both the components were mixed in 
ethereal solution. Prom the filtrate of the latter again a 
further quantity of a precipitate with identical composition 
was obtained. 

Action of Gold Chloride on Benzaldiethylene Tri- 
sulphidc . — («) Expi, I. — 0‘1940 gm. of the sulphide was 
dissolved in 5 o.c. of alcohol. To it was added 2 c.c, of an 
alcoholic solution of gold chloride (I c.c.=0‘()510gm. Au). 
'I'he reaction Avas carried out at 55'". Expt. 2. — The 
same quantity of the sulphide was dissolved in 10 c.c. of 
alcohol and to it was added 3 c.c. of gold chloride of the 
same strength as above. The temperature of the reaction 
was 40*^. Expt. o’. — Th(! same quantity of the trisulphide 
was this time dissolved in 15 c.c. of alcohol and to it was 
added 3 c.c. of gold chloride. The temperature of the 
reaction Avas 30\ /ilrp/. '/.—()• 1.730 gra. of the sulphide 
Avas dissolved in 4 c.c. of alcohol and to it w'as added 8 c.c. 
of an alcoholic solution of gold chloride (1 c.c.=0'0155 gra. 


* hi tlic’pc mid the com pounds of f(old iiiid plutimiiii to be suljscqiioiitly described 
u molecule or more of ether or alcohol of combi mi lion, ns the case may be?, often 
occurs. (Compare Kay, T., 1024, 1148). The filtrate from the product of roiic- 

I ion of hoii/aldioihyleuo ti’isiilpliide ami plaliiiie chloride {hn', rft.) in alcohol 
deposited a conipomid of tlie formula C , ^ 11 , ^»S., • KfClj ’SKtOIl. (Found : Pt~3O’40 ; 
01=9 S5 ; C=^;a ’20 ; 11- 1’78. Theory roriuires Pt=.-30 -lO ; Cl^ 10 90 ; 0 = 31* 18 ; 

II = 4’93 percent.) 
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Au) at 28°. K;rp/.ij. — ()‘21.fi()gm. of the sulpliide was 
dissolved in 6 c.c. of alcohol and to it was added 10 c.c. of 
an alcoholic solution of gold chloride (I e.c.=0'0l55 gm. 
Au). The temperatuvo oF the reaction was ol i In each 
of these cases the compounds obtained liad identical 
composition. 'I'lie formation of one and the sann; com- 
pound within wide limits of temperature and concentration 
also precludes the possibility oF llioir being any mixtures. 
It conformed to the Formula (i[(CJT,)2S2],AU|Cl;,. (Found : 
Au = li9-0G; (:i=(5-78: .S=23-62. tb,lf„S,„.Vu,Cl,, 

requires Au= 1.8 -yt) ; Cl=:(5-7;>; 8=2377 percent.). 

(A) 0-21.71. gm. of the trisulphule was dissolved in 
i) c.c. of ether and cooled with ice- water. 'I’o it was 
added an excess of gold chloride in ether (T c.c. =0-0273 
gm. Au) under vigorous agitation. The brown precipi- 
tate was washed with ether and dried in a vacuum. It 
conformed to the formula 5[(C2H,)aS2], Au^Cls, 1^(0211 1).20. 
(Found : Au = 42 • 00 ; Cl =12 • 18. Theory requires Au = 
42 -03; Cl “12 -02 per cent.). 

(<?) In this experiment the components were dis.solved 
in ethereal solution and w'ere mixed in indefinite 
proportions. The compound had the formula t[(C..H,) ,S3], 
Au3Cl4,KC.2Ho)20. (Found : Au = t7 • 01 : Cl =11 • t2. 
Theory requires Au=47 -38; Cl «= U -SO per cent.). 

(d) 0-1300 gm. of the sulphide was dissolved in 3 c.c. 

of alcohol and heated to about 72" To it was added 
10 c.c. of an alcoholic solution of gold chloride (I c.c.= 
0-0155 gm. Au). The conijiound obtained had the 
formula ” l{(C2H4)2S2],Au3Cl2. ( Found : Au - 52 - 17 ; 

01=6-36; 8=22-43. Theory requires Au=r)l-76; 

01=6-22 and 8=22-41 per cent.). 

(e) 0-4991 gm. of the sulphide was dissolved in alcohol. 
To it was added drop by drop under constant agitation 
1 c.c. of an alcoholic solution ot gold chloride (1 c.c. = 
0-0623 gm. Au). A purple precipitate was obtained. It 



-1,8 i*- 

was washed first with benzene and then with alcoliol and 
dried in a vacnuin. Under the inicroscopo it revealed a 
Iwown, spons'y lextnrt! but no i'old particles. It 
conformed to the formula i{[(C.2H.|)2S.)],Aii;jCL,C.j 11,011. 
(Found: An = ’>.'»• 7<5 : CI=(M)S. Theory requires .Au = 
.o.o>.‘U; Cl = (> •<).“) perc('nt.). 

(/ ) ■ /).— <> •3582 "in. of the sulphide was dis- 

solved in -25 c.c. of alcohol and luxated on the waterbath to 
60''. To it was added an excess of an alcoholic solution of 
wold chloride (1. e.e.=0 - lOGCt wm An) all at once and 
awitated on the waterbath belween ()0-70 . {MvpI. 3 ). — 
(>•2750 wm. of the sulphide was dissolved in 10 c.c. of 
.alcohol and heated to 10-50'. To it was addl'd lv5 c.c. of 
an alcoholic solution of wold chloride (L c.c. =()• 0125 gm. 
An) all at once and vigorously agilated. In both these 
prcpvrations the compounds had identical composition and 
conformed to the formula ^[(Cj 111)282], .-VnoCl.,, CoHjOH. 
(Pound : Au = 45 • 61, 45 • 61 ; Cl - 8 . 1-3, S • 71 ; S - 23 • 22, 
23 ’80. Theory requires Au=45-2t; Cl=8'15; 

22- 04 per cent.). 

(ff) 0 • 4110 gm. of the sulphide was dissolved in 
30 c.c. of alcohol and heated on the waterbath and to it 
was added 6'5 c.c. of gold chloride in alcohol (I 0.0.= 
0 ’ 0125 gm. Au) and again heated on the waterbath for 
a few minutes more. The product agreed with the 
formula 3f (Coll, )S.>],Au2Cl.,air, GIT. (Pound: Au = 
60' 34; Cl=7‘27; 8= 19 ’08. Theory i*equires Au= 
60 • 06 ; Cl=7 ' 22 ; and 8 — 19 • 51 per cent.). 


Oold, 

Disodium DUhioetInfleue Ghiool, — To an ethereal solu- 
tion of dithioethylene glycol, very linely divided metallic 
sodium Avas added, care being takcm to exclude moisture. 
SloAv evolution of hydrogen took place and a fine 
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crystalline powder of the dimercaptide was formed. 
(Found: Na=:32‘7l. OaHtSaNas requires Na = 33‘3l< 
per cent.). 

Action of Gold Chloride on Disodium Dilhioelhylene 
glycol. — ^The dimercaptide was suspended in acetone and 
an acetone solution of gold chloride was added. The 
mixture was digested on the water hath for about 
an hour. The product had the formula CioHaoSjoAua. 
(Found: Au=<t7 ‘ 38, S=36'19,* 0=14*05. Theory 
requires Au=46*13, S=-37*50, 0=14*00 per cent). 

Action of Gold Chloride on Triethylene Trisulphide . — 
Alcoholic solutions of the components were mixed 
together. An orange-colored precipitate was immediately 
formed. It conformed to the formula (0aH,S)3.2Au01s. 
(Found: Au=50*90 ; 01=26*39; 8=11*03. 0«H,.SaAu,0l8 
requires Au=50 • 06 ; 01=27 * 06 ; 8=12 * 20 per cent.). 
The alcoholic filtrate containing an excess of gold chloride 
deposited on spontaneous evaporation, a crop of white 
crystals of the formula (02H4S)j. AuOl... (Found : Au= 
44 * 00 ; 01 = 15 * 27 ; 8 = 20 * 73. 0„H,..S3Au01.. requires 
Au = 43*97; 01=15*87; 8=21*43 per cent.). 

In conclusion, I avail myself of this opportunity to 
express my cordial thanks to Messrs. Indu Bhusan 8en 
Qupta and Ehitish Ohandra llfty for the patience and 
skill with which they conducted the experimental part 
of this investigation. 

OOLLEGB OF SCIENCE, 

University of Oalcxitta. 

[Jteeeived May 29, 24] 

* The estimation was effected by fusion with NaaCO-j f\ud KNO,. Traces of 
sulphur are converted into sulphoniu acids owing to the presence of the radicle 
Call 4 and hence the percentage oE siilphnr comes out slightly low. (Compare 
H&y, T., 1920, 117 , 1091). 
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Complex Chromium Ammonium Compounds 


BY 

PaiTABAUANJAN llAv ANB PULIN PEllAKI SaHKAB. 

This paper forms a part of a systematic investigation 
on the action of ammonium thiosulphate and ammonia 
upon chromium and cohalt hydroxides. The action of 
concentrated ammonia and ammonium thiosulphate upon 
chromium hydroxide has led to the production of two 
interesting trinuclcar chromium ammonium compounds in 
which the chromium atoms are linked to one another by 
single bridges through hydroxyl groups. The preparation, 
description and the establishment of the constitution of 
these compounds form the subject of the present paper. 
Examples of trinuclear cobalt compounds with definite 
constitution arc known. But in the case of chromium, 
though we are familiar with binuclear compounds like 
rhodochromium and crythrochromium salts, no tri> 
nuclear-ammino-corapound of definite constitution has yet 
been described. AVerner (Her., 1908, 41 , 3147) and 
Weinland and Gussmann (Zeit. anorg. Chem., 1910, 67, 
167), however, Itave described a number of compounds 
with organic fatty acids which contain three chromium 
atoms in a molecule. A glance at the formulie of 
the compounds, namely, mouammino-hexacetato-diol- 
trichromirhodanat 

[(XH,) • (SOX) ■ Cr,(OH), • (Cl I , • COO),, j 
and hoxa-Jicctato-dihydroxy-trianimino-lriehronii-iodidtj 
[Cr,(CH,COO)., (OH), (XII,),! I 

which may be regarded representative of the series, wiii 
make it clear. Both the authors have, howevej-, attempted 
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to clear their constitution, hut their views still leave two 
of the chromium atoms co-ordinatively unsaturated. But 
these two compounds prepared hy the action of ammonium 
thiosulphate and ammonia upon chromium hydroxide 
possess the following composition — 

(0 [Cr, • (Nil,), „ • (OH), • (S,0, ). • (ir.O)] 

Decammin-monaquo-trihydroxy-diol-trich romium thio- 

sulphate and 

(//) (Or, -fNfl,),, -(OH), -(S.O,). -(H.O), I 

JilniK'aminin-duKiuo-trihyclroxy-diol-trichromiura thiosul- 
phate. 

Definite constitution based on Werner’s theory can he 
readily attributed to them ; and these have been confirmed 
hy their general heliaviour and properties. Their consti- 
tutions are represented hy the following forniulse : — 


(•) 








HO-~Ci-;- OH-Cr(NH3)5 






Cf/rui 


(li) 






“1 




HO— pCrV-—- 0H-Cr(NH3)4 




Both of them are trinuclear compounds with single 
bridges. The second is evidently formed from the first by 
the displacement of one molecule of ammonia by a mole- 
cule of water. 
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Experimental. 

preparation of the deeammin-monaquo-trihydroxy diol' 
triekromimi thiosulphate. — Pure chromium hycli oxide 
prepared from 50 grams of chrome alum was mixed with 
50 gms. of ammonium thiosulphate dissolved in a small 
quantity of water ; the mixture was then placed in a 
strong or pressure bottle and saturated with ammonia gas 
for several hours till a dark violet solution was obtained 
and the undissolved chromium hydroxide assumed a violet 
colour. The mixture was then kept in the dark for some 
days after which it was filtered. The filtrate was then 
cooled by ice and treated further Avith a strong current of 
ammonia gas. After half an hour or so a dark viscous 
oily liquid separated out at the bottom. The supernatant 
solution was then decanted into another fiask. The oily 
liquid was first washed several times with a mixture of 
alcohol and liquor ammonia (1 : 3) to remove any excess of 
ammonium thiosulphate, then with absolute alcohol when 
the oil crystallised completely. The crystals were filtered 
on the pump at once and washed with absolute alcohol and 
then in some cases with anhydrous ether. They were 
dried on the pump by strong suction and removed 
into weighing bottle at once. The crystals could not be 
dried in a desiccator as the compound would decompose 
gradually at atmospheric pressure with loss of ammonia ; 
nor was it found possible to dry the crystals in an 
atmosphere of dry ammonia. 

From the mother liquor another crop was obtained 
by the careful addition of alcohol, an oil separated out 
which was washed, crystallised and treated as described 
above. The final mother liquor on exposure to air for 
a day or two slowly gave a deposit consisting mostly of 
violet chromium hydroxide mixed with ammonia and a 
little ammonium thiosulphate. The yield amounted to 
only 2*2‘5 gms. 
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Properties . — The crystals were reddish violet, very 
unstable, readily losing ammonia, extremely hygroscopic 
and turned into oily liquid by the absorption of moisture. 
With water a dark oil was formed which slowly passed 
into a violet-coloured solution and decomposed readily 
with precipitation of chromium hydroxide. It dissolved 
slowly in strong ammonia to a clear solution and was 
decomposed readily by caustic alkalies with evolution of 
ammonia and separation of chromium hydroxide. With 
dilute acids sulphur dioxide was evolved and sulphur 
was precipitat(‘d. The substance itself was basic to 
litmus. AVith moist silver oxide and water the whole of 
the thiosulphate was removed and the filtrate was 
strongly basic. Barium cblorid(! solution also removed 
the whole of the tbiosulphate as barium tbiosulpliale 
and a violet solution of the corresponding chloride, which 
was fairly stable, was obtained. 'L'liis solution was basi(! 
to litmus and gave the following reactions. 

1. Potassium ferrocyanido solution gave at first a 
flocculent and then a light blue-violet crystalline preci- 
pitate. 

2. Potassium ferricyanide .solufion gave at first a 
flocculent and then a crystalline pink-coloured precipi- 
tat<!. 

3. Afei’curic chl<>i'i(!<' solution gave a light violet-blue 
flocculent precipitate. 

•4. Potassium chromate, aClc'r the removal of barium 
by ammonium sulphate, gave no pr(;cipitato but potassium 
dichromate gave a yellowish brown prccipilate. 

5. Solid pofassium iodi(^<^ gav(' a light blue gelatinous 
precipitate. 

0. On evaporation with concentrated hydrochloric 
acid chromic chloride was formed in solution and the 
characteristic rod-viobd crystals of chloropcntammin chlo- 
ride separated out. 
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llesults of analysis ; — 

I. Sample precipitated by alcohol. 

0*4832 gni. gave 0 1277 giii, of Ci',0,. Cr=18-ll^ 

„ „ „ 0'5214 gill, of BiiSO,, S=14-Sl% 

oi>s,o,=2r)-92;jj, 

O-aSOC) „ „ 0'0C!)7 gin. of Xll„ XJl, =l!' :i7% 

Hence Ci- : S.,0, ; Nil, =3:2 : 10. 

II. Sample precipitated by continuous passage of 
ammonia, 


0*1458 ^m. 

0 Ul-22 Liiii. uf 

•'•-..0,. 

(.:i-=l!M<% 

)) n 


DaSO,. 

s=ir)-iw;4 



1 

,!■ SJ).,=27-:55;ji> 

0*0004 

,, 0*0100 gm. of 

NH,, 

Xll,=210;f. 

Hciife 

Ci‘:S,0,:NH,::=3:2: 

:10 



III. Sample precipitated by 30^ alcobolic ammonia 
from the mother liquor of sample IE and uaslied finally 
Avitli anhydrous ether. 

0'2r).')(J gin. gave O-O.SO.) gin. of C'i‘,0.,, C'i'=2l o 

„ „ 0-;5r)00 giii. of 13aS0,. S=18-8',i. 

s,o,=:}2-;v;a 

0-2071 gin. 0 0G207 ., of NJT„ .\1I..=2;]-21?6 
lienee Ci- : S,0, : NH,=:5 : 2 : 10. 

The atomic ratio in all these samples is, therefore, 
quite constant, the percentage amount only varied due to 
the change in the extent of hydration. 

Const Hut ion . — As the salt decomposed readily in 
contact with water no conductivity nu'asurement was 
possible. The action of silver oxide and barium chloride 
indicated that l)oth the thiosulphate radicles wore in the 
outer zone. The action of concentrated hydrochloric acid 
indicated the presence of poutamraine. Tn the light of 
these facts the compound should b(' represented by the 
constitutional formula No. (i), page 92. 
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The action of strong hydrochloric acid can then be 
represented as follows ; — 


2HCI 

+ 

S..O3 


3Ha 

H CL /Qii\ HCl 
(NHj)^ Cr-HO— Cr-OH-Cr(NH,), 
HiO* 


2HCI 

+ 


=2 



Clj+CrCla. 6H,0 + aSOj+aS+ZHjO 


Preparation of Enneammin-diaqiio-trihydroxy'diol-tri- 
chromium tMo»ul 2 )hale.--Qh.vom\\xm hydroxide from 60 gma. 
of chrome alum prepared and purified as described before 
was mixed with 50 gma. of ammonium thiosulphate 
dissolved in a small quantity of water ; the mixture was 
placed in a pressure bottle and saturated with ammonia 
in the cold at O'’ C ; the bottle was then tightly closed and 
kept in the dark for 3-4 months. After this time pink- 
violet crystals separated from the solution and these 
remained mixed with the undissolved chromium hydrox- 
ide. The mass was then agitated with water and the 
chromium hydroxide removed as suspension by repeated 
washing. The washing was repeated several times 
followed by gentle grinding with water. The crystals 
were afterwards obtained in a fairly pure condition. 
These were then washed with alcohol and dried in 
vacuum. 

Prapei'ties . — It consisted of pink-violet crystals, insolu- 
ble in water, slightly alkaline to litmus and quite stable 
in the dry state. Barium chloride removed the whole of 
the thiosulphate. Lead acetate and silver nitrate behaved 
similarly. Concentrated hydrochloric acid gave chloro- 
pentammine chloride in small quantities with chromic 
chloride and an evolution of sulphur dioxide and 
precipitation of sulphur took place. The solution 



COMPLEX CHROMIUM AMMONIUM COMPOUNDS 57 

obtained by decomposition with barium chloride decom- 
posed slowly in light giving precipitates of chromium 
hydroxide, A freshly prepared solution obtained by 
decomposition with barium chloride gave the following 
reactions : — 

1. Potassium fcrrocyanide solution gave at first a 
flocculent then a very light pink crystalline precipitate. 

2. Potassium ferricyanide solution gave on warming 
a dull brown precipitate. 

3. Mercuric chloride solution gave a voluminous pink 
precipitate. 

4. Potassium chromate solution, after the removal of 
barium with ammonium sulphate, gave no precipitate 
while potassium diehromate gave a light brown crystalline 
precipitate. 

5. Solid potassium iodide gave a heavy pink crystal- 
line precipitate. 


Anati/sin ami Coinposition. 

1. 0-1474 ffm. of the subshinee guvo 0-0501 gm. of Cr,0g ; 

Cr=23-25l!, 

„ „ 0-2057 gm. of BaSO., 

S=19-15& 

0-0570 „ ,, „ 0-0130 gm. of NH„ 

NH,=22-75% 

0-0924 „ „ 0-0202 gm. of NH„ 

NH,=21-875t 

II. 0-2344 gm. of the substance gave 0-0794 gm. of Cr,0,, 

Or=23-00^ 

„ ., ., „ 0-3163 gm. of BaSO*, 

S=18-55% 

[Cr, (NHJ„ (0H),-lS,0,),. (U.O),] requires 
Cr=22-75%, 8 = 18-66%, NH,=22-.3% percent. 

ConatitutioH— The substance was basic to litmus hence 
it was inferred to be a hydroxo compound. The action of 
strong hydrochloric acid indicated that it contained a 

8 
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pentammine group. In its general behaviour with other 
reagents it resembled the first compound in many 
respecta Hence its constitution should be represented 
in a similar way as the first. The constitutional formula 
No. (ii), page 92 has therefore been adopted. 

The action of hydrochloric acid can, therefore, be 
represented as follows : — 


SrOj 
+ 

2HCI I — 


HiO 

(nHj) Cr-OH- -Cr -OH-Cr 
' + III + 

HCl (0H)3 HCl 
+ 

3HCI 


(HiO) 

(nH 3)4 


8*03 

+ 

2HCI 



Cli+CrCl3.6H20+ 



Cl2+2H;jO+2SOi+2-5 



deeomposei by beat into 
CrCl„ NH, and H.O. 

From the method of formation and the properties of 
these compounds it appears that in the beginning the 
first compound is formed in the violet solution obtained 
by the action of ammonia and ammonium thiosulphate 
upon the chromium hydroxide. This is precipitated out 
of the solution by the passage of ammonia or by the 
addition of alcohol, in the form of an oil. This substance 
is rather unstable. On the other hand the second 
compound is quite stable in the dry state and is obtained 
as well-defined heavy crystals when the violet solution is 
kept in contact with chromium hydroxide for several 
months. The first compound is, therefore, gradually 
changed into the more stable second compound by the 
conversion of one pentammine residue into an aquote- 
trainniine one. 
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As the compounds are either almost insoluble or 
unstable in water, their constitution could not be 
confirmed by physical methods. 

Our best thanks are due to Prof. Sir P. 0. BAy for 
the kind interest he has taken in the work. 

Chemical Labobatoby, 

Science College, 

Calcutta. 

[deceived July 17, *24.] 




The Condensation of Resorcinoland a few 
other Aromatic Hydroxy Compounds 
with some Acids, Esters, Lactones 
and Lactams. 

BT 

Rajendra. Nath Sen 

AND 

Sarbani Sahaya Ouha Siucak. 

A considerable amount ot work has been done on 
the condensation of phenols with tho anhydrides of 
polybasic organic acids, by Baeyer and a host of other 
inrestigators.^ 

The very wide application of the reaction between 
phenols and acid anhydrides has established beyond 
doubt peculiar reactivity of the carbonyl group of the acid 
anhydride in giving rise to phthalein-liko bodies. 

A slightly different typo of acid anhydride is o-sulpho 
benzoic anhydride, which was also observed by Sohon to 
react with phenols in the same manner as phthalic anhy- 
dride (Amer. Chera. J., 1898, 257). The ‘sulpham’ 
of this anhydride (benzoic sulphiinide), or ‘saccharin,’ was 
also found to behave similarly. (Monnet and Koetschet, 
Bull. Soc. Chim., 1897, 17 (ii), 690; also Butt, T. 1922, 
J-81,2389). 


'Baeyer (Ber., 1871, 4, G58) ; Baeyer and Caro ( Bcr., 1875, 7, 968); 
Lunge and Burckhardi (Bcr., 1884, i7, 1598 ; Bcr. I6\ Silbcrmd, Proc. 1908, 
209 5 Nonoki and8ieber(188l, Ai,67l); (1881. A-l, 50i and 811), J. Pr. Chein. 
[2], 23, 147-156 and 587-550. Snccino-rliodamino Ber. ‘I’i, K. 811), in more recent 
years, QuinoHnoins (Ghosh, 1919, T, 1104) ; Citruconoin.'j, Siiri Kri.olitui and Pope 
(1921, T. 289) j Cainplioreiiis (Sircar and Dult, 1922, T. 1283 ; Shri Krishna, T. 253; 
and Singh, Bai and Lall T. 1421 in the sumo year) : Plienyl-sncciiipins, Lnpwortli 
and MaoBae (1022, T. 2722) ; Diphencius, Dntt (1923, T. 225). 
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The last mentioned example suggested a study of the 
reactivity of the carbonyl group in configurations other 
than that of anhydrides. Besides the case of ‘saccharin,’ 
there are a few otlier instances of such in the literature. 
Thus, some inonoha.sic organic acids were found by Cohn 
to react with resorcinol to give rise to what are known 
as the ‘henzeins,’ wliich are very much analogous to 
phthalcins (Cohn, Ber. 1892, 24, 2064). Another instance 
of the reactivity of the carbonyl group in giving rise to 
phthalein-like products, is found in Sri Krishna’s work 
on the condensation of the lactone, coumarin with phenol 
and resorcin (1921, T. 1420). 

The present work has for its object the further study 
of the reactivity of the carbonyl group specially in 
configurations not hitherto investigated, in respect of 
condensation with resorcinol and similar other aromatic 
hydroxy compounds. It seems that the condensation of 
this type between acids and phenols has not been studied 
sufficiently thoroughly so as to establish the generality of 
the reaction, while tlie study of the reactivity of esters, 
lactones and lactams (all of which contain the reactive 
carbonyl group), presents an almost untrodden ground. 

With this object in view, typical acids of the aliphatic, 
aromatic and heterocyclic series, have been taken for 
investigation and found to give phthalein-like products 
with resorcin, pyrogallol, etc. 

The behaviour of esters has also been examined to 
determine if they were more or less reactive than the 
acids, and it has been found that, as a rule, the esters 
react with greater ease than the acids from which they 
are derived. 

As the reactivity of lactones was only indicated by 
Sri Krishna’s work on coumarin {loc. cit.), more work on 
this line seemed desirable to establish the generality of 
the reaction. 
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The lactam, isatin has also been examined with the 
same object, it being found that the lactamic, or the a- 
carbonyl group may also be made to r(‘act with phenol, 
resorcinol, etc., to give products analogous to phthaleins. 

A much more interesting case for study was found in 
the investigation whether both the carbonyl groups of the 
anhydrides of dibasic acids can be made to react either 
simultaneously or successively. This part of the work 
presents an entirely new aspect of the question, not 
having been hitherto investigated by previous workers. 
The present work in this direction goes to show that 
the reaction does not, under ordinary circumstances, take 
place with both the carbonyl groups simultaneously, 
though it is possible to make them react successively, with 
the same or different phenols, with good yield. Under 
more drastic conditions, viz., heating longer at higher 
temperature, with larger quantity of condensing agent, it 
is also possible to make both the carbonyl groups of phtha- 
lic anhydride react simultaneously' wit)\ resorcinol, though 
the yield of the desired product is rather small. 

The results of the present investigation are briefly 
as follows : — 

In the acid series, two hydroxy acids (salicylic and 
gallic) have been found to give fluoresceins when heated 
with resorcin in presence of zinc chloride (powdered 
and anhydrous), in a current of dry hydrochloric acid to 
180-200°C. 

Salicylic acid has been found to condense with pyro- 
gallol as well, to give a product non-fluorc.scont in alkalies 
or organic solvents. 

An amino acid, viz,, antbrc.nilic acid, has been condensed 
with resorcin and di(;tli.vl-;. 7 -aiuido-|)iionol and found to 
give a benzoin in tho one case, an 1 a rhodiininc in the 
other. The o-amino-resorcinol bmizein thus obtained, is 
found to have a fluorescence of the same kind as that of 
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the o-hydroxy compound derived from salicylic acid. 
Both give orange-green fluorescence in alkaline solutions 
which however changes to bluish-red on standing, — the 
change in the case of the amino-benzein taking place with 
greater ease. The rhodamine gives red solutions with 
greenfluorescence in acids and organic solvents. The 
effect of the substitution of amino group for hydroxyl 
group in the benzeins, is therefore not very marked. The 
presence of free amino group in the final product is 
proved by the isocyanide reaction and by the action of 
nitrous acid. 

An aliphatic acid, viz., stearic acid, has also been 
condensed with resorcin, yielding a fluorescein. Unlike 
the other products this is found to dissolve in benzene 
and less readily in ether. The compound is found to 
have only a moderate affinity for animal fibres. The 
fluorescence is also a little subdued. 

Pyromucic acid, a heterocyclic acid, also gives a 
fluorescein with resorcin. The compound has been 
obtained by heating mucic acid and resorcin with zinc 
chloride in a current of dry hydrochloric acid. In alkaline 
solution the fluorescence changes from a greenish to a 
bluish tone on standing. 

It is interesting to note that the bromine-content in 
the bromo derivatives of the above compounds, seems 
to vary according to the nature of the compound, for 
some of the compounds give tetra- (those derived from 
benzoic and salicylic acids), and some di-bromo deriva- 
tives (those from gallic and anthranilic acids), when the 
bromiuation is effected under similar conditions without 
taking any precautions. This is in agreement with 
Cohn’s observations regarding similar compounds pre- 
viously mentioned (loc. oit.). 

Two esters, those of benzoic and salicylic acids, have 
also been examined. It is found that the reaction 
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betw'een them and resorcinol, pyrogallol, etc., takes place 
with a greater readiness than in the case of corresponding 
acids. The yields are much better. The greater facility 
of the reaction in the case of the esters, may be plausibly 
explained by assuming that the first stage of the reaction 
consipsts in the elimination of a mol. of alcohol instead of 
a mol. of water as in the previous case, 


/O Et 
^0 


OH 


OH 



EtOH 


while the subsequent stages are the same in both the 
cases. The elimination of alcohol may he supposed to 
take place with greater ease than that of Avater. 

In the study of condensation of lactones, the present 
work has been chiefly done on coumarin, in extension of 
previous Avork. It is found that it also gives a rhodamine 
(not previously prepared) Avith dicthyl-w-amidophenol, 
which has properties analogous to true rhodamines, both 
in colour, dyeing properties, and solubility. 

a- and )8-naphthols have also been condensed Avitli 
coumarin, giving rise to phthalein-like bodies. The 
j8-naphthol compound is found to dissolve in caustic soda 
Avith strong green fluorescence. The ready solubility 
in alkali is explained by the non-closure of the lactone 
ring in the final product. This assumption is confirmed 
by analytical data Avhich correspond to th(! structure 

(IV) . 

The a-naphthol compound, Avhich Avas found extremely 
difficult to purify OAAiug to tar- formation, is also slightly 
fluorescent in caustic soda solution, due no doubt, to 
partial o-condensation giving a fluorane-like substance, 

(V) . 


9 



C6 


SEN AND GTJHA SIRCAR 


The main product being a-naphthol coumarein (VI) 


a" 




OH 






C-H / \ 
OH 


C,o«6 



C.aHr O'" 

C^'bOH 


(TV) (V) (VI) 

Complete separation could not be effected as both the 
products dissolve in the same solvents. 

Pyrogallol lias also been found to condense with 
coumarin to give a non-fluorescent substance of “gallein-” 
like nature. 

An observation that repeatedly engages the attention 
in the study of these condensations, is the peculiar 
behaviour of compounds in wliich pyrogallol is the second 
or phenolic component. It is found that all such com- 
pounds are noii-flnorescent in alkaline solutions as well 
as in organic solvents, though the only difference between 
them and the resorcinol derivatives consists in the 
presence of additional hydro.vyl groups in the former, in 
the o-positions to the pyrono-oxygen atom. 

Coming at last to the study of the reactivity of both 
the carbonyl groups in the anhydride of dibasic acids 
(phthalic anhydride being chosen in the present case), 
the following observations were made in the course of the 
present work. 

It was found that on heating the anhydride (one mol.) 
with four mols. of resorcin to 220°C with zinc chloride 
in a current of di*y hydrochloric acid, no other product tlian 
fluorescein was obtained. Phenol -phthalein (a compound 
in which one of the carbonyl groups has already been 
acted upon), was next heated with resorcin and zinc 
chloride in a current of dry hydrochloric acid to 180-200'’C. 
Curiously enough, it was found that fluorescein was 
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formed under the circumstances as previously observed by 
Meyer and Pfotcnhauer (Ber., 1905, 3S, :}958). 

Phcnol-phthalein was then heated with an excess 
of resorcin (about 2'5 mols.) with a larger ([uantity of 
zinc chloride in a current of dry hydrochloric acid to 220'’C, 
for five hours. Under theses conditions tins desired 
condensation was effected, and on puriiication the product 
was found to be an extremely interesting compound in 
which both the carbonyl groups of the anhydride were 
acted upon, the iirst with phenol, and the second with 
resorcinol mols. It is thus a eompouml which contains 
both a phenubphthalein .•sud a fluorescein component. 
The constitution (VII.) is given to this compound. 


H0C*H4^ 

-cm,. 


v-Q’ 

o‘ 


(VII) (VIII) 

It dissolves in alkalies and organic solvents with an 
intense "reeu ttuoresceiice in no wav infiu’ior to that of 

r? *■ 

fluorescein itself. It gives a tetrabromo derivative corres- 
ponding to eosiu and a di-potassium salt, formulated as in 
(VIII). The compound is thus doubly quinonoid. The 
intensity of the colour and fluorescence, is no doubt 
ascribable to ‘ double sjunmetric tautonnuism,’ which it is 
obviously capable of exhibiting. 

The compound may also Ije regarded as being formed 
by the condensation of one of the carbonyl groups of 
phthalic acid with two mols. of phenol, and of the other 
carbonyl group with two mols. of resoreiuol. 
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To confirm the reactivity of the second carbonyl group 
of phthaleins, p-cresol-phthalein anhydride was prepared 
according to Brewsen (A. 212 , SlO-dj?) by heating 
phthalic anhydride (one mol.) and j)-cresol (two raols.) 
with cone, sulphuric acid. The compound was chosen in 
preference to o-phenol-phthalein anhydride, as the latter 
is difilcult to prepare in any quantity. The anhydride 
chosen is interesting also in having a pyrone-ring already 
formed in the molecule. The product of condensation of the 
anhydride with resorcin, is found to dissolve with less ease 
in alkalies and to give a solution, the lluorescence of which 
is less bright than that of iluorescein, being more red and 
less orange on dilution than fluorescein. The difl’erence 
is no doubt ascribable to the increased complexity of tlui 
mol., and to the presence of methyl groups in positions 
to the pyrone-oxygen. It is given the constitution (IX), 
the potassium salt having the constitution (X). 


MeC h/ \c.h,m, 
\ / 






0 


0 

c 

c 

0 




(IX) 


(X) 


(XI) 


Fluorescein itself when heated with excess of (3 mols.) 
resorcin, with excess of zinc chloride in a current of dry 
hydrochloric acid to 230-'10''0 for 6 to 7 hourfi, was found 
to give a product, which unlike fluorescein, is insoluble in 
sodium carbonate and precipitated by carbon dioxide from 
solutions in caustic soda. On purification, this gives a 
solution in caustic soda, the fluorescence of which is 
somewhat subdued, and much less bright than that of 
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fluorescoiu itself. Analvtical results ;m)'e(> with (lie 
compound expected. 

The last three coiideiisalioiis may be ela.-sed « ilh those of 
the lactones, as the first components in these reactions are 
compounds of the lactone type. Looked a! from this point 
of view it is liardly surprising that flie.se condensations 
should 1)0 possii)le, though it must be admittid that they 
take place under conditions move drastic than in any other 
ca.se hitherto studied. 'I'lic lieaviness and complexity of 
the molecules sullieiontly explain (ho difleience. 

In the lactam scries, only one laelain, isalin, lias 
bec'ii studied. It was found hy Ibieyer and La/arus 
(Her. 18, 2();l7-.l;.‘}), to condmise wirli phenol, toliuiie, 
anisolu and di-metliylaniliiie in pre.seiice of eone. 
sulphuric acid at ordinary temperatures, ihe eondeusatioii 
taking place with the /3-carl)onyl gruii]i of i, sat in. 

Ill connection with the jiresenl invesligalion, phenol 
and isatin were liouled with conc. sulphurie acid to 
120-30' C for 0 to 7 liour.s, l)ut Hie product was identical 
with “phenol-isatiii” obtained hy Baev or to whieli he gave 
the constitution (.\ I). 

In the present work, isatin Inns also been condensed 
Avith phenol in the proseiiee of /.ine chloride at ISO-;;0 C. 
The product is found to dissolve in caiislic soda witli ri'd 
colour much deeper than that <•!' alkaline .sidiilions of 
‘ plienol-isatin,’ and produces no colour cIVect in alkaline 
solution hy the addition of potassium ferrocyanido while 
‘ pheuol-isatiu,’ under similar coiulitioiis gives a violet 
colour. The dilTercnco bet\Aceii tlie two compounds is 
ascribed to the e.oudi'u.sations having taken place Avith 
the a-carbonyl group in one ca.se. and with the /3-carbonyl 
group in the other. 

Isatin has also been found to eoiiden.so Avilh resorcin, 
in the presence of zinc chloride in a currenL of dry hydro- 
chloric acid giving a product analogous to tluoi’csccin. 
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Diethyl-»4-ainidopho)iol also concleiisos to givo a rhoda* 
mine. The resorcin compound gives a di-potassium salt 
which probably has the constitution (XIT) 



(XU) (XIII) 

In this compound, it is interesting to lind that though no 
quinonoid form is possible under ordinary conditions, yet 
it is fluorescent and coloured. I’lie fluorescence is how- 
ever slight in alkaline solution, though marked in cone, 
sulphuric acid solution. By assuming that the lactam- 
ring is broken by hydrolysis, quinonoid form (XIII) 
becomes possible. This however does not explain the 
existence of the di-potassium sail. 

The following further expcrimonls have been Jiiade to 
establish whether the a- or the ^8- carl)ouyl group of isatiu 
reacted in those compounds. 

(1) Both isatin, and ‘ phenol- isatin,’ as well as the 
present products liberate nitrogen with nitrous acid. 

(2) AVith chloroform and alcoholic potash isatiu and 
also ‘ phenol-isatiu ’ arc unaltected. The present products 
react vigorously with the reagents, and the smell of 
isocyanide slowly develops in the mixture on standing. 
This may be due to the breach in the lactam ring by 
hydrolysis, and formation of a free amido group. 

(3) Both ‘ phenol-isatiu ’ and the present products arc 
insoluble in sodium carbonate and precipitated by carbon- 
dioxide from solution in caustic soda probably because 
under ordinary conditions the lactam ring is unatt’ected. 

The difference in behaviour in isocyanide-reaction may 
be ascribed to the fact that while in * phenol-isatin ’ the 
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)8-carbonyl group o£ i.satin Avas reactive, in the present 
products, the a- (or the true lactainic) carbonyl group reacts 
with phenol, resorcin, diethyl-?»-ainidophenol and also 
pyi’ogallol, rendering the lactainic ring unstable, and 
readily opened by alcoholic caustic potash setting free the 
amido group. In fact, the present compounds may be 
looked upon as being derived from isatinic acid in the 
same manner as the amino-benzein (already described), is 
derived from antbranilie acid, — tin; two acids being 
comparable. 


(’() coon 


COOH 


XH, Nil,, 

[satinic antbranilie 

Pyrogallol has also been found to condense readily 
with isatiu yielding a product, similar to other pyrogallol 
derivatives, ivliich gives deeply coloured non-fluoroscent 
solutions in alkalies and organic solvents. 

p-Cvest>l has also been condensed with isatin, giving 
a product insoluble in acids and alkalies, but dissolving 
readily in glacial acetic acid and cone, sulphuric acid 
in the latter solvent with slight tluoresconce. Its pro- 
perties are therefoiM' analogous to those of /)-cresolphtha- 
lein anhydride. 


EXPEUniEXTAI.. 


Cl ('ll mi I ohfK'rra I i oiis. 

The following observations .may be made regarding 
the general procedure follow'cd in the preparation of the 
compounds d('scribed in ibis paper. 

One mot. of the acid, ester, lactone, or lactam was 
heated with tw'o mols. of resorcin, pyrogallol, etc., with 
powdered anhydrous zinc chloride to I80-200''C, for three 
to four hours, generally in a current of dry hydrochloric 
acid. The cases in which this method was departed 
from is noted under the individual preparations. No 
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liydroclilorie acid gas was used in the preparation of the 
rliodaniiiios. 

'I'lie purification of the coiupounds Avas effected by 
powdering the crudi; product Avlu'rever possible, extract- 
ing Avith boiling solution of dilute hydrochloric acid to 
reinoA'e zinc ciiloride, di.ssolving the Avashcd residue in 
dil. caustic soda solutio]), and precipitating Avith dil. 
acetic acid or hydrochloric acid. This operation Avas 
r(i])eated t\A^o or three times Avhen necessary, and the 
Avashed and drh'd residue crystallized from alcohol, acetone 
or pyridine as tlu! ease might h(\ Tn some cases hydro 
chloric acid precipitated the product in a resinous form 
from alhalino solutions, in AA'hich cases dil. acetic acid Avas 
employed instead. In cases Avhere the product Avas not 
sutficiently purified by ju'ccipitaliou, it AA’as boiled with 
animal charcoal in alcoholic solution, and the filtered 
solution poured into water and then the Avashed residue 
crystallized from alcohol, etc. 

In some ca'cs, the rnmoAml of zinc chloride proved to 
he a matter of considerable ilifiiculty, and the purification 
was efieefed by repeati'd extraction with hot dil. hydro- 
chloric acid sol ul ion, both in the first stage, and in the 
suhsmpieiit stage's, (u these cases the final purification 
AA'as ('if(*ct(‘d from aeutone. 

llromination was efi’ect< d by adding slight excess of 
bromine to an alcoholic solution of the product, and 
alloAving to stand overnight. The ppt. Avas filtered, 
washed Avith hot Avater, dissolved in caustic soda, precipi- 
tated with hydrocitloric acid and tlually crystallized from 
alcohol. .As mentioned previously, in some cases di-, and 
in others tetra-hromo derivatives were thus obtained. 

'I'he ])otassium salts Avere prepared by suspending 
the finely powdered substance in hot AA’ater, adding a 
slightly less than the thcorotical quantity of caustic 
pol.ish (purified by extraction AA’itli absolute alcohol) and 
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constantly stirring the mixture heated on the water-bath, 
till solution was complete. It was filtered from the excess 
of the substance and the filtrate evaporated to dryness 
on the water-bath. It was then powdered, washed with 
absolute alcohol, and then extracted with the minimum 
quantity of water, and the aqueous solution concentrated, 
when the potassium salt separated. 

Only two benzoyl derivatives, those of the salicylic 
acid and the phenol- phthalein compounds, were prepared 
by the usual method. As these derivatives contain nearly 
the same percentage of carbon and hydrogen as the parent 
substances, and as particularly it was practically impos- 
sible in many cases, to distinguish between the mono- or 
poly-benzoylated products by combustion results, this class 
of derivatives wore not prop.ared in the case of other 
compounds. 

The rhodamines were generally formed at some- 
what lower temps, and less heating was required for 
their formation. For purification, they were powdered, 
extracted repeatedly with hot water and hot dil. caustic 
soda to remove zinc chloride and dissolved in hot dil. 
hydrochloric acid and precipitated with caustic soda or 
ammonium hydroxide. This was repeated and th(i dried 
product purified from alcohol, acetone of pyridine. In 
cases of difficulty of purification, the alcoholic solution 
was boiled with animal charcoal, and the filtered solution 
was poured into water till a turbidity was produced. 
The solution was then filtered and allowed to stand 
overnight with more water. The ppt. which separated 
was then purified by crystallisation from alcohol, etc. 

The Condensations AViTn Acids. (A) 

1. Mesorcinol-gallein. — 3-5 gms. of gallic acid and 
4'j5 gms. of resorcin were heated on the oil-bath till the 
mixture melted (at about 200°C). At this stage, the flame 
10 
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was iHMnovcd, and Ji "ins, ot zinc chloride were added in 
small quantities at a time. A vigorous reaction ensued, 
and the mixture completely melted. The temp, was 
lowered to lOO'^C and kept there till the vigour of the 
roacliou subsided. A fterwards the temp. Avas raised to 
2()0"C and kept then' for hours. All this time, a slow 
current of liydrocdiloric acid gas was passed over the 
mixture, 

'I'he puritication was effi'cted by the general method. 
Yield SO^ of the theoretical. It is a dark-red powder 
dis.solving in alkalies and organic solvents with deep 
greon-red fluorescvniee. Soluble in alcoliol, more so in 
acetone, insoluble in acetic acid, other and benzene. Dyes 
Avool and silk brownish shades deepening on chroming. 
It does not melt up to 2o0“0. It giA'os a red di-bromo 
derivative. 

Koiind: C=(t7-7, 07-72X ; ]r=3-96, . C„H,A 

requires 0=07 -So 9; , Jl-.=3-(’.X . 

])i-b)'0!)() dorivalive — is a rod poAvder, giving red 
solution in alkali without (luoreseence. Dyes aa'ooI and 
silk deep red. 11 do. s not melt ujito 2oO"C. 

Found: . (.'|„il,,0,,l>ro requires ib’=32-4^ . 

2. lioitorcin-ol-o-dc hin henzchu- 4i gms. of anthranilic 
acid and (5 -8 gms. of resorcin Avere mixed with 5 gms. of 
zinc chloride and lieati'd for 4. hours to 180''C in a current 
of dry hydrochloric ;u*i(l. I’uritication was effected as in 
the case of ‘resorcinol .^alicylcin.’ (Sen and Sinha, Amer. 
Chem, J., li)23, / v, 2t)8J-.) It was finally crystallized 
from alcohol and dried in the vacuum desiccator. Yield 
about 70/ of tin* theoi’ctical. The substance closely 
resemhlos resorcinol salicylein in colour, fluorescence, 
solubilities and dyeing properties. It softens at l76-77°0. 
It gives a di-hromo, and a mono-potassinm deriA'ative. 

Found: N = J--J50/, C.^HAN requires 

N-4-6/. 
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Bi'bromo derivative. — Closely resemldes tlio broino- 
derivative of resoreinoi salicyleiii in pro[)(a*tie.s. Dyes 
red shades. Decomposes at i.95%'. I'oiiMd : Ur — .‘I I- . 
CioHijOjIil Ur., requires Ur^JU-7,^ . 

Mono-iiotasniim derivative. — Dissolves in water with 
green-red lliioresccuco ehaiiging to Ijliiish-rod on standing. 
Found : K = 11-()X . C,„l[,,0,N'lv icinins JC-ll- . 

3. liesorttinol-sfeo roi u . - -3 gins, of sttviric acid (1 
mol.), were mixed with 3-5 gms. (.‘I mois.), of resorcin and 
heated with the addition of :> gms. ot /.inc chloride to 
200-210‘’C for I'i hours. :\. large e.vei .ss of resorcin was 
employed to prevent the presence ol' uualiered stearic acid 
in the final product. To ensnrt! the completion of the 
reaction the heating was oll'ected for a longer time than 
usual at a higher temp. 

The product was purilied liy Uio gjsier.il me.thod, aud 
finally from hoiizeuc. It was (Iried in the vacuum 
desiccator, IJnliko tho other proilnets it was soluhlo in 
benzene and to a less extent in other. The lluorcsceuco 
was slight hut appreciable, and iim oolonr deep red. On 
standing a bluish tone is assume . L’lio product lias vory 
slight affinity for wool and silk. It softens at 152 C. 

Found ; C -- 79 ■ 7ti, 79 • 79 . 11-.^ 9 • 5, 9 • IS^ . C;,„II« 
Oj requires C »= 89^ , 11 = 9 • :»3 

I. Besomnol-ifp'oouireiii. - -m of mucic acid and 
1 gms. of resorcinol were gradually hiMteil with t gms. 
of zinc chlorido in a current of dry hydrochloric 
acid. At l tO"C a vigorous read ion ensued. When 
it subsided a little, tho temp, was gradually raised 
to 200'’0 and kept there for 3^ iiuiii‘.s, Fiirilicatioii 
was effected by the general motiiod. Finally from 
pyridine. The product is similar U) tho stearic acid 
compound in colour and lluorescoin.’e, hut has more 
pronounced dyeing properties. It is liowevcr insoluble 
in benzene or ether, and not vci'v soluble iu alcohol. 
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The fluoi’osconcc is also slight. It does not melt up 
to 260°O. 

Found: C = 73-0 Xj H = 3-9X. Ci 7 H,o 04 requires 

0-73-37^, H-3-6J. 

5. Pyrogallol-aalict/lein. — 3 gms. of salicylic acid and 
6 gms. of pyrogallol were heated with 3*6 gms. of 
zinc chloride for d hours to 180-90°0. Puritication was 
effected by the general method. Finally from a mixture 
of pyridine and water (2 : 1). The alkaline solution has 
a deep red-brown colour, witiiout fluorescence, as also 
solutions in organic solvents. It is not very soluble in 
alcohol, but dissolves in acetone, and a mixture of 
pyridine and water. It does not melt up to 260°G. 

Found: C=67-6;gf, H=3-82J. C„H,A requires 

C=67-85X, H=3-57X. 

6. Anthmnilo-rhodmnine. — 3 gms. (slight excess of 1 
mol.) of anthranilic acidaud 6*6 gms. of di-ethyl-»^amido 
phenol were fluoly ground together and heated on the oil- 
bath till the mixture melted. Powdered zinc chloride 
was added in small quantities with constant stirring. 
The mixture was then gradually heated to 180'’C for 3 
hours, till the melt solidified. The cold mass was finely 
powdered, extracted repeatedly with hot water and hot 
dil. caustic soda to remove zinc chloride. It was then 
dissolved in warm dil. hydrochloric acid and precipitated 
with ammonium hydroxide or caustic soda. This 
was repeated and tlie Wiished residue finally purified 
from alcohol and obtaiued in the form of a pink 
powder. It dissolves readily in acids with green-red 
fluorescence, more marked in organic solvents. Yield 
about 60^ of the theoretical. It softens at about 230°C. 
Byes wool and silk an impure violet shade (with a mixture 
of green). 

Found: N=9*66, 9*62X. OjiHajOjNs requires 

Ns:9*74^. 
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CONDBNSATTOXS WII'll ESTKKS. (IJ) 

7. Reaorcinol-salicillciii . — A inixturo oE 3 gms. oE 
methyl salicylate and t-o gins. oE resorcin was heated 
with zinc chloride with an air-condenser in a current of 
dry hydrochloric acid. The temp, was raiseil gradually 
to 200°0 and kept tlioro for I- hoars, 'i'lie piiritication 
was effoetod hy the molliod for the identical product 
obtained from the acid. Finally pnrilied from acetone. 
Yield 86% of the theoretical. Does noi melt up to 2U0X\ 

Found: C = 7t-8i;>', 74-8(),^' ; 11 =1 IIS, -l-SX . 
CigHi^O* rcnuircH C=7o 0'>i, 11= L () /. 

8. l^yrogallol-salicjjlein. -3 gins, of oil of winter- 
green and 6 gins, of pyrogallol vnoi! heated with t gms. 
of zinc chloride in a current of dr\ liydrochloric acid for 
-1 hours Avith an air-condenser. The product was identical 
with that obtained from I he acid. Yield ahout s.’i v of the 
theoretical. 

Found : C = (57 • C , 1 1 = 3 • 7 2 . C , A 1 , A I, ron u i res 

0=67-86;g', 1I=3-57V. 

CONDENSA'IIONn \V[TII liAC't ONI..S. ((J) 

9. fi-Ndijfithol-cotiiiiiii fnit.- mi.xtnro of 3 gms. of 
coumarin and 0 gms. of /j-iiaplitliol was heahal tor !■ liour.s 
at 180-9ty’0 in a current of dry hvdrueliloiic acid, togothcr 
with (L gms. of zinc chloride. The \)i’oduct was extracted 
repeatedly Avitli boiling dil. liydrochloric acid solution 
to remove zinc chloride, washed willi liot water, extracted 
with caustic soda and the .solution ppted. with dil. 
acetic acid solution (hydrochloric acid threw down the 
substance in a pasty form). The oporalion was repeated 
twice. After each precipitation the ppt. was hoiled Avith 
dil. hydrochloric acid to remove traces of zinc chloride 
the removal of which was found ilidicult to accomplish. 
Purified first from boiling alcohol containing animal 
charcoal, and then from acetone. (A portion of the 
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crude product wis left after first extraction with caustic 
soda solution, but was not further investigated.) It was 
dried in the vacuum desiccator. It is a yellowish brown 
powder not very soluble in alcohol, but dissolves in 
acetone, glacial acetic acid and cone, sulphuric acid with 
green fluorescence. It is ppted. by carbon dioxide from 
alkaline solution. It softens at llo'^C, It has very feeble 
afTinity for animal fibres. 

Found: 0=83-66, 83-1.^ ; n=5-*2, 4-8^ . 

IlaO, or CmHooOs requires C =83 • 65^ , H =1 • 8^ . 

10. a-Ndjyhthol-conmirein . — 3 gins, of coumarin and 
6 gras, of a-naphthol were heated with 4 gras, of zinc 
chloride in a current of dry hydrochloric acid for 3 hours 
to 180'’0. There was a great deal of tar formation, 
which reduced the yield to 10!^ of the theoretical. After 
preliminary precipitations as in the case of theyS-naphthol 
compound, the product was dissolved in alcohol, and 
boiled with animal charcoal for 10 minutes. The cooled 
filtrate was poured into water till a turbidity was 
produced. It was filtered and the filtrate allowed to 
stand overnight with more water. The ppt. thus 
obtained was finally purified from acetone and dried 
in a vacuum desiccator. It is a dark brown powder 
dissolving in caustic soda with red colour. It softens at 
about 117°C. It has no appreciable affinity for animal 
fibres. 

Found: C =80 -38, 80-02^; H=l-89, di-OX- 

CjijHaOi requires C *= 80 • 18^ , II = 5 • 07^ . 

13. Pyrogallol-comimrehi . — 3 gins, of coumarin were 
heated with 6 gms. of pyrogallol and 3 gins, of zinc 
chloride to 180-90°C for I hours in a current of dry hydro- 
chloric acid. The product was analogous in properties to 
other pyrogallol derivatives and purified by analogous 
method. Finally from alcohol. It does not melt up to 
260°C. 
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■Pound : C=66 -2X , H=4.-16X . C.,,H, 50 JI «0 requires 

C = 6fl-49^,H=3-9r)^. 

14, Comnarin-i'hofhiminp . — 3 gms. of coumarin and 7 
gms. of diethyl-w-aniido phenol were heated with 3 gins, 
of zinc chloride to 180-90°C for 3 hours, till the melt 
completely solidified. The purification was clTected as in 
the case of ‘anthranilo-rhodaminc,’ Only the alcoholic 
solution was boiled with animal charcoal and to the cool 
filtrate, ivater was added till a turbidity was produced. It 
was filtered, and the filtrate allowed to stand with more 
water. The ppt. thrown down was filtered, and finally 
purified from acetone. It dissolves in acids with a violet 
colour, and greenish fluorescence, more marked in organic 
solvents. Softens at 156°C. Dyes wool and silk violet 
.shades. 

Found : N =G16, . Ca)Hj.jOsN .2 requires N =6’36^ . 

15, Phcuol-resoranof-phlhdfeu). — 0-5 gms. (1 mol.) 
of phenol-phthalcin, and 5-5 gms, (2| mols.) of resorcin, 
were heated with 6 gms, of zinc chloride to 210-15"C 
for 4^ hours. Purified by the general motJiod. Finally 
from alcohol. Yield 70Z of the theoretical. It is an 
orange powder somewhat soluble in hot water, more 
so in aeetone, alcohol. The alkaline; solution shows a 
fluorescence of the same nature and degree as fluorescein. 
Tt does not molt up to 250‘'C. It gives a tetra-hromo, and 
a di-potassium, and a di-henzoyl derivative. Dyes a 
greenish yellow shade. 

Found: C=76'23, 76-30X, H=4-38, 1.-52X, 

CssHjtOa requires C = 76 47X , H = 4- IX • 

Telra-hrmn derivatii'e.— Orange powder dissolving 
in alkalies with some fluorescence. Dyes wool and silk 
red shades. It does not melt up to 250"C. Found : 
Br=39-3^ . CMH,ABr 4 requires Br=39-lX . 

Bi-potasanim derivative. — Found ; K *= 13 • . CsjH,,- 

0,Kj requires K=18 -8^ . 



80 


SEN AND GTJTIA SIRCAR 


Bi-hen zoyl dovivativo. — ^^lelts at 156-68°C. Found: 
C=77-5^, C 4 ,,HmOs requires C=77’7djX, 

1I = 122X. 

inA. Flnore.‘ireiii.--i)-2 gms. of phenol-phthalein 
were heated with 2 -S gnis. of resorcin, with 2-5 gms. of 
zinc chloride for 3 to 4 hours to 180-200'’C. The purifi- 
cation was effected by the general method. Finally 
crystallized from alcohol. It has all the properties of 
fluores coin. 

Found: C=72'3()X, Fluorescein, CjoHu 

0, requires C=72-3^' , TT=3-7^ . 

16. Berne) nol-\i-erefiolphih(ilei)i, — 3 -3 gms. of p-cre- 
solphthalein anhydride and 2-5 gms. of resorcin were 
heated tog('thcr with zinc chloride to 200-220‘^C for d-J 
hours in a current of dry hydrochloric acid. It ivas 
purified hy the general method, linally from acetone. It is 
a rod powder, .soluhle in caustic soda with green-red 
lluorescenco less bright than that of tluorescein. It is 
precipitated hy earhon dioxide from this solution. Soluble 
ill acetone and pyridine, less soluble in alcohol. Softens 
at about 22(r'C. (lives a di-potassium derivative. 

Found : C = 7J)' 3(1, 79 • 1-2/; 11-5 0, 1-92%. 

requires G=70-08X , 11=4 -67^ . 

Bi-potemmn derivative. — F'ound : K=12'9^ . OMlfiH- 
OjKa requires K =13 -'iX . 

17. BesoreiiioJ-fliioreseein. — 3-5 gms. (1 mol.) of 
fluorescein, and 3-5 gms. (3 mols.) of resorcin, were 
heated together with 1 gms. of zinc chloride for 6 hours 
to 230-40' C. The puritication was elfected, after removal 
of zinc chloride by extracting the product ivith sodium 
carbonate solution to remove, unchanged tluorescein. It 
was then washed, dissolved in caustic soda and ppted. with 
carbon dioxide. It was re-dissolved in caustic soda ppted. 
by hydrochloric acid, dried, and purified finally from a 
mixture of jiyridino and water (2 :1). The product unlike 
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fluorescein is insoluble in sodium carbonate. Alkaline 
solutions have a fluorescence less bright than that of 
fluorescein. It decomposes at about 230°0. 

Found: 0=73-86, 73 ; H=3-84, 3-86^. 

CjjHajO, requires C = 74*4X, H = 3-87X. Fluorescein 
requires C = 72 • 2^ . H =3 • 7^ • 

Condensations with Lactams. (D) 

18. Resorcinol-isatinem. — 3 gins, of isatin and 4-5 
gms. of resorcin were heated for 3 hours witli /.inc 
chloride to 180-90°C, in current of dry hydrochloric acid. 
The purification was effected by the general method. 
Finally from alcohol. Yield about 75^ of the theoretical. 
It is an orange powder, dissolving in alkalies with slight 
fluorescence, more marked in cone, sulphuric acid solution. 
Does not melt up to 265°C. It dyes wool and silk orange 
shades from an acid hath. It gives a di-potassium and a 
tetrabrorao derivative. 

Found: N = 3'84, 3-98^. CjoHuO^N requires 

N=4-2X. 

JDi-potfissium derivative. — Found : K = 19 • 5^ . 

C’mHuOJC.N requires K = 19-2^ . 

letra-hronio derivative. — Dyes red shades. Decom- 
poses at 230®C. Found: Br«49-7^. CooH 904 NBr 4 
requires Br=49-4^ . 

19. Isatiii-rhodaniine.—'i gms. of isatin and 6-5 gms. 
of diethyl-Di-amido phenol were heated with 4 • 6 gms. of 
zinc chloride for 3 hours to 180°0. The purification was 
effected as in the case of the anthranilic acid compound. 
Finally from acetone. Dissolves in acids with a green-red 
fluorescence. It softens at 242°0. It dyes wool and silk 
an impure violet shade. 

Found : N=9-3, 9-2X • OagllsiOaNj requires N=9-5X . 

20. Pyrogallol-isatinein.—^'b^vas. of isatin and 6 
gms. of pyrogallol were heated with 4 gms. of zinc chloride 

11 
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for 8 hours to 180°C. Puriflcation was effected the 
general method. Finally from acetone. It has properties 
similar to other pyrogallol deriyatives, giving non- 
fittoresoent deeply coloured solutions in alkalies and organic 
solvents. Does not melt up to 260°G. 

Found: N=3'7, 8'74ij^. CwHtsOaN requires 

N=8-86j:. 

21. Phenol-isatinein. — 3*5 gms. of isatin and 3 gms. 
of phenol were heated with 4 gms. of zinc ehloride for 4 
hours to 190°C. The product was steam-distilled and the 
residue purified by the usual method. Finally from alcohol. 
The product is a greyish powder dissolving in alkalies with 
a red colour. It softens at about 285'’C. 

Found : l?=s4-2, 4*24X. OmH,bOsN requires 

N«4-4ljf. 

22. -j^Oresol-iaatimin anhydride. — 3'6gms. of isatin 
and 6*6 gms. of ji-cresol were heated together with 4 gms. 
of zinc chloride in a current of dry hydrochloric acid for 

hours at 180°0. The product after removal of zinc 
chloride was extracted with glacial acetic acid and the 
solution poured into water. The ppt. was filtered, washed 
and crystallized from glacial acetic acid. Obtained as a 
greyish powder. Dissolves readily in acetic acid and in 
cone, sulphuric acid with faint fluorescence. Does not 
melt up to 260°G. 

Found : N=4 • . GmH, 702 N requires N =4 • 29% • 

PlBSIBBUCY GoLLBGE, 

Crbmical Laboratobt, 

GaIiOFTTA, 

[ Recemd, August 21, 1924.] 



Electro-osmotic Experiments on Intensity 
of Adsorption of a Constituent Ion 
by an Insoluble Salt 

Part 1. 

BY 

Jnanenuba. Nath Mukuebjbe 

AND 

Hika Lal Eay. 

A heteropolar precipitate like that of an insoluble salt 
has a tendency to adsorb its constituent ions from aqueous 
solutions. It seems that this type of adsorption is 
responsible for several phenomena which do not at first 
sight appear to be correlated. Lottermoser observed that 
precipitated silver salts pass into the colloidal state when 
the solution contains one of the common ions in excess. 
The charge of the colloid is of the same sign as that of 
the constituent ion which is present in excess in the 
solution. Marc from his experiments on the adsorption 
by crystalline surfaces [Z. phys. Ghem., 75 , 710 (1911) ; 
81 , 641 (1913)] concluded that a crystalline substance 
adsorbs only those dissolved substances which can form 
isomorphous compounds with the crystal or compounds 
which have similar crystalline forms. Fajans and Beer 
[Ber., 46 , 3486 (1913) ; also 48 , 700 (1916)] pointed 
out that the separation of a radio<element from its solution 
by an insoluble salt takes place only when the radio- 
element itself can form an insoluble precipitate. Paneth 
and Horowitz [(Z. Phys. Ghem. 89 , 613, (1915) ; also 
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Phys. Z. 15 , 924 (1914)] recognised in view of Marc’s 
work that the separation of radio-elements, by precipi- 
tates is due to the adsorption of the radio-element, 
and that a radio-element will be adsorbed by an 
insoluble heteropolar adsorbent only when it can 
form an insoluble salt. Panetb however, considers 
that the adsorption of the radio- element consists in 
an actual exchange of places between ions in the 
crystal lattice and the radio-elements in solution. Thus 
barium ions in barium sulphate are replaced by 
radium ions from solutiou and the barium ions pass 
into solution. 

It has been pointed out by the writer that in the case 
of a large number of colloidal suspeusoids, the stabilising 
electrolyte has an ion in common with the colloid, and 
that the adsorption of a common ion by a precipitate is a 
simple consequence of the modern view of the structure 
of crystals of salts. (Par. Soc. Disc. October, 1920 ; 
published October, 1921.) Tlie adsorption of an ion 
imparts a charge to the surface and thus tends to peptise 
the precipitate. It has been further pointed out 
(Mukherjee, foe. cif. ; Phil. Mag., 1922, VI, 44, p. 327) 
that there is an essential difference in the manner 
of adsorption as pictured by Paneth and that which 
must he assumed to account for the stability of 
colloids. The type of adsorption suggested by Paneth 
will not impart a charge to the surface and hence 
cannot account either for the observations on the 
charge of colloids in the presence of peptising electro- 
lytes or for their stability. The exchange of ions 
between the crystal lattice and the solution must 
he a slow process, when the salt is only sparingly 
soluble, whereas the adsorption of ions by the surface 
will he much quicker. Both types of adsorption have 
probably to be taken into account, but it appears 



OK INTENSITY OY ABSOETTION 


85 


from the literature on colloids that the adsorption 
of ions as such by the surface is more frequent than 
an actual interchange of ions as conceived by Paneth. 
Experimental evidence will be adduced in the sequel in 
support of this view. 

Another class of phenomena is also probably closely 
connected with the adsorption of constituent ions by a 
precipitate. Bradford [(Biochem. J. ; 10 , p. 169 (1916), 11 , 
p. Ill (1917)] has suggested that the adsorption of 
the precipitating ions is at least partly responsible for 
the formation of Liesegang rings. The adsorption of 
constituent ions may also affect the permeability of 
the precipitate to the diffusing ions — a factor which 
also probably plays an important role in the formation 
of Liesegang rings. (Fischer, Koll. Zeit. 30 , 1920, 
p. 13.) 

The experiments of Debye and Scherrer have shown 
that colloidal particles have the same crystalline 
structure as they have in large masses or well- 
developed crystals. One has, of course, to remember 
that the surface forces acting on constituent ions 
existing in the solution are not exactly similar to 
those acting on the ion in the interior of the lattice. 
(Madelung, Phys. Z. 20 , <191, 1919). But such 
considerations do not materially affect the validity of 
our point of view. 

Pajans and Beckerath (Z. Phys. Chem. 97 , 1921, 4/8) 
have suggested an explanation similar to ours regarding 
the adsorption of a constituent ion by a crystal 
lattice. They have further attempted to consider the 
energy required to separate an adsorbed ion from the 
surface in the light of the work necessary to separate 
the constituent ions from the crystal lattice and the 
energy change due to hydration. These authors 
consider that there is a close relationship between the 
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intensity of adsorption of the ions by the surface and 
the solubility of the corresponding salt (loe. dt^ 
p. 600). Langmuir (J. Amer. Ghem. Soc. 88 (1916) 
2221; 89, 1917, 1818), considers the intensity of 
adsorption to be determined by the energy changes 
associated with the process. So far no very definite result 
has been obtained from this treatment as the energy 
changes associated with the process of adsorption do not 
admit of easy theoretical calculation and the estimates of 
the energy change are based on more or less arbitrary 
assumptions. It would appear from the sequel that 
Fajans’s method of treatment is too simple to account for 
the intensity of adsorption of ions. 

The present investigation deals with the adsorption of 
ions by precipitated and carefully washed lead chromate. 
This substance was selected because it has been used in 
many cases for the investigation of Liesegang rings. 
Moreover there is a large number of insoluble lead salts 
and it is of interest to compare the relative intensity of 
adsorption of different anions by a surface of lead 
chromate with the solubility products of the corresponding 
salt. 

The amounts of ions adsorbed has been mostly 
measured from chemical analysis, or from measurements 
of activity where the sensitive radio-active methods can 
be used. These methods do not give any indication as to 
whether the adsorbed ions replace those of the same sign 
in the crystal lattice thus leaving the crystal and its 
surface electrically neutral or are adsorbed on the surface 
with or without exchange of ions and the surface becomes 
electrically charged, through an excess in the adsorption 
of ions of one sign. Electro-osmotic measurements can 
decide between these two possibilities. Moreover, it is 
more convenient and accurate than analytical methods. 
It may be noted here that recently several investigators 
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havei emphasised the necessitj of considering simultaneous 
adsorptiou of the solvent and of the solute. The 
analytical result represents the net effect. One cannot 
therefore simply say that so much of the solute has been 
adsorbed. In fact some assumptions about the relative 
adsorptions of the solute and the solvent have to be made 
in order that an actual idea of the adsorption of the solute 
can be made (of. Wo, Ostwald and Izagguire, Koll. Z. 30, 
1919, 279, also previous literature). Of course it is 
possible that for the dilute solutions with which we are 
dealing, the adsorption of the solvent can be assumed to 
be more or less constant. But if there be alterations in 
hydration, on the adsorption of ions consequent on the 
variation in the electric charge, then we have a fresh 
source of disturbance and analytical data do not give a 
clear idea of the adsorption. 


Experimemxal. 

The arrangement used for the electro-osmotic 
measurements is a modified form of that used by Briggs 
the straight tube being replaced by a U-tube which does 
away with the use of porous plugs or glass wool (of. 
Mukherjee, Nature, Dec. 2, 1922). The method gives 
results accurate within ±7X • The position of the electrodes 
in the U-tube did not vary during these experiments. 
The same U-tube and the glass tube connections were 
used throughout these experiments. The U-tube was 
always filled with the precipitated lead chromate between 
two marks symmetrically placed one on each limb of the 
U-tube. The precipitate was stirred with water or 
electrolyte and then poured in the U-tube and allowed 
to settle for 24 hours. The excess of lead chromate 
was drawn off with a pipette. The thickness of the 
la^er of the precipitate was 12-8 cm. The preparation 
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and purification of the precipitate requires great care; 
Chemically pure lead nitrate was further purified by 
reorystallisations. The crystals were powdered and dried 
at 102°. Chemically pure potassium chromate was 
carefully washed in a Buchner funnel. Two solutions 
of lead nitrate and potassium chromate of equal strength 
were prepared and lead-chromate was precipitated by 
addition of equivalent amounts of the two solutions 
from a burette into a beaker with silver nitrate as outside 
indicator. 

The supernatant liquid was poured out and the 
precipitate was digested in pure boiling water for half an 
hour and the supernatant liquid was again poured out. 
The finer particles were removed along with the 
supernatant liquid. The process was repeated 10-12 
times. It appears that potassium chromate was adsorbed 
in perceptible quantities during the precipitation, though 
the supernatant liquid after precipitation showed no trace 
of chromate with silver nitrate. During the first two 
digestions, the supernatant liquid assumed a yellow colour 
after some time, but in subsequent washings remained 
quite colourless. The substance becomes more free from 
adsorbed chemicals with repeated digestions. The 
digested and wet lead chromate was kept in stoppered 
resistance glass bottles in a place free from fumes. 

Differences in the size of the air bubble within fair 
limits do not influence its velocity for the same 
experimental arrangement. 

Every experiment was carried out under exactly similar 
conditions. The electric current is switched on for five 
minutes and the tube is then allowed to rest till the air- 
bubble becomes stationary, and the distance the bubble 
has moved is noted. The direction of the current is then 
reversed, and the mean of the two readings is taken. This 
was repeated at least five times in each ease and their 
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mean was taken. The dilEerent readings do not differ hy 
more than ± 5^ . 

When electrolytes were nsed, the same iimount of the 
precipitate was washed with the electrolyte solution 
several times to ensure that the concentration of 
electrolyte taken remains unchanged after removal of the 
water and after adsorption. The results are given helow. 
The method is not free from certain sources of error and 
it is intended to investigate them with a view to modify 
the experimental arrangements. It may he added that 
the usual method is sntnciently accurate for our present 
purpose. 

At high electrolyte Concentrations the acids set 
free on electrolysis of the salt solution convert the 
chromate into diehromatc with the consequent change 
in colour. 

The velocity of the huhhle' is proportional to the 
density of the electrical charge on the surface. Since 

V 


where i*=vclocity in cjjis sec (of the huhhle). 

11= pot. grad ent. 

< 7 = sectional area. 

c=density of electrical charge; S=the thickness of 
the double layer and t;*- co-efficient of viscosity. 

H and q are constant under the conditions of 
the experiment, q mt\y be taken to he constant for 
these dilute salt solutions, and 8 is assumed to be 
constant. 


* We hare (nken Uie naiwl foroi 'if the eqnation ef. (Freiindlirli, Kapillarchenii'e, 
1922, p. 328). 

12 



90 


MUKHEllJEE AND RAT 


Table I. 

Lead Chromate. 

Velocity in cm. per see. x 300. 
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Discussion. 

The readings with water alone show that the substance 
is negatively charged in contact with water. We are not 
sure whether the negative charge owes its origin to the 
adsorption of chromate ions M'hicli probably could not be 
removed even after 13 digestions with pure boiling water, 
or to th(? adsorption of hydroxyl ions from water.* It 
will be seen from the above that of the four cations, K, 
Da, Pb and Ca, only Pb” ions materially affect the velocity 
of the bubble, diminishing it markedly at as low a 
concentration as n/5000 and at a higher concentration 
n/1000, the bubble moves in the opposite direction. 


* Tbe question will bo dealt with in a second communication. 
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These experiments bring out undoubtedly that the 
adsorption of the positively charged lead ion at first 
decreases the density of the negative charge on the 
surface till at a higher concentration, the surface 
positively becomes charged being covered with an 
excess of h ad ions. It would have been of great 
interest to follow the the increase in charges still 
further with increasing concentration, but tlie trans- 
formation of (ihroraate unfortunately prevents further 
observation. 

'I'he marked adsorption of the lead ions in contrast to 
that of the other cations can bo readily understood if we 
remember that it is a constituent ion of the precipitate 
{of. Mukherjee, I’ar. Sue. Disc. Oct. 1922 ; Phil. Mag., 
loo. cit.), 

A comparison of the effects of K, Da or Ca 
will show that for the same anion, Ba- • ions are 
more adsorbed than Oa • • ions and that K • ions are least 
adsorbed. 

On the other hand, of the anions the chromate 
which is the other constituent ion has a great elfect 
on the charge. In general, on the addition of an 
electrolvte other than the lead salt, there is an 
increase in the negative charge to begin with. In 
the case of BaCL the charge at first remains constant 
up to a concontratiou of N,2(-)00 and then begins 
to decrease. This is a very common feature of the 
curves betivcen the eharge and the concentration 
of the electrolyte, when the oppositely charged ion 
is weakly adsorbed {of. ilukherjee, Phil. Mag. VI, 
U, 1922, pp. S28 et. scq.). In the case of CaCL 
the anion ell'cct predominates within the limits of 
concentration studied, the density of the charge being 
always greater than that with pure water. The cation 
effect is however apparent if ive compare the relative 
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effects of calcium chloride, potassium nitrate and 
potassium chloride. 

A quantitative comparison of the relative intensities 
of adsorption of individual ions is not easy. The 
obsQrvations show that adsorption of both ions at these 
low concentrations has to bi; considered. For the 
different potassium salts it is pt^rraissible to compare 
the relative anion effects, as the cation is the same 

in each case. In comparing the intensities of the 
adsorption of the anions, the valency of the aiiion 
has to be taken into account, (for the same increase 
in the density of the negati\’e charge, the amount 
of an anion adsorbed is inversely proportional to 
its valency. Since we know ilie valency and the 
increase in the densities of the charge compared 

to that for pure water, we can compare the relative 
amounts of the different anions adsorbed. Such a 

comparison is however not free from objections. First 
of all, the assumption {loo. of a constant thick- 
ness of the double layer is not certainly self-evident. 
Secondly, we do not know exactly the source of the 
charge of the surface in contact with water and a 
replacement of the ions already existing on the 

surface by the ions of the same charge present in 
the solution, will not alter the charge and will escape 
detection. Consequently, even if adsorption takes place 
there may be no alteration in ifae charge. The error 
due to this cause will liowever be smaller, when the 
change in charge is great. For this reason, wc have 
taken the values at •0005N for comparison. Probably 
the initial charge is due to the adsorption of chromate 
ions as it is almost impossible to remove the last 
traces of adsorbed electrolytes by washing or by 
digestion with boiling water in many cases. The 
only other source may be the jdsorption of hydroxyl 
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ions from water. Lastly the variation in the charge 
is due to the adsorption of two ions of opposite 
sign and it is evidently erroneous to refer all of the 
observed difference to the adsorption of one ion only. 
These objections are not likely to influence the general 
nature of the conclusions we have drawn from the 
comparison outlined above. Since we have at present 
no idea as to what determines the thickness of the 
double layer, w'e might leave it out of account, though 
it is probable that the thickness of the double layer 
depends on the density of the electrical charge. This 
is justifiable to some extent on the ground, that so far 
conclusions drawn from the assumption, that the 
velocity of electro-osmosis, or cataphoresis is propor- 
tional to the density of the electrical charge on the 
surface, have helped us consistently to explain colloidal 
phenomena associated with electrical charge of particles, 
llegarding the last objection we might neglect the 
adsorption of the weakly adsorbed ion, in comparison 
to that of the other as a first approximation, as the 
great change in the charge shows the preponderating 
effect of the one over that of the other. In order to 
form an idea of the relative intensity of adsorption, we 
must compare the amounts of the anions adsorbed at the 
same gm. anion concentration. The dilfercuce in the 
velocity is proportional to the net amount of positive or 
negative charge adsorbed in the form of ions (of both 
sign) per unit surface. If wo compare the potassium 
salts, we may assume the adsorption of the cation to be 
constant and the increase in the velocity (i. e. of the 
negative charge) is then proportional to the number of 
ions adsorbed, multiplied by its valency. The amount of 
the different anions adsorbed is then given by the increase 
in velocity (referred to the value for water) divided by 
the valency of the anion. The following table shows 
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the values for a concentration of 0005 gm. anion 
per litre. 


Table II. 
Potassium Salts. 


Anions. 

Cone, in gm, ions 
por litre. 

Diflurutico in velocity | Valency 

! 

A liionnt a(. 1 sorbo<l 

or 

•0005 

1 20 - 8 . 18-2 

• 

no 

NO'a 

•0003 

31 • 3 . 18-2 

1 

13- 1 

SO". 

•0005 

38 - 5 - 18 -2 

9 


CrO". i 

i 0005 

44 - 9 - 18 -2 

2 

•» 

r I 

•0005 

30 - 5 . 18-2 

I 

12-3 

10 ', j 

■0003 

325 . 18-2 

1 1 

M -3 

1 


The anions arrange themselves in the following order ; — 

io,'>CiO/'>yo,'>i'>ci’>s()/' 

The order given above does not exactly represent the 
>•<?/« fiue intensities of adsorption for anions of dilVereiit 
valency. The adsorption of chromate and snlplialo ions 
must be greater than that indicated aboto for two 
reasons. 

(1) Now the velocity of osmosis indicates ibo net 
negative charge being the actual ch:irg(! doe to the 
adsorbed anions less the charge due to. the fixed layer 
of cations. Since we are comparing equal gram-aninn 
concentratious, the concentration of cation will be double 
for the divalent anions of vvhat it is for univalent 
anions. The adsorption of the cations i.s not negligible 
and the amount of cation adsorbed at the higher 
concentration will be greater. So that the same velocity 
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of movement of the babble at equal gram-anion 
coiieeutiMtioii would iudic.ito a higher adsorption of 
divalent aiii(ins than of univalent anions, or in other 
woi’ds mere chroniato and sulphate ions are actually 
adsorbed than arc rcjiroseuted by the figures 13 '35 and 
10-15. 

(2) Secondly the density of the negative charge 
(‘11 -9) for chroniato ion is much greater than that in the 
case of iodato ions (32-5) and the greater negative charge 
diminishes to a greater extent the number of collision of 
the anions on the charge. The adsorption of an ion 
depends on the intensity of adsorption, i.o., on the energy 
change associated with the process of adsorption by a 
neutral surface and on the number of collisions on the 
surface. In the case where wo are dealing with the 
adsorption of ions, carrying an electrical charge of the 
.“same sign as that of the adsorbing surface, the number of 
collisions evidently do not depend on the concentration 
of the anion. Onlv those ions can strike on the surface 
which have sufficient kinetic energy to overcome the 
electrical repulsion when it approaches the surface. The 
greater, the negative charge of the surface, the fewer the 
collisions of the anion on the surface as compared to the 
probable number of collisions if the surface were neutral. 
'I'hc greater negative charge of the solid in contact with 
potassium chi’omate makes the further adsorption of 
chromate ions more difficult than in the case of the 
iodate ions of the same gram-anion concentration. If 
the electrical conditions were identical, the adsorption 
of the chromate ions would have been greater than 
that indicated above. We may therefore take the 
order to be 


CrO*,>TO',>NO',>I'>SO;'>Cl' 

which is also the order of the increasing solubilities of the 
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lead salts expressed in terms of gr. atomic concentration 
of lead, 

CrO/<10,'<I'SO/<CT<NO,' 

« 

with the exception of the nitrate. 

A strict comparison between the order of adsorbability 
and of solubility is therefore not possible. Piirther 
solubility of the covvesponding salt is not a measure of 
the change in energy when an ion passes from the adsorbed 
layer in tins surface to the solution. For the same reason, 
a comparison of the lattice energy and of the intensity of 
adsorption is also not possible without further assumptions 
regarding the energy of hydration and regarding the cHect 
of adsorption on the hydration of the ion and on the 
hydration of the surface (Fajans, loc. cit.). Wo, therefore 
think that Fajans’s conclusions as to the relationship 
between solubility and intensity of adsorption are unten- 
able. It is however remarkable that the order for the 
other anions is practically the same as that suggested 
by Fajans. 


Summary and Conclusions. 

It is possible to draw certain definite conclusions from 
the experiments recorded here. 

(1) A well-digested precipitate of lead chromate Ls 
not electrically neutral against water. The negative 
charge is probably due to the adsorption of chromate ions 
or in the alternative hydroxyl ions from water or of 
both. If the latter view were true, we may observe 
“hydrolytic adsorption ” if the hydrogen ions in the 
second layer can be replaced by a cation from a neutral 
solution of a salt e.^., sodium chloride we will have an acid 
extract. 
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(2) The order of adsorbability of the cations is 

Pb->Bfi'>Ca->K. 

The adsorbability of lead ions is the strongest amongst 
the cations. It is also very probable that besides the 
lattice energy of the ions, there are other factors such as 
the energy of hydration of the surface or of tlie ion which 
determine the intensity of adsorption, i.e., the work 
necessary to separate an ion from the surface to the 
interior of the solution. 

(3) The order of adsorption of anions is probably 

CiO", >ro',>NO', >i'>so", >01'. 

The adsorption of chromate is probably th(; strongest. 

• ( t) The constituent ions of a precipitate are very 
strongly adsorbed by it. Lead ions being so largely 
adsorbed as to reverse the charge. This observation 
suggests the possibility of preparing electrically neutral 
precipitates. As pointed out above, experiments with 
electrically neutral lead chromate Mill enable us to have 
a better idea of the intensity of adsorption of the different 
ions. The great intensity of {vdsorption of the constituent 
ions is in agreement with the view's set forth in a previous 
paper. 

(5) It is of great interest to note that the adsorp- 
tion of the constituent ions does not consist simply 
in the exchange of an ion in the crystal lattice 
w'ith an ion in the solution, as assumed by Paneth. 
Ions are actually fixed on the surface imparting 
a charge to it and the type of adsorption considered 
by Paneth cannot explain the observations recorded 
here. 

(6) Pajans’s suggestion that there is a parallelism 
between the intensity of adsorption of an ion and the 
solubility of the salt of the adsorbed ion and the ion 

13 
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with opposite sign in the precipitate is not tenable as the 
nitrate ion is adsorbed more strongly than the iodide or 
sulphate. 

The method of treatment developed here is capable of 
other interesting applications. 

Physioal Chemistry Laboratory 
University College of Science 

AND Technology, Calcutta. 

Heed. Avg, 2, 1924 



The Oxidation of Triethylene Tetrasulphide 
by means of Potassium Permanganate. 

BY 

Sill pKAFUfiiA Chan DBA Hay. 

Part I. 

Oxidation with Alkaline Potassium Permanganate. 

The oxidation of triethylene tetrasulphide with nitric 
acid has been shown to result in the break-up of the 
molecule with the formation of the corresponding disul- 
phonic acid. Each of the sulphur atoms situated between 
a pair of carbon atoms is converted into a snlphone group 
w'hile fission takes place between the two contiguous 
sulphur atoms with the formation of the sulphonic acid 
(J. C. S. Trans., 1923, t2S, 217(5). It seemed desirable 
to study the action of a less drastic o.xidising agent like 
potassium permanganate which might be expected to 
yield the corresponding tetrasnlphone. This expecta- 
tion has been realised as will be shown below under 
Fart 11. ll’hen, however, the tetrasulphide is treated 
with alkaline potassium permanganate, instead of a 
tetrasulphone l)eing formed, it breaks up according to the 
following scheme : 

so, II 

I— 

s-c,n,-s so, II 

Experimkntat.. 

The tetrasulphide was suspended in water and treated 
with 'about 10 c. e. of a 3^^ solution of potassium 
permanganate and a little caustic potash solution. The 
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addition of the permanijaTiate was repeated till there was 
a distinct excess of it. The temperature was all alon;^ 
kept at about 30°. The reaction was completed by finally 
heating on the water-bath. The mixture was cooled and 
the precipitated mangane.se peroxide brought into solution 
by passing sulphur dioxide. The solution wjus concen- 
trated and tin; potassium and manganese sulphates which 
crystallised out were filtered off. Alcohol was next 
added to the concentrated liquid and the precipitate 
rejected. The alcohol was driven off, the residue 
dissolved in water and treated with barium carbonate. 
The precipitate was filtered off and the solution on eva- 
poration gave crystals of the barium salt of ethylene 
disulphonic acid. The salt was air-dried and was found 
to bo semi- hydrated. (Found: ]3a=4!0’97 ; S = 20'75.* 
4 FLO requires «a=l.l02: S=1916 per 

cent.). 


Pari I. 

Oxidation with acid Potassium Permanganate. 

On oxidation of the triethylene tetrasulphidci with 
potassium permanganate in dilute .sulphuric acid solution, 
a very interesting result is obtained. The expected sul- 
phone formed during the reaction combines with the man- 
ganous sulphate produced and a stable double compound 
of the formula [(CAIJsSAjj MnSO,, GHaO is invariably 
oldaincd. It has l)een found to be very sparingly soluble 
in the cold but dissolves readily in boiling water from 
which it crystallises out in the pure state. By adding 


" The sulphoiiiiLii wiw cunveited into sulphate by fiiHiun with ii iiiixtuio of KN()_, 
amlNa.jCO,. Tiie ‘ mult ’ was repcateilly evaporated with cone. IICl to convert 
the c,vi!es« of tho nitrate as far as possible into the chloride. When the solution i'« 
treated with a portion of the unconverted nitrate is almost invaiiahly 

carried d(Ovii with the UaSO^ ; hence the p. c. of sulphur generally conics out a 
little iu(' high. 
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barium chloride to this boiling solution, the correspond- 
ing compound with barium sulphate is at once thrown 
down. By a similar treatment compounds with the 
sulphates of calcium and strontium as also of potassium 
and lead have been obtained. With silver nitrate a double 
compound of silver sulphate is formed. Corresponding 
double compounds with the sulphates of nickel, cobalt, 
and copper have also been obtained by the addition of the 
respective chlorides. Peculiar interest attachest o some 
of these compounds, notably the combination of the 
sulphono with barium sulphate, as on account of its 
extreme insolubility all attempts to combine it with 
other compounds have hitherto been unsuccessful. But 
by following this indirect method, however, an additive 
compound with barium sulphate has been obtained. The 
sodium compoujid could not be isolated in a pure 
condition by a method analogous to that for the 
preparation of the potassium compound, a special proce- 
dure was therefore adopted. 

In all these compounds the proportion of the respec- 
tive metallic sulphate to the sulphone holds simple 
integral relationship. In the case of the barium com- 
pound alone the components are in the simple ratio of 
1:1; whereas they are in the ratio of 2 : 3 in the manga- 
nese, eopper, cobalt and nickel compounds. The ratio is 
as 1 : 5 in the potassium, calcium, strontium, silver and 
lead double compounds. The sodium compound alone 
gives a ratio of -1 : 1 between sodium sulphate and the 
sulphone. 


Experimental. 

The Oxidation of Triethylene Telrasnlphide mth Acid 
Voiasaium Permang<imte—T\\Q tetrasulphide was treated 
with a mixture of a concontratod solution of potassium 
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permanganate and dilute sulphuriu acid in small quan> 
titles at a time and heated on the water- hath. This 
process was continued till there remained a distinct excess 
of the permanganate. The oxidation was complete in 
the course of about 4 to 0 hours. The excess of perman- 
ganate was removed by passing a current of sulphur 
dioxide through the mixture. The solution became liot, 
leaving a residue of the unacted totrasulphide, the latter 
was filtered off and the filtrate concentrated on the water- 
bath to nearly half its volume. On cooling, a colourless 
compound crystallised out. This was filtered, washed 
with cold water, and dried. (Found; Mn = 7’fi8; 
S=28-8S. 11[(C.,U4),S.A]. MnSO„ filhO requires 

Mn=7-15; 8=29-13 percent.). 

Calcium Compound . — The mangaiu-se compound was 
dissolved in boiling water and a coneeutmted solution 
of calcium chloride added to it. A white crystalline 

i 

calcium compound was at once pr<*cipitated, which was 
filtered and dried. (Found: Ca=7-9'.); 0 = 10-81. 

l.J [((VHt);jS,Oj,], CaSO, riHiuires (’a=7-l’’: C = 10-0t 
per cent.). 

St'onliim Compound . — This compound was prepan-d 
by a proce.ss similar to that used for the prejiaration of 
the calcium compound. (Found: Sr=li)-(iS; C=l'l-b(). 

S A], Sr ■'0, requires Si-=lt-:iS; C = ll--80 

per cent.). 

Barium Compound. --Tliis compound was also prepared 
like the calcium compound. (Found; Ha=23-2l!; 
8=26-2.5. [(C,ff,):,SA], 11 hSO„ JLO requires 

]3a = 23-18; 8=27-07 per coul.). 

Lead Compound . — Tjcad chloride was dissolved in hot 
water and added to a solution of the manganese com- 
pound ill boiling water. The precipitate was filtered, 
washed with hot water and dried. (Found; rb=28-3.5. 
l-][(C.jir,),.j8,0^], 1*1)80, requires l*b-=i8-H per cent.). 
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Sihef CompomuJ.- On adding a very concentrated 
solution of silver nitrate to a boiling solution of the 
manganese compound a white precipitate was at once 
thrown down. (Found: Ag=29’68. 1 J [(01,114), S^O,], 

AgaSO^ requires Ag=29-31 per cent.). 

Copper, Cobalt and Nickel Compounds,- -ThefiG pro- 
. ducts were obtained by adding a concentrated solution of 
the respective chlorides to a concentrated solution of 
the manganese double compound in hot water. The 
mixture on concentration and cooling gave crystals w'hich 
were filtered, washed with a little cold water and dried. 
These compounds are fairly soluble in hot water. The 
copper compound is slightly bluish in colour. (Found ; 
Cu=9-00; 8=29-55. li[(aH4),SA], CnS04, tH,0 

requires Cu=8-60; 8=30-23 per cent.). The nickel 
compound is slightly greenish in colour. (Found : 
Ni = 8-55; 8=30 03. l.i[(CIT,>,SA], NiSO^ 411,0 

requires Ni=--7-97 ; 8=30-40 per cent.). The cobalt 

compound has a slight pink tint. (Found : Co=8-23 ; 
8=29-28. l.i[(C.ilI,)3S,0«], Co SO,, J«H.,0 requires 

Co=8‘00; S = 30'39 per cent.). 

The retention of the characteristic colours of the 
different metallic double conxpounds proves that the 
copper, nickel or cobalt atom doevs not form a component 
part of a complex. 

Pofassiinn C'jmpouud. — This compound was obtained 
as before by adding a concentrated solution of potassium 
chloride. There was no precipitate while the solution 
was hot, but on cooling a crystalline compound separated 
out. (Found: K=12-79.* 1{[(C3H4)3 8,0,], KjSO, 

requites K=13 02 per cent.). 

The Sodium Compound, — An aqueous solution of 
sodium carbonate wa.s gradually added to a solution of 
of the manganese compound till manganous carbonate 
was completely precipitated. This was filtered off and the 
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filtrate concentrated to a small bulk. On adding alcohol 
to this concentrated solution a syrup was obtained, which 
crystallised on keeping in a vacuum desiccator. The 
crystals were dissolved in water and reprecipitated with 
alcohol. (Found: Na = 18-26 ; S =25 -87. i[(C,H,)sSA;'. 
NasjSO^, IljO requires Na=18‘ 77 ; 8=26-12 per cent.). 

ClIKMICAL LaBORATOJIV, 

University College op Science, 

Calcutta 


( Tieceiml Sopt. 30, '24.] 



On Coagulation of Hydrosols by mixture 
of Electrolytes and Ionic Antagonism. 

BT 

Jnanenuua Nath Mukhbbjbb 

AND 

Bhupendha Nath Ghosh. 

In a recent paper Breundlich and Scholz (Kolloid. 
Ghem. Beihefte, 16 , 267, 1922) have shown that the 
precipitatin" coneentration of barium chloride is materially 
increased if the electrolyte contains in addition lithium 
chloride in concentrations which are not in themselves 
sufficient to cause coagulation. 'I’liis effect has been 
observed with hydrosols of arsenioussulphide and of 
sulphur prepared by Oden’s method whereas for hydrosols 
of gold and of sulphur prepiired by Weimarn’s method 
the precipitating concentrations remain practically 
unaffected by such additions. It seems, as it were, the 
coagulating power of these cations dt'crease in the presence 
of a second cation. 'L’bey found that this antagonism is 
veiy pronounced between univalent and divalent cations. 

The greatest antagonism was observed between lithium 
and magnesium, further the effect was absent with gold^ 
sol which is not hydrated and tlu^y suggested that the 
effect is due to Itydration of these ions and ol the 
colloid. 

Apart from considerations of hydration tliere are other 
possible factors which might account for the so-called 
antagonistic action of ions. It is usually assumed 
(though it rests on rather slender evidence cp. Mukherjee, 
Thesis of Doctorate of Science, University of London, 1921), 
that the concentrations of different electrolytes which 
14 
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brings in the same rate of coagulation corresponds to a 
state of the colloid where the particles have the same 
density of electrical charge. If that view he correct the 
observed results might be ascribed to the following 
causes : — 

(1) Difference in the adsorption of the anions and 
cations present. This is the point of view taken up by 
Weiser and his collaborators (J. Phys. Chem., 25 , 666, 
1921), who consider that in the case of colloidal solutions 
of arsenious sulphide both the cations and anions are very 
largely adsorbed. Now in the mixture the anion concen- 
tration is higher than in the case of the electrolytes with 
a divalent cation, and there will be a greater adsorption 
of the anion. The negative charge on the particles is 
therefore greater. More cations must therefore be 
adsorbed to bring down the density of the electrical 
charge to the value which corresponds to the limiting 
concentrations. Weiser concludes that the higher 
coagulating concentration is an index of the greater 
amount of anion that has been adsorbed. 

(2) Freundlioh (Z. Phys. Chem., 86 , d-oS, 191 1) has 
pointed out that the adsorhahility of one cation may be 
influenced by the other that is the presence of the 
univalent cation in comparatively higher concentrations 
might interfere with the adsorption of the hivalejit cation 
and diminish its coagulating pow(u‘. 

It would seem that a study of the effect of various 
anions on coagulation by mixed electrolytes with 
simultaneous determination of the electrical charge will 
be most useful. The electrical data are essential for a 
proper understanding of the nature of the effect we are 
studying. It is to he regretted that there is very little 
useful data on this subject. In this laboratory a systema- 
tic study of the electrical charge is being carried out. 

The present paper deals with the effect of various 
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anions on coagulation of arsenious sulphide hydrosol hy 
mixed electrolytes.* 

Experimental. 

During the last few years, a number of papers has been 
published showing that arsenious sulphide sol has different 
chemical composition, depending on the methods of 
preparation. 

In our work, we have always adhered to the same 
method of preparation. I’he following method has been 
adopted for determining oqui-coagulating concentrations. 
Light from a single filament lamp is allowed to pass 
through a layer of definite thickness of the coagulating 
colloid and the time noted when the sharp outline of the 
filament disappears. The intensity of the light is kept 
constant by passing a definite current through the fila- 
ment. Electrolytes are considered to have equi-coagula- 
ting coneentrations when the time required for reaching 
the same stage of coalescence is the sajne in each 
case. For each pair of electrolytes used the mixtures 
as well as tlie individual electrolytes are exactly 
equi-coagulating. During an experiment the colloid is 
tested from time to time hy deh^rinining the coagulating 
concentration of a particular electrolyte. 

Table I. 


% Concontratiol 
of Sodium 
Benzoate. 

Coiu't'nt ra- 
tion of iJarl- 
nm Chloride. 

S'lin. 

" 

% C»)ncon(ra- 
ti«)n of Cak'i 
inn Hroniide. 

Sum. 

% Concentration 
of Culoinm 
Oonzonte 

Sum 

0 

100 

100 

1(H) 

100 



100 

100 

20 

134 

! 1 

159 

179 

„r, 

195 

33 

13H 

i 171 1 

1 179 i 

212 

190 

223 

50 

180 

: 18'» j 

i 170 i 

1 

220 

180 

230 

60 

1(0 

1 ! 

; i 

Ml 1 

207 

146 

212 


* Since this work wun tinished Weisor has i uhlishod another paper on adsorption 
by precipitates (J. Phys. Cheni., 2S, 237, 1924). 
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! 1 

% Concentration ’ % Concentration 

of of 

Sodium benzoate.: Magnesium chloride. 

Sum. 

% Concentration 
of 

Barium benzoate. 

Sum. 

0 

100 1 

100 I 

100 

100 

20 

182 1 

i 202 

150 

170 

33 

203 

236 



60 

105 

; 245 j 

150 

200 

68 

156 

221 

, 

120 

186 


Ooagulatinfi; conoenirntion of Sodium ben/.oate moan— 0* 17 =» 100 

„ „ „ Barium chlorido— 0*0015 N = 100 

„ „ Calfinm bromide— 0*0017 N== 100 

„ „ Caloiiim bonzoale— 0*0018 N=* 100 

„ „ „ Mngncsium chlorido— 0*002 N=100 

„ ,, „ Barium benzoate— 0 0014 N- 100 


Table II. 


% Concentration 
of 

Sodium benzoate. 

% Concentration 
of 

Potassium chloride. 


% Col icon tuition 
of 

Lithium cldoride. 

Sum. 

0 

100 j 

100 

100 

100 

20 

121 ! 

i 

141 

181 

201 

33 

lu : 

U7 

169 

202 

50 

86 

136 i 

186 

186 

66 i 

62 ! 

128 

98 

164 


Coagulating concentration of flodium benzoate— 0*10 N=b100 
„ ,, „ PotasBinm chloride— 0*06 N = 100 

n „ „ Lithium ciiloridr -0*08 N = 100 

* The Rum of cations given in the tables in the sum of the percentage 
concentration of each cation taking tlie coagulating concentration of each separately 
to be hundred. 

The actual values for different pairs varied respectively from 0*166 N to 0*174 N. 
The difference in the coagulating concentrations of barium chloride and barium 
benzoate may be dno to experimental errors. But nothing dehnito can be said until 
they are more carefully examined. The barinm benzoate was prepared from baryta 
and benzoic acid. 
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Percoi'l age conceii- 
tratif) 1 of sodium 

1 enzoate. 

Percentage concon- 
tratioii of sodium 
chloride. 

Sum. 

0 

100 j 

100 

20 

141 

161 

33 

125 

158 

50 

1 


66 

98 • 

164 


Ooagulaling conceuti'atioii of sodium benzoate— O’ 18 X=>I0() 
„ „ sodium chloride— 0’38 N =1(X) 

Table III. 


% Concentrarioii 
of Sodium 
chloride. 

1 % Coriccnti-iitioi; 
of barium 
chloride. 

Sum. 

CVS. 1 %Confioii. 

.% tonee.. ra.. „f 

,t.«uolcalci-;! 5 nm. 

nm hr,. nude.’ ! ^hL’ido. J 

Sum 

0 

100 ' 

loo 

j 

’ 100 100 i 

1 1 

100 

100 

20 1 

1 134 i 

154 

1 1.38 ' 158 

1.35 

155 

33 ; 

1 


i 

j 

135 

168 

50 

1 

115 ! 

165 

; 120 l7r. 

125 

1 

m \ 

80 1 

146 

! !4 1«0 

1(H 

! 170 


Coagulating concentration of sodium chloride (mean) — O’OVo N* — 100 
„ „ . Barium chloride— O'OOloS N = 100 

Cnlciuiii bromide — U*0017 N = l<30 
„ „ Magiiesium chloride — 0*lX)2 N— 100 


Table IV. 


% Goiicontra- j 
tioii of sodi- 
um acetate. 

1 5!o0oncontra- 
tion of Bari- 
um .acetate. 

' 1 

! % Concentra- 
] Sum. j tion of Bari- 
j : um chloride. 

! 

Sum. ; 

! 

% Concentration 
of MagiiCiSium 
chloride. 

Sum. 

1 

0 

1 

100 

: 100 

i 

100 

100 


100 

! 

100 

20 


104 

. 184 

1.56 

176 


210 


26b 

33 

1 

i 

176 

209 

158 

191 


23.3 


266 

.50 


170 

I S20 ' 

138 

188 

i 

229 


279 ■ 

66 


130 

! 106 

125 

191 

i 

175 


241 


* The actual values varied from 0-073 N to O-O'^S N for different pairs. 
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Coagulating concentration of Bodium acetate (nipsm)— 0*19 N* = 100 
„ „ Barium chloride — 0*(X)15 N=sl0() 

„ „ „ Barium acetate (approx.)*— ()• 0014 N== 100 

„ „ Magnesium chloride— 0-CX)l 9 N = 100 


Percentage concentra- Percentage concontra- j j Percentage concentra*| 

tion of sodium tiou of calcium Sum. j tion of sodium | Sum. 

acetate. bromide. ! ! chloride. : 


0 

i 1 

I 100 1 

100 

KX) 

100 

20 

191 

211 

178 

198 

33 

208 

241 

15.5 

188 

50 

20'4 

254 

121 

171 

66 

! 174 

240 

85 

151 


Coagulating concentra! ion of sodium .acetate - 0*18 N = 100 

„ „ „ Calcium bromide —0*0016 X— lOi) 

„ „ „ Sodium chloride— 0*07 N==100 


Table V. 


Percentage con- 
centration of 
Potassium 
Trichlor- 
acetatc. 

Percentage con- 
centration of 
Barium Tri- 
chlor-acctate. 

Sum. 

Percent a go eon- 
j i» nlr:i(ion of 

1 Trielilor*ac(!- 
1 tic acid. 

1 Percentage con- 
i' cent ration of 
Ihiiium Tri- 
chlro-acctate. 

^ Sum. 

1 

0 1 

1 1 

1 100 

KX) 

0 

i 

100 

20 

123 

143 

20 

j ^08 

128 

50 

100 

150 

.33 

1 104 

137 

06 

. 

85 

151 . 

66 

1 

65 

131 


Coagulating concentration of Trichlor-acclic acid— 0*1>4N = 100 
„ „ „ Barium Trichlor ac(‘tnle—0*()0156N = 100 

„ „ „ Potassium Triclilor-accintc- 0*09N= lOO 


Percentage con- 
centration of 
Barium ben- 
zoato. 

Percentage con- 


Perce ntago con- 

Pereeiitago con- 


centration Bari- 

Sum. 

centration of 

centration of 

Sum. 

urn chlorido. | 


K.Fc(CN),. 

KCl. 


0 

1 

100 

1 

100 

1 ' 
i 

100 

JOO 

20 

78 

98 

! 20 i 

105 

125 

33 

64 

97 

33 

93 

126 

60 

! 49 

99 

50 ■ 

81 

131 

60 

33 

99 

66 ! 

53 

no 


* The actual values varied from 0’187 N to 0.105 N for different pairs. 
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Coaf;ttlaling concpntratioD of Barium bCrzoate — 0-0014 N=-100 
„ „ „ Barium cliloridn — 0-0015 N= 100 

„ K, P. (0N)„ —0-2 V = 100 

„ „ KOI — 0-07 100 


Percentn^e eongultiting 

Hereon t:igo coagulating 

concentration of 

conccMitration of 

LiCl. 

Mr Cl,* 

0 

100 

26 

200 

TjO 

220 

73 

233 


Discussion. 

In their experiments neither Freundlich nor Weiser 
lias used electrolytes other than chlorides. The question 
how far the adsorption of anions is responsible for the 
increase in the coagulating concentrations of the divalent 
cations remains open. They have used mixtures of elec- 
trolytes containing two cations. It has been shmvn by 
Weiser (J. Phys. Chem., 2S, 1924<, 21-1) that there is a 
displacement of adsorption of one cation by the other. 
It is therefore not clear whether the observed effect is to be 
attributed at least in part to the adsorption of anions or to 
some factor other than the adsorption of anions. If however 
the mixture of electrolyte contain only one cation and an 
increased concentration of the cation is necessary for 
the mixture wo must conclude that anion adsorption is 
responsible for the effect. We have such an instance in 
the effect of sodium beuzoato and sodium acetate on the 
coagulating concentration of sodium chloride. Displace- 
ment of adsorption of one cation by another is impossible 
since we have got only one cation. 

It will be noted that sodiumaeetate increases the 
coagulating concentration of sodium chloride almost to 

* Thodata for the pair LiOl nnd MpfCU arc *akoii from Kreiimllich's Kapillarchemie, 
p. 634 (1922), and added for compariaon only. 
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the same extent as it does in the case of barium chloride. 
Similarly sodium benzoate has almost equal effects on 
sodium chloride and barium chloride. So we conclude 
that even in cases where the displacement of adsorption 
of one cation by another is not possible the effect of the 
anion is as pronounced as in the case where displacement 
of adsorption may occur in addition. 

Table VI. 


Percentage 
(concentration of 
Lithium 
Chloride. 

Percentage * 
concentration of 
Barium 
Chloride. 

Percentage 
conccniratioti of 
{ Sodium Acctnlo. 

Percentage | 
conceniiation 1 
of Barium , 
Chloride, j 

Percentage 
concentration 
of Sodium 
Chloride. 

1 

« 1 

100 

0 

100 

100 

25 ; 

133 

20 

150 1 

1 

178 

50 1 

110 

33 

15S j 

155 

73 

no 

50 

13S i 

121 



00 

125 

1 

85 


It is therefore difficult to say whether the effects of 
sodium acetate on Barium chloride is due to the displace- 
ment of the adsorption of Bii ion or simply due to the 
adsorption of the anion. In a previous paper (Mukherjee 
and Ohaudhuri, J. Chem. Soc., 1921, Vol. 126, p. 795) 
reasons have been given which indicate that acetate and 
benzoate ions are more strongly jidsorbed than Cl' ion. 
This observation is in agreement with the observed in- 
fluence of sodiumacetate and sodium benzoate on NaCl. 
The anion adsorption in these cases is therefore clearly 
established. 

Regarding the effect of LiCl on BaCl 2 Weiser has 
attributed it to the displacement of Bii ion by Li ion as 
he has actually observed that the precipitate carries with it 

* The result for the pair Li(M and BnOl, are taken from Frcundlich’s Kapillar- 
chemie, p. 634 (1922). 
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less Ba in the presence of LiCl than in its absence. It is 
however necessary to point out that this observation in 
itself does not justify Weiser’s conclusion. Apart from 
the dilBcultics of interpreting analytical data on adsorp- 
tion (cp. W. 0. Ostwald Koli-Z. 30 (1919), 279), Weiser’s 
observation only shows that a smaller number of barium 
ions are present in the “ double layer.” It does not follow 
that there is also a smaller number of barium ions fixed 
on the surface than in the other case. The distinction 
between the adsorbed ions which are free to move under 
an impressed electrical field and those which arc not free 
to move has been overlooked. The relative ratio of the 
two cations per unit surface in the fixed layer of ions 
which really determine the diminution in the electrical 
charge is not necessarily identical with that in the freely 
moving second sheet of the Helmholtz double layer. 
Analytical data cannot evidently give an idea of the distri- 
bution in either layer. It gives the idea of tho total 
effect due to both layers assuming that the adsorption of 
the solvent is negligible. Weiser’s interpretation Avill be 
true if coagulation takes place when the particles are 
practically neutral as in that case there will be no freely 
moving ions and all the cations are fixed on the surface. 
There in no justification for such an assumption. 

We W'ould now point out that in all these cases 
the assumption of a small adsorption of an anion Avill 
be sufficient to explain the observed effects * without re- 
course being had either to considerations of hydration or 
to displacement of adsorption. If Ave consider the experi- 
ments of Ellis, Powis andKruyt at Ioav concentrations of the 
electrolyte we find that there is in most cases a slight rise 
in the negative charge Avheii the electrolyte is KCl or 
LiCl. We see that in the case of a chloride with a cation 


* Of course we cauiiot say that this is actually the caao in tlu* ahsciice of rt'levfiit 
data on tho electrical charge. 
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of low coagulating power the increase in the charge may 
he more pronounced (cp. the curves given by Freundlich 
Kapillarchemic,* page 3ul, 2nd edition). In that case 
there ought to be a gradation in the effects of electrolytes 
having common anion and cations of same valency but 
different coagulating power. The coagulating power of 
lithium is the Aveakest among the alkali metal ions and that 
of magnesium among the divalent cations Ba, Sr, Oa, 
Mg, etc. Both Freundlich and Weiser liave observed 
that litliium and magnesium show the most pronounced 
effect. Our experiments also support this observation 
as Avill appear from the data given above. Where the 
anions are adsorbed to a marked extent the greater 
increase in the negative charge is reflected in a greater 
difference in the coagulating concentrations of different 
cations of the same valency. We notice that the influ- 
ence of sodium benzoate is in the order 
Mg> Ca> Hu, and Li> Na> K 

that is the reverse order of tlieir precipitating power. If 
we » 0 AV contrast the effect of mixing sodium chloride 
instead of sodium acetate or sodium benzoate we find that 
the individual variations between barium chloride, 
calcium bromide and magnesium chloride are scarcely 
perceptible. If the displacement of adsorption of these 
cations varied from one to another one Avould then have 
expected a greater difference between them. Magnesium 
in no way shows characteristic difference compared to 
barium or calcium. The anion adsorption in the case of 

* If similarly in tlic case of arseiiioiis siilpliido ihcri; is an increase in the charge 
at low concentration oft hese c]iloric|o.<( then it is nob necessary to assume cither 
hydration or the displacement of adsorption. In collaboration with Mr. S. Gr. Chan- 
dhuri mcasurcnicnts are being made on the variation in the rate of cataphoresis of 
Arsenious sulphide pnvticics witli the change in concentration of acids. So far IlCl 
and II o S04 have boon studied. The variation in cdiargo is very complicated .and 
depends probably on whether wo arc dealing with an orange or yellow sol. on the 
concentration of II. jS and probably on the reaction between H ion and the stabilising 
ion adsorbed on the siuTaco of the colloid. 
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the chlorides is less pronounced because we are dealing 
Avith a relatively less adsorbable anion and cations with 
fairly strong coagulating power. Our contention is that 
it is the initial rise in charge at Ioav electrolyte concen- 
tration which is to a large extent responsible for all these 
effects. It does not matter AA'lietlnn* the increase in 
charge is due to a strong adsorption of the anion or to a 
weak adsorption of the cation as in the case of sodium 
benzoate and lithium chloride respectively, lleeognising 
that on the addition of a small quantity of an electrolyte 
(say up to CC^ of its coagulating concentration) there is 
an increase in the charge, the protecting ciTect of such 
an increase Avill of course be more prominent if the 
coiigulating cation has a Aveaker precipitating poAver. 
That is Avhy Ave find so great an effect of lithium chloride 
on magnesium chloride or of sodium benzoate or sodium 
acetate on magnesium chloride. 'I'he effect of sodium 
acetate on calcium bromide is not in any way less pro- 
nounced than that of lithium chloride on magnesium 
chloride and the effect of sodium benzoate on lithium 
chloride is fairly comparable to that of lithium chloride 
on magnesium chloride, 

Similarfy potassium trichloracetate hiis a greater effect 
than the acid on the coagulating concentration of the 
barium salt in keeping Avith the lower coagulating power 
of the potassium ion compared to that of the hydrogen 
ion. The pair barium benzoate and barium chloride shoAV 
a marked contrast to sodium benzoate and sodium 
chloride. The total barium ion concentration remains 
fairly constant. M'^hereas in the case of sodium acetate 
and sodium chloride the total sodium ion concentration 
becomes more than double the coagulating concentration 
of sodium ions Avhon only sodium chloride is used. The 
difference is probably due to the low anion concentration 
of the barium salts and the greater coagulating power of 
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the bcirium ion. There ought to he from our point of 
view no increase of charge at low concentration of hariufti 
salts. The curves of Ellis and I’owis show this pecu- 
liarity. Potassium fcrrocyanide and potassium chloride 
on the other hand show a weaker effect than sodium 
acetate and sodium chloride. This is prohahly due to the* 
greater coagulating power of potassium ion on the one 
hand and the weaker adsorption of Pc(CN)g ion on the 
other hand in spite of its higher valency as shewn in a 
previous paper. 

We would again repeat that in order to clearly under- 
stand the nature of these effects the corresponding 
measurements of the charge is absolutely necessaiy and 
discussion on the displacement of adsorption might be })ro- 
fitably postponed till we have obtained the necessary data. 

Lastly we would make a few ol)servations on ionic 
antagonism as observed in nature. It is rather rash to 
draw conclusions from a few experiments on coagulation 
in the laboratory and to conclude from the similarity of 
effects that there is a similarity in the cause. At the 
same time we might suggest that at least one of the main 
causes which is responsible for ionic antagonism as 
observed by Lillie, Osterhout, Loeb and Clowes (J. Phys. 
Ohem., 20, 1916) is the effect of the ions on the electrical 
charge of the dispersed system. The similarity in the 
effects is probably to be attributed to this common factor. 
Clowes states “ whatever the ultimate theoretical inter- 
pretation may be the close correspondence between data 
accumulated in such widely diversified fields affords 
substantial evidence of the existence of some heretofore 
unappreciated fundamental physical principle’' and this 
fundamental physical factor might be thejaleofapioaLc^rge. 

{Received, Nov. 10, 1924.] 
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ON THE NUCLEAR STRUCTURE OE THE 
AMOEBA OE LIVER ABSCESS. 

By 

(t. C. CuATTEllJEE, 

Ilonorart/ Lcctvref mi Proiozoulogij ^ Cahviia IJmverRiiy. 

Recently there has been a ^ood deal of controversy rop;ardinp^ 
the distinction between Amoeba hiahdyiim and Amoeba coli being 
based on the nuinbcr of niieleii in the cystic stage. Several observers, 
such as S\VFiLLKN(4REBEL aiul KuBNEN, have observed eight nuclei 
in the cysts of A, hintohitica. This has been explained by some as 
an abnormality and not the rule, the four-nucleated cyst being 
characteristic of A, hidolyttcn. Knowles and (?ole have, as a result 
of examination of a large number of stools of dysentery cases, 
expressed their opinion in definite terms, namely, that eight-nuclei 
cysts are more often found in the true Amoeba histolytica^ so that they 
have raised doubts regarding the distinction between these tw^o 
species of Amoeba. Brug has critically reviewed their paper and 
has expressed the view that the writers have fallen into error or) 
account of the dysentery cases stools which they examined being 
not eases of amoebic, but bacillary dysentery, the amoeba found in 
fthe stools being A. coli and not A. histolytica. This accounts for 
their getting eight-nucleated insteatl of four-mudeated cysts ; 
therefore the distinction between the cysts of A, histolytica and A, 
coli holds good, although in some exceptional cases A, histolytica 
may show eight nuolei. He calls in qiiestiori the propriety of the 
complicated staining methods followed by the above observers, which led 
them into error. Reciently the writer had an ojiport unity of studying 
the structure of the amoeba frmii an unopened liver abscess, in which 
the amoebae, besides present in exceptionally large numbers, showetl 
some peculiarities not hitherto observed and which I think are worth 
recording. The observers who have studitMl amoebae foinul in liver 
abscesses are all agreed in that they have found always only one 
form of amoeba— noncystic, undivided, amoeboid forms. In this 
connection, it is not necessary to refer to the observations of Martin 
and Liston, as they have been dealing with Amoeba Lirnax, and 
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not Amoeba histolytica, wliich species they thought they had cultivated 
from liv(?v absctiss pus. Noo had asserted that he never found cysts 
in liver abscess j)us. 

'riie writer obtained th«^ material for his observations by scraping 
the wall of an iinoperu'd liver abscess, a few hours after the death of 
the patient, TIk; abscess was a single one; stainin*^ for micro- 
orq^anisms showed no bacilli. Moist cover ^lass preparation showed 
innumerable, actively motile amoebae, iu most of which red cells 
(‘ould be deieett'd. (Hear diifeivutiatinn between ectosarc and 
endosarc could be made out. The stained preparation were made in 
the following way. A thin smear on a slide while moist was 
immersed in saturated alcoholic picric acid solution to which a few 
Jro])s of arctic acid had been added. Aftm* wasliinj^ tlie slide in 
rectified spirit, it was placed in iron alum solution (rectified spirit 
10 parts, ! j»;ir.s of 10 p.c. iron ahirn solution). After an hour the 
slid(^ was washed in rectified s[nrit and then immersed in haematin 
solution (absolute alcohol 20 c.c., 5 wi-am oF haematin) For 2 hours, 
then differential(»d by immersing in iron alum, dehydrated and 
mounted. 

On examininic with oil immersion the writer found the amoebae 
with their (jharactoristie nuclear rintr standiufj out clearly. As each 
field showed nearly two to three amoebae, it was |)ogsible to study 
their stru(;turc with ease. The writer carefully examined live 
liumlre!! amui'bac ami made sketches. The followiiij' is a r&uine of 
his observations. The amo(‘bat‘ studied can be divided into two 
classes — one undivided forms and the other dividinji^ forms. The 
relation between the 1st and 2 iid forms is about nine to one. The 
undivided forms showed the structure of an ordinary Amoeba histolytica 
with a iliin cell wall and an excentric nucleus, the latter showing 
the eharacti'ristic structure of the nucleus of //. huhl^^Hca, a thin 
riufjshapod mieloar wall, circular or oval in shape, with a small 
caryo.somc in the middle. Thin strands of chromatic substance 
wore seen between the earvosome and the nuclear wall ; the nuclear 
wall showed irre‘jfuliir eondcn.sation or ihiekeninii;. 

The (liviilint' forms do not differ from the above ones in size 
and i^ciieral appciraiice. They arc, amoeboid. They do not show 
any thiekeiiinj' or double coiitouringf of the cell wall, so that they 
can by no means i(y|u'e&ent the cystic stajije. The nucleus shows 
division into two. The writer has scrutinised hundreds of specimens 
and examined them by all possible methods. He never found four 
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nuclei. The two nuclei lie in juxtaposition, often at different levels. 
In some of the specimens a few thin chromatic blocks were seen, 
but these are quite unlike the thick black chromatic blocks seen in 
cysts of J, Aistol^tica, 

The above observations suggest that the amoeba of liver abscess 
divides by binary division and no cystic stage intervenes. 


Zoological Laboratohy, 
University College of Science. 
Baliganj, ike 28lh Augmt, 1924. 


Pig. I shows the amoeba .stained by the iron licamatin stain and 
drawn with 1/12 apochroraalie objective and No., 6 eyepiece. 
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NOTEONTYPIILOPONK EULVA, VAll LAIUATA, 
EMERY, SYN. DOllYLUS LABIATUS, shuck. 


By 

Di'kciadas Mukkrjkk, M.Se., 
fjechtrct' in Zoohnjif^ UniiHirsili/ Colleyn of Science, 

The genus Dorylus included in the goniis Vespa by Linne in 
1764*, was founded by Fabrioius in on male spi*oiniens only. 

In 1.840 Westwood first figured neuters of Tvphlopone fiilva, the 
mandibles being depicted as sickle-shaped and serrated on the 
inner edge and without any prominent teeth. But he gave neither 
the generic nor the specific description of what he called Tifphlopone 
fnlva, 

Schuckard in his monograph of Dorylidae (1810), gave a descrip- 
tion of the workers of Tyi)hlopone, but was not aware ol: the precise 
relationship bet ween the male Dorylus already described and this 
worker. In 1858 the generic character of the worker of Typhloponc 
was described by Smith, but its position was still not clear. In 
1887 .Emery showed, in the case of a limited number of species, 
that the wasplike winged male, huge apterous female and the small 
blind workers, which had i)een considered as distinct species, 
represented the different piuises of one and the same species. 

In the Fauna of British India ( I OOil) a description of the male 
and the workers of Dorylus lahiatus and Dorylus orientalis represented 
in India and of the male, female and the workers of Dorylus laevigatus 
found in Burma and in Borneo and .lava are given by Bingham, the 
female of Dorylus lahiatus and Dorylus orientalis still remaining 
unknown. 

In 1910, in the (lenera Tnsectorum, Emery divided the genus 
Dorylus into the following six suhgenera, (1) Didhadia (lerstacker, 
(ji) Dorf/lna aensn dnei^ Fabricius, (.‘J) Anonnna Schuckard, (4) 
Typhlopom Westwood, (5) Wiocfnim^ Schuckard, (6) Alaopone. 
Emery, basing his classilication on the number of joints of l.hc antenna, 
the form of the pygidial area, tin? number and character of teeth on the 
mandibles. According to this classification Dorylus lahiatus becomes 
a synonym of Typhlopone fulva, variety labiata. 
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Bingham, in the Fauna of British India in describing tlie workers 
of [)oryhis{labiatus makes no mention of the pygidial area and fails 
to note the difference between the major and minor worker, as regards 
the terminal portion of the gaster. It may be pointed out that the 
gaster in the major worker is pale yellow and elongate, being two 
and half times longer than broad ; further, the terminal portion of 
the fifth segment is shallowly excavated and armed laterally with 
stout spines (teeth), the middle part of the venter ending in a single 
tooth, as shown in tin? figure. In the case of the minor worker 
the gaster is ovate, one and half times longer than wide, the terminal 
portion is rounded "and shows no excavition nor bears any teeth. 
Atoieovor the number of joints of each antenna in the specimens 
collected by me as well as in specimens identified by Wheeler as 
Typhlopone variety labiata and those labelled as Dorylns labiatus in 
l)ossession of the Indian Museum are identical in all respects ; there 
are eleven joints both in the major and minor workers instead 
of eleven joints and ten joints in major and minor workers respectively, 
as recorded by Bingham in the Fauna of British India. 

In both cases the antennae are geniculate and nearly as long as 
the head. The scape is smooth, less tlian half of the flagellum ; 
the flagellum is eovtjrod with pubescence and consists of ten sub- 
equal joints, all the joints except-the first and the last being wider 
than long and the terminal joint being sub-elavate. 

There is not much differeuce as regards the mandible between 
the major and minor workers. 

The length ol’Jthe major an<l the minor worker is given in the 
Fauna of British India as r» S mni. and i’o-t trim, respectively, 
but in my eolleeiion'* the length varies from 10*5 mm. to t mni,, 
there being no sharp lino of (huiiarcatimi ; the minor worker is only 
fMunparatively smaller iit siz«* and paler in colour. 

Dorylus labiatus is fairly <listributed over the whole continent 
of India. But nothing is known about its ethology. Woodmasou 
oma! reported tlio workers from Calcutta, and Roihiiey found a 
nest under a large stone at the bottom of a tank near Barrackpore. 
But no further details are givtni by them. Males are quite common 
in Calcutta and several of them were caught by me at night 
durifig th«j cold season. The workers are very scarce, probably 
due t ) their subterranean habit, and it is interesting from the point 
of view of local distribution to note that only once during the last 
rainy season I came early in the morning across a group of nearly 
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fifty blind workers helplessly crowded together in the shady corner 
of a damp and ill-lighted room of my Calcutta house. The place 
was situated near the mouth of a gutter which opened toward the 
outside of the room on to the pavement of the yard. As there 
was no soft ground within a racHus of fifty yards of the place 
to cover their march, it was likely that the ants had come out 
from the wall beneath the gutter itself. Phediole ants were seen 
marching out in files on the other side of the wall away from 
the gutter, probably because their nest was occupied by the 
drivers ” or because they had been frightened somehow or other. 
The workers when handled in the live condition emitted a bad 
smell. 

Before concluding I like to take this opportunity of conveying 
my thanks to the officers of the Zoological Survey of the Indian 
Museum for their kind permission to use the Museum and the 
library and to Dr. P. Briilil for going over my manuscript. 
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EXPLANATION OF FIGURES. 
Plate I. 

1 . (raster of the major worker X 1 

2. Gaster of the minor worker xl5. 
IL Mandible of the minor worker X 40. 

4. Mandible of the major worker X 40. 

5. Antenna of the minor worker X 40. 

6. Antenna of the major worker X 40. 
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ROAD SLIMES OE CALCUTTA 


By 

K. W Biswas, M.A., 

(lovenimeitl Research Scholar. 

Probably many of tho people living in llu* l^lains of India have 
made the accjuainianee with road slimos, tho ex])erien(‘e not having 
been exactly of an agreeabh* naliire. It is therefore a matter of 
some interest to discover the CMilprits which often arc the cause of 
people slipping or falling when passing along roads or pathways 
during the rainy season or being practically prevented from proeeeiling 
when trying to cross a grass plot after a shower of rain. 

The organisms which are the cause of the formation of those 
slimy masses ludong to the Myxophyceae or blue-green algae. The 
colour of the road slimes, however, are far from being usually 
bluish-green ; their colour being more commonly brown, blackish-grcen, 
olive-green, dirty-green, bluish-green, pale-green or yellow-green or 
colourless. Similarly, their siiapc, size, mode of growth, their degree 
of toughness, tenacity, and gelatinousness varies within wide limits, 
according to the condition in which they live. Thus they may be 
spherical, ellijitical, oblong, tuberous, they may form layer after layer, 
or cushion-like aggregations or thini.er or thicker membranes, or 
irregular or amorplu)us mucous masses and so on. As to their 
consistency, lliey may be hard and tough like leather or they may be 
soft and yielding like a mass uf gelatine; some may be transparent, 
others may bo more or less o|)a(pie. 

As is well-known, llu- Myxophyceae concerned in the formation of 
road slimes possess great resisting powers, enabling them to tide over 
periods of ilrought accom|)anied by low or high temperatures. As 
may be expected, their growth is most vigorous during the rainy 
season, that is to say, in Calcutta from the middle of June to tin* 
end of September, though XorVesters in April or May and belate<l 
monsoon showers in October will alsd' cause their appciirauee. 

With the beginning of the dry seasons they shrivel up, the rnueoiis 
envelope loosing most of its absorbed water j but the algal cells or 
lilaments being encased in the hardened mucus manage to escape witli 
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their life, or at least a good number of them, although the dried-up 
road slimes, which here and there can yet be spotted as brownish or 
blackish patches or may remain entangled among the haulms of 
grasses, are trampled upon, scraped off, mixed with dust or otherwise 
maltreated. Here and there the road slimes, such as those containing 
Microcolem palnilonm or Nostoc Cowmn?m, in drying, often form thin 
sheets, which gradually are ground down by people stepping on them, 
and after being reduced to powder they are distributed either by the 
wind or as part of road sweepings and in other such ways. 

An interesting observation was made by the writer in the course 
of last year. For a certain other purpose a large earthenware vessel 
full of garden earth was kept on the terrace of the botanical laboratory 
during tlie month of May, the soil being occasionally watered. At 
the end of a few weeks some isolated filaments of Micfoco/eua 
palndomHy Lfaghfa aefiuj'nieo-corrnlea and Oscillaloria hninU made 
their appearance. Soon after, they formed a thin film of blue-green 
colour over the whole surface of the vessel intermixed with more or 
less spherical patches of grayish blue and i)ale brown mucus from 
1 mm to 10 mm in diameter which finally formed a thick membrane 
of slime here and there, where th(*re was a sunicieiit quantity of water. 
They were allowed to grow there np to the month of August, when 
the whole surface was jiartly covered up by a slimy mass of 
AphiDiocitpsa hnmeay and a thin felt, about *5 mrn to I '5 inm thick, 
of Microcolem paludoans and a few lilainents of Oitcillaloria iennu 
and Lj/ngbjja aerngineo-coenilea. In September they were allowed to 
dry up and in the first week of November there was Iiardly any trace 
of those plants e.xcept some brown or gray fiatches which eonld hardly 
be distinguished from the dry soil, and they did not show anything 
particular under the microscope. But after about half an inch of 
water had collected over tlie soil owing to a heavy shower of rain in 
the night of the IDth November, 11)23, the plants, after 12 hours, 
had developed into a slimy mass and wen* growing as luxuriantly 
as before. 

'Che regenerative power of the plants is so great that they do not 
take more than a Few seconds to recover and multiply. They can also 
withstand considerably higher temperatures. For instance, a quantity 
of slime was placed on a slide and exposed to a temperature of 40^0; 
the slime, which contained Aphanoe ipm hniuea, Oacillatoria amphibia^ 
Oiicillaforia tcnw^ and Phormdiam Icune, after drying showed under 
the microscope only faint outlines of Aphamcapm brunea in a brownish- 
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grey sheath. But as soon as a drop of water was allowed to penetrate 
under the cover glass, the cells began to assume a healthy appearance, 
and within 5 minutes all the cells of Aphanoenpsa bmnea began to 
divide as rapidlv as before ; the slimy envelope swelled up as before, 
absorbing the drop of water. The slime was further exposed to higher 
degrees of temperatures and at Oscillaloria amphibia became 

yellow, the cells of the filaments separated from one another and the 
plant had evidently died. O^tnllalona lenuia and AphaiiocapniL bninea 
also had met with the same fate. 

The sheaths of none of those plants showed the cellulose reaction 
with chloro-zinc-iodine, but the sheath of St*yt(nienKi mirabihs became 
beautifully blue when treated with ehloro-zinc-iodide for about 
15 minutes ; but the contents of the sheaths contracted and became 
brown. 

These slimes are insoluble in formalin alcohol, ether and carbon 
bisulphide 3 but they swell up, dissolve or become gelatinous when 
soaked in water. The best stains for Ihese slime-algae proved to be 
aniliu blue and hacmatoxylin. 

The plants that are found in these slimes are : 

1 . Ahhanocahsa ijrunea Naeg. 

This plant, as it occurs in the road slimes of Calcutta, is very 
variable. The colour of the slime is blackish brown, brown, greenish- 
brown, or grayish-green and rarely colourless anil transparent. The 
slime of this algae often contains Chroococnnn funjidns^ Chrnococcfis 
winntmy OmUatoria Iannis, occurring as scattered solitary filaments, 
Oscillaloria nmphihia, j)resenl in large numbers as bundles of 
filaments, fine threails of PhnrmuUnni fenue and a few species of 
Diatoms, 'fhe cells are spherical or slightly oblong, especially when 
on the point of dividing, i-iO 11 by l-fi F, the contents being granular, 
brownish-green or blue-green. This species is also described in 
Cornmentationes algologicae II, “ Indian Bark Algae,” p. 2. 

2. Aphanocafsa GKKvir.LRr (ffass.) Kabenhorst. 

Plant-mass dirty green, forming small protuberances on moist 
soil, gelatinous ; cells spherical, 3-4. /i in diameter; contents granular 
and blue-green. This spi*cies is also found in Ikuigal filter bexls. 
Sec Com. Algol. I, “The Algae of Be.igal filter beds,'’ p. 3. 

3. (tLoeocapsa (iiJATKii.>iATA (Hrcbissoii) Kuclzing. 

Plant-mass consisting of small tubercles on moist soil, diity-gieen ; 

cells spherical, in twos, fours, eights or more in each family ; sh(?aths 
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distinct, lamellae .‘3 or more in number, 6 fi in diameter without the 
sheath, 8 /a with the sheath, slieath 2 /a thick, contents granular and 
hliie-i^reen. Associated with this are found Chroococova turgidm 
and ///,///////<.? in lar;^e numbers. See also (IJom. Alj^ol., II, 

“ The Algae of Bengal filter beds,*^ p. i3. 

4. CifROOcoee.rs Tinufinus (Kuetzing) Naegeli. 

l^laiits not forming a stratum, associated with Gheitcopsa (jmlermUi 
and Ap/innocapsa hnuiea^ solitary or in twos, rarely in fours ; cells more 
or less angular, sheaths tianspirent, rather indistinct, contents 
granular, bluish-black. See Com. Algol. 1, “'Phi* Algae of Bengal 
filter beds,” p. :2, Com. Algol., II, ‘^Indian Bark Algae,” p. 1. 

5. CuROococcns minutils (Kuetzing) Naegeli. 

Plant-mass not forming a stratum, individuals solitary or 
in twos or fours, jiresent in large numbers with GJoeoctip.m quatfinfnta 
and in small numbers with AjAiamuutpm lii'niKUi, Plants 1}-15 ^ by 
()-15 /A, cells 8- 5 fi in diameter, angular by mutual pressure ; conttmts 
granular rather bluish-blaek ; sheaths hyalim*, rather indistinct. 
See (^m. Algol., II, “ Indian Bark Algae,” j). 1. 

6. OsciLLATouTA iMUXCKPs Vauchcr. 

Plant-mass forming bla(!k, thin membranes on muddy soil ; 
trichomes 1(1-18 /i in diinn*ter, straight, rigid, fragile, lying some- 
what parallel to one another, not eoH'.trieted at the joints, slightly 
tapering, more or less curved and truneato at the aptjx, somewhat 
ea|)itate, apical cell convex above ; caly|)tra none ; (rolls 4-f) times 
shorter than wide, about .‘1-0 /a in length, transverse* walls not granu- 
lated ; cell contents granular, blue-green. On the roads — Woodburn 
park ; Coll., 28-8-10:J:3. Di? Toni — Myxophyeese, p. 150, Minnesota 
Algae, pp. 5S, 0'2. 

7. OsciMATOKiA TKNiiis Agardli. 

Plant-mass forming a thin, rather blackish brown membrane ou 
roads and moist soil, the fila nents l)eiiig often found associated with 
otlie;; algae and almost always present in the slimes. They are either 
brown or blue-green or d(‘op v(.*rdigri.s-green. As regards its other 
characters they are similar to those described in ‘^'Plie Algae of Bengal 
filter beds,” p. (i. 

8. Oscillatokia A.Mi'iiiurA Agardb. 

The plant is found commonly as separatt* bnnehos of filaments 
lying parallel to one another, or as solitary filaments scatten,*d hero 
and t Here or rarely entangled in circinate fashion like Arfhroaptra 
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tmnn Briihl et Biswas, embedded in tlie slimes especially of 
Aphauocapsn bnnmt. Sometimes it forms a deep verdiy^ris^green 
pure stratum of its own on damp muddy soil or on "rassy plots, other 
characters beini^ the same as described in “ Com. Alirol., I, The Alsjae 
of Bengal filter beds,” p. 4, 

1). OsciliLATORiA c'AiAunTKNsis Biswas, .v;;. Dorn, 

Strato bruneo, nieinbranaeeo, lilamentis in faseicidos parallelos 
aggregatis \ triehomafibus oloiigafis, rectis, ad genicula hand 
constriciis, *2 /i. crassis, apiec breviter attemiatis, acutissime acumi- 
natis, liaud capitatis, sed uueinatis vel torluosis ; artieidis diametro 
trichomalis ■?-;) — j)lo lungioribns, C-10 p longis, dissepinientis utroque 
latere graiiulis tribus instnietis ; contentu aerugineo-eoeruleo, sparse 
granuloso. 

Plant-mass brownish, consisting of bundles of aggregated 
filaments arranged parallel to one another ; trichornes long, tenuous, 
showing vigorous oscillating movements, not eonstriided at the joints, 
2/1 in width, apex of friehome gradually tapering, ending eoeuminately 
in a sharp point, twisted, not capitate ; apical cell mucronate, 
calyptra none ; cells 13-5 times as long as broad, B-iO p long, transverse 
walls marked by 3 granules arranged in rows on either side ; cell 
contents sjiarsely granular, blue-green. 

Oacilhdorift acitminnht Goiiiont ditTcrs from this s|»ecies by the 
pliint-niass being blue-green in colour, trichornes o-o p in diameter, 
slightly ennslrifited at the joints; cells iVo-S /a in length, transverse 
walls not marked by tliree well delincd granules and tlio entire cell 
contents being tilled up with granules. 

10. OsClIiLATOIMA ANIMAMS Agaidll. 

Plant-mass forming a deep blue-gnHUi, rat her slimy coating on 
soil ; trichornes 3-1 fi in diameter, sliowing movements, short-ta])eriiig 
acute at the apex, not capitate, calyptra none ; cells 2-4 /a in length, 
siilxjnadrate, transverse walls here and there granulated ; cell contents 
granular, blue-green. 

Collected from the roads and moist soil, (^ileiitta, Angu.st, 10-22-23. 
De Toni, pp. 178-170, Minnesota Algae, pp. 70, (>0. 

11. OsciiJi.vTORLV QiiAORiPUXCTiiiiATA Biiihl et Biswas. 

bound on the road near the west-gate of the (Allege compound, 
Baligiinj, on the 25lli July, 1022, as a ver.ligris-green stratum ; other 
characters are similar to those d(*scribed in “ The Algae of Bengal 
filter beds,” p. o. 
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12. OsciLLATOlUA VciJi.A Briihl et Biswas. 

Observed as solitary filaments in the :il,<rae of the road slimes. 
For description, see “Com. AIl^oI., II, Indian Bark Alf^ae," p. 3. 

13. Phormidu'M tknue (Mene^hini) (fomont. 

Found abundantly in the slimes of Ap/ifUfocapsa brunea^ and 
Gloeocapm (lualeraaia. For description, “ see Com. Algol., T, The 
Algae of Bengal filter beds,” p. 8. 

14. IjYNfiHYA AEiirnKNEo-coMKnr.EA (Kuetzing) (lomont. 

Very commonly associated with the other algae ol* road slimes or 
forming a pure blue green membrane on grassy plots or damp soil. 
For description, see “Com. Algol., 11, Indian Bark Algae,” p. 10. 

15. Microcoi.kus paludosus (Kuetzing) Gomont. 

Plant<mass rnembranaceus, about 0*5- 1*5 mm. in thickness, 

blue-green or greenish-black when dry ; filaments simple, 
twisted, or forked, often associated with other algae ; sheaths 
moderately mucous, thickness variable, open at the apex or 
closed or rathm* pointed, hyaline, and not stained by chlorozinc- 
iodine; trichoincs 3-7 /a in diameter, not constricted at the joints, 
parallel, straight or twisted into cords, rather gradually tapering 
at the apex, end-cell subacute or acute, not capitate ; cells almost 
twice as long as bro id, 4-10 /a in length, partition walls not granu- 
lated ; cell contents granular, blue-green. — C^dlec'ed from the roads 
of Wood burn Park, 23. S. *23. ; growing profusely in an earthenware 
vessel on soil, Baligan j Laboratory — July-August-November, 19:23; 
Baliganj nursery on damp soil — September, 1922; on grassy lands 
in Bhowanipur — August, 19*22 and 1923. De Toni Myxopbyceae, 
p. 370. — Minnesota Algae, pp. 1.55, 158. 

Ifi. Nostoc commune Vaueher. 

Colony gelatinous, firm, at first spherical, afterwards becoming 
flattened, finally spreading out into undulating folded, fleshy or 
membranaiieous, mitire or ragged, often perforated sheets ; leathery, 
on the surface blue-greon or olive in colour; filaments flexuous, 
entangled; sheath bluish green near the surface of the mass, in 
the interior more or less distinct, often colourless ; triehornes 4-0 /a 
in diameter; cells depressed-spherical or barrel-shaped 4-6 /a in 
length ; heterocysts more or less spherical, 0-8 /a in diameter, intercalary, 
gonidia or spores oblong, distant from the heten)cysts, not in chains, 
8-12^ by 6-8 /X wall of gonidia smooth and hyaline; cell contents 
granular, bliic-grcen. 
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Collected from the roads of Woodburn Park, 23. 8. 23. De 
Toni, Myxoph}ceae, p. -lOI. Minnesota Algae, pp. 133, 171-173. 

17. Nostoc siMiAERicuM Vauchcr. 

Colonies at first spherical, varying for I nun. to 15 nun. in 
diameter, but finally irregularly lubereulate, lliiok, solid, deep brown 
in colour; filaments fie.\uous, densely entangled, embedded in a 
firm, thick brown sheath ; triehomes 4 ^ in width ; cells spherical 
or oblong or square, 4-6 /a, in length ; heterocysfs 6-8 /* by 4-6 
the spherical ones 4-8 ^ in diameter ; gonidia oval or <‘blong 6-8 /a by 
4-6 jijf, epispore of gonidia smooth ; cell-contents blue-green, finely 
gianular ; contents of gonidia gonidiutn coarsely granular blue 
green. 

Collected from the roads in Hhowanipore, ('aleutta, 21. 8. 1623. 
De Toni, Myxophyceae, p. 106; Minnesota Algae, pp. 16.3, 171-173. 

18. CvUNDROSeKKUIUM PkN( 3AI.EN.SK lllSWAS, .sy;. Mortf. 

Strato expanso, viridi-aoriigineo, rnernbranaceo, trichomatibus 
3-4 fi crassis, sinuosis, eIongati.«, fragilibus, ad geniciilis eonstrietis, 
intricatis; collulis saejnus reetangnlaribus, oblongis, 3-S longis; 
dissepimentis granulis hand obsitis ; hcteroeystis terminalibus, hastifor- 
mibus, basi latioribiis, 6-8 /a longi.'*, basi .3-4 fi latis, apice subacutis; 
sporis ellip.soideis vel olliptico-oblongis, 1 2-21 /a longis, 6-10 /a lati.s, 
episporio laevi, hyalino ; contentii cellularuin grannloso, aerugineo. 

llab, ad terrain huinidani in viis nemoris Woodburn Park dicti. 

Lectum 23. 8. 1623. 

Stratum expanded, tliiu, membranaceous; trieliomos 3-4 ;a in 
width, elongated, more or less fragile, sinuous, constricted at the 
joints, bnt not. torulose, intricate ; cells often rectangular or oblong, 
not granulated at the jiartitioii walls, 4-6^ in length ; heteu’oeysts 
terminal, never at both ends, lance-sliapcd, fiat at the base, subacute 
at the apices, 6-8 /a by 3- t ^ at the broadest part ; spores elliptical 
or oblong 12-2 1 ;a by 6- 1 0 /< ; epispun* smooth hyaline ; contents 
coarsely granular, bliie-green. 

(Collected from the roads of the Woodburn Park, 23. 8. 1623. 

This species is close to CyHHdro.y)eruunti Iropitum^ whicli differs by 
the beterocysts being twice as thick as the vegetative cells and the 
spores being up to 43 /a long ; ('ylliulroapcrinnut (ioe{:ei, differs by 
the plant not forming a membrane, cells being torulose, spores 
minutely punctate, yellowish brown ; (JtiUmlmpefninm doryphonm 
Briihl et Biswas, is very brittle, tlie filaments tloatiug freely in 
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water, lieterocysts either at one or both ends of the trichome, cells 
slif^htly or not at all constricted at the joints, 4-8 by :J-4 /a; a 
peripheral zone and the dissepiments are hyaline, resting spores 
8-12 /A by 4-G /a; (JijUndmpfinuiitii minutimmiiM has eylindrically 
oblong heterooysts and its spores are 18-20 ; Cylindrospemum 

hmicola has globose heteroeysts. 

19. ScYTONKMA M[RAHiLis (Dillwyii) Bornet. 

The [dant is very frequent in and about Calcutta occurring as 
blackish green felty expanded and cushion-like spongy masses on 
roads, covering a eonsiderable part of the road and very commonly 
associated witli other road-slime algae, 'riie sheath is brown and 
lamollose and is stained blue when treated with chloro-zinc-iodine. 

For description see ‘'Com. Algol. II Indian bark algae,” j'p. 
14-15. 

When a sufticient quantity of water accumulates, other green 
small plant organisms are found associated with them; such as, 
Oomarinm f/rtniidutu llreb., ifblffSKH Miweii., SiriK^dniounH 

f/uadrirftftdn Mnyen, (^/osfrri/Hi/ sp., Kudurina sp. and some others. 

A few species of DialoniH are also almost, always present in the 
road slimes, and the hrow'ii colour of tluj latter is in some eases due 
to the presence of these diatoms in large numbers. 


Botanical Ijabora'iorv, 
Univkrstty Collk(jk ok vSciknck, 
Btditjaujy CtdcfdMi, thfi 2SUi Atif/ud^ 1921. 
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EXPLANATION OF FIGURES. 

Plate I. 

Fig. 1. Chrooeoceus turgidus, x500. 

Fig. 2. {a-d) Chroococeus niinutus, x BOO. 
l?ig. 3. [a-b) (lloeocapsa qiiaternata, x 350. 

Fig. 4*. Aphanoeapsa brunea *. 

(a) plant mass, 

{b) colls and tlieir division, x 350, 

(<?) dried-up cells at high temperature, x 500. 

Fig. 5. Aphanoeapsa Grevillei : 

{a) plant mass, 

(5) cells and their division, x fiOO. 

Fig. 6. Oscillatoria princeps : 

(//) bunch of filaments, x 350, 

{b) part of a filament showing the apex, x 350. 
Pig. L Oscillatoria tenuis : 

00 x850, 

(i) xlOOO. 

Fig. 8. Oscillatoria amphibia : 

{a) bunch of (ilamenfs, x 1000, 

(/v) a single filament showing Iho oontents, x 1500, 
Fig. 0. Oscillatoria oaloutiensis : 

{a) bunch of filaments, x 1000, 

(b) lilamonts showing the contents, x 1500, 

(c) part of the filament, highly magnified. 
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EXPLANATION OF FIGURES. 

Plate II. 

Fi<». 10. Oseillatoria animalis : 

(rtf.) plant, mass, 

(A) filanuMifs sho\vini» the partition walls, x 7.50, 

(rt') filaments showinj^ the contents, x 1000. 

Fijy. 11. Oseillatoria (juatlripnnctulata : 

(a) bunch of filaments, x 800, 

(^) bunch of filamiMits with partition walls marked by 
two j^ranules on either side, X 1 000, 

(tf) a filament showing the contents, x 2000, 

(d) part of a filament, hifrlily magnified. 

Fijj. 12. Phormidium tenue : 

(a) a filament showing the partition wall, x 1000, 

[b) a filament treated with formalin alcohol, 10//,, 
and stained in haematoxvlin, x loOO. 

Fi^. 13. Oseillatoria aeula, X 500. 

Fi^. 14. Nostoc romniune : 

{(i) ])lant mas'4, 

^b) bunch filannuits, x50l), 

O') part of a lilainenl showiiiix the contents and 
yfoiiidia, X 7.50. 

Fii;. 1.5. Nostoc spluK'neinn : 

(#?) plant inass, 

{h) lmn(‘h of filaments, x 250, 

(e) |)art of a filament showing; ifonidia on either side 
of the heteroeyst, x 500, 

(//) part of a filament showiiii^ .!^oriidia away from 
the heteroeyst , x 7 5 0 . 
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EXPLANATION OK KHil.MiES. 

Pl.ATK 111. 

Kii?. Ul. Lyniifinii : 

(<0 l)iinoli of lihiiinMils. x oOll. 
iji) i.'.n’l of lilanioiil wiili flip slioafh, x 
('■) part of llio slipafh of a HIaiiu*nt willioul the 
Iriehohu', x 

(//) part of a lilaiiieril sliowiiiL*' the ap(*x without flu* 
sheath, X thVh 

Kiij. 17. Mi(*ro(*olpas paludosii.'^ : 

(f/) plant mass, 

(/>), (/') lilanmnts oiiplosod in the sheath, X .SOD, 

(il'> [)art of a lilanumt >]\owiiijj; the aiuix without the 
sheath, x oOl), 

(' ) part of a lilament, Ihi^hlv matjnilied. 

Kiji;. IS. (yiiiidrospermum hemjfalense ; 

('/) plant mass, 

(4) bmi(*li of filaments, x ttoO, 

(e), [t!) part of lilajnents showiii'^ the eontents and 
o'ojiidia, X lOOtt, 

(''1 two oonidia, x 7l)lt. 

Kio. ID. Scvtoiiema mirahilis : 

(ii) jjlanl mass, 

(4) a lilament, x lot), 

(e) a eel I showiiit;’ the vjicuole, x lot). 

Kiij. ‘2(1. ‘ osinarium i^ranatnni, X ool). 

Ki*^. -I], Seeiiedesnuis ohtusu-, x .j()0. 
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